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TO THE READER. 


THE inconvenience arifing from the great 
fcarcity of former editions of Sir Ifaac Newton’s 
Principia, and System of the World, added to 
the exorbitant prices charged for them when to be 
met with, determined the Editor to undertake a 
New Edition df thofe Works ; and he is impreffed 
with confidence, that no other apology will be 
thought neceffary, at a time when Mathematics is 
become a falhionable fcience, and is looked upon as 
. a neceffary acquifition in the polite world. 

In compliance with the folicitations of feveral 
refpe&able Mathematicians, to this Edition is added 
Mr. W. Emerfon’s much admired Comment, and 
Defence of Sir Ifaac Newton’s Principia, thereby 
rendering the Work more eafy of comprehenfion to 
ftudents, and others, not fully acquainted with the' 
higher branches of Mathematics ; and the Editor is 
not without hope that the whole will be found gene- 
rally corre6t : — -perfection he has not yet thought 
of afpiring to, 

W, DAVIS, 

London, January, 

1803, 


Digitized by LjOCK 



Digitized by 


Gock; e 


TO 


SIR HANS SLOANE r BART. 

* 

OF THB 

College of Pliyjicians, 

AJFD OF 

THE ROYAL SOCIETY. 


SIR, 

The generous zeal you always ftoew for what- 
ever tends to the progrefs and advancement of 
Learning, both demands and receives the univerfal 
acknowledgments of all who profefs or value its fe- 
veral branches. 

They juftly admire, that, amidft a clofe attendance 
on the cares of your profeffion, in which you now 
fill the moft honourable feat, you are indefatigably 
promoting the improvement of natural knowledge, 
by carrying on fome laudable defigns of your own, 
by aflifting and encouraging others, and by adding 
new ftores to that immenfe treafure, already brought 
into your extenfive colleftion, of whatever is rare 
and valuable in nature or art. 

Your beneficent difpofition to countenance and 
favour Science and Literature has procured you 
the efteem of the Learned over all the world ; and 
has induced a body of men, the moft eminent for 
their fkill and diligence in all ufeful enquiries, and 
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Via DEDICATION. 

in purfuing difcoveries for the public good, to make 
choice of you, to fupply the place of him whofe 
name will be an everlafting honour to our age and 
nation. 

To whom, therefore, but to you, fhould I offer to 
infcribe the tranflation of the mod celebrated Work 
of your illuftrious predeceffor? which, on account 
of its incomparable author, and from the dignity of 
the fubjedt, claims and deferves your acceptance, 
even though it paffed through my hands : a lefs va- 
luable piece I fhould not have prefumed to prefent 
you with. I am, with the greateft ref^edt, 

SIR, 

Your moft obedient, and 

Moft humble fervant, 

Andrew Motte. 
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THE 


AUTHOR’S PREFACE. 


Since the antients (as we are told by Pappus) made 
great account of the lcience of mechanics in the invelligation 
of natural things ; and the moderns, laying afide fubftantial 
forms and occult qualities, have endeavoured to fubjedl the 
phenomena of nature to the laws of mathematics, I have in 
this treatife cultivated mathematics fo far as it regards philo- 
fbphy. The antients confidered mechanics in a twofold re- 
fpe&; as rational, which proceeds accurately by demon- 
ftration ; and pra&iea). To practical mechanics all the ma- 
nual arts belong, from which mechanics took its name. But, 
as artificers do not work with perfe& accuracy, it comes to 
pafs that mechanics is fo diftinguilhed from geometry, that 
what is perfedlly accurate is called geometrical ; what is lefs 
fo, is called mechanical. But the errors are not in the art, 
but in the artificers. He that works with lefs accuracy is an 
imperfecft mechanic ; and if any could work with perfedt ao* 
curacy, he would be the moll perfect mechanic of all ; for 
the description of right lines and circles, upon which geo- 
metry is founded, belongs to mechanics. Geometry doe$ hot 
teach us to draw thefe lines, but requires them to be drawn ; 
for it requires that the learner ftiould firft be taught to de«* 
fcribe thefe accurately, before he enters upon geometry; then 
it (hews how by thefe operations problems may be folved. To 
defcribe right lines and circles are problems, but not geo«t 
metrical problems. The folution of thefe problems is required 
from mechanics ; and by geometry the ufe of them, when fo 
.folved, is (hewn ; and it is the glory of geometry that from, 
thofe few principles, fetched from without, it is able to pro- 
duce fo many things. Therefore geometry is founded in me-* 
chanical pra6iice, and is nothing but that part of univerfal 
mechanics which accurately propofes and demonftrates the 
art of meafuring. But fince the manual arts are chiefly 
Yon. I. b 
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x THE author’s PREFACE, 

converfant in the moving of bodies, it comes to pafs that 
geometry is commonly referred to their magnitudes, and me- 
chanics to their motion. In this fenfe rational mechanics 
will be the fcience of mbtipns refulting from any forces 
whatsoever, and of the forces required to produce any motions, 
accurately propofed and demonftrated. This part of me- 
chanics was cultivated by the antients in the five powers 
which relate to manual arts, who confidered gravity (it not 
being a manual power) nootherwife than as it moved weights 
by thofe powers. Our defign not refpe&ing arts, but philo- 
fophy, and our fubje6t not manual hut natural powers, we 
\ confider chiefly thofe things which relate to gravity, levity, 
elaftic force, the refiftance of fluids, and the like forces, 
i whether attra&ive or impulfive; and therefore we offer this 
< work as mathematical principles of philofophy; for all the 
difficulty of philofophy feems to confift in this — from the 
(phenomena of motions to inveftigate the forces of nature, 
land then from thefe forces to demonftrate the other pheno- 
mena; and to this end the general propofitions in the firft 
|and fecond book are directed. In* the third book we give an 
\ example of this in the explication of the Syftem of the World ; 
j for by the propofitions mathematically demonftrated in the 
\ firft book, we there derive from the celeftial phenomena the 
i forces of gravity with which bodies tend to the fun and the 
j feveral planets. Then from thefe forces, by other propofi- 
tions which are alfo mathematical, we deduce the motions 
of the planets, the comets, the moon, and the fea. I wilh 
we could derive the reft of the phaen&nena of nature by the 
fame kind of reafoning from mechanical principles; for lam 
induced by many reafons to fufpedt that they may all depend 
upon certain forces by which the particles of bodies, by iomp 
caufes hitherto unknown, are either mutually impelled to- 
wards each other, and cohere in regular figures, or are repel- 
led and recede from each other; which forces being unknown, 
philofophers have hitherto attempted the fearch of nature in 
vain ; but, I hope the principles here laid down will afford 
fppje light either to that or feme truer method of philofophy. 
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tits author's preface. xi 

In the publication of this Work the mod acute and udiver- 4 
fally learned Mr. Edmund Halley not only aflifted me with 
his pains .in corre&ing the prefs and taking care of the 
fehemes, bnl it was to his felicitations that its becoming pot** 
lie is owing; for when he had obtained of me my demon-* 
ftrations of the figure of the eeleftial orbits, he continnally 
prefled me to communicate the fame to the 1 loyal Society, 
who afterwards, by their kind encouragement and entreaties, 
engaged me to think of publifliing them. But after 1 had 
begun to confider the inequalities of the lunar motions^ and 
had entered upon feme other things relating to the laws and 
meafures of gravity, and other forces; and the figures that 
would be deferibed by bodies attracted according to giveq 
laws; and the motion of feveral bodies moving among 
themfelves; the motion of bodies in refilling mediums; tbi 
forces, denfities, and motions, of mediums; the orbits of the 
comets, and fuch like ; I put off that publication till I had 
made a fearch into thofe matters, and could put out the whole 
together. What relates to the lunar motions (being imper?* 
fe<5i) I have put all together in the corollaries of prop. 66, to 
avoid being obliged to propofe and diftin&ly demonftrate the 
feveral things there contained in a method more prolix than 
the fubjetft deferved, and interrupt the feries of the feveral 
propofitions. Some things, found out after the reft, Lchofe 
to infert in places lefs fuitable, rather than change the num- 
ber of the propofitions and the citations. I heartily beg 
that what I have here done may be reapl with candour; and 
that the defetfts I have been guilty of upon this difficult fub- 
jetft may be not fo much reprehended as kindly fupplied, and 
inveftigated by new endeavours of my readers. 

ISAAC NEWTON. 


Cambridge, Trinity College, 

May 8, 1686. 

In the fecond edition the fecond fe&ion of the firft book 
was enlarged. In the feventb fetftion of the fecond book 
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xii THE AUTHOE’s preface/ 

the theory of the refiftances of fluids was more accurately 
inveftigated, and confirmed by new experiments. In the 
third book the moon’s theory and the praeceflion of the equi- 
noxes were more folly deduced from their principles; and the 
theory of the comets was confirmed by more examples of the 
calculation of their orbits, done alfo with greater accuracy. 

In this third edition the refiftance of mediums is fome- 
what more largely handled than before ; and new experiments 
of the refiftance of heavy bodies falling in air are added. 
In the third book, the argument to prove that the moon is 
retained in its orbit by the force pf gravity is enlarged on ; and 
there are added new obfervatiqns of Mr. Pound's of the pro- 
portion of the diameters of Jupiter to each other : there are, 
befides, added Mr. Kirk's obfervations of the comet in 1680} 
tlje orbit of that comet computed in an ellipfis by Dr. Halhy ; 
and the orbit of the comet in 1723, computed by Mr. Bradley 
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THE 


PREFACE 

OF 

JWtlR,* (f7 OTIE&j 

TO THE 


SECOND EDITION OF THIS WORK, 

BO FAR AS IT RELATES TO THE INVENTIONS AND DISCO- 
VERIES THEREIN CONTAINED. 


Those who have treated of natural philofophy may 
be nearly reduced to three claffes. Of thefe, fome have 
attributed to the feveral fpecies of things fpecific a*nd occult 
qualities, on which, in a manner unknown, they make the 
operations of the feveral bodies to depend. The fum of the 
do&rineof the fchools derived from Arijtotlt and the Peripa- 
tetics is herein .contained. They affirm that the feveral 
effe&s of bodies arife from the particular natures of thofe 
bodies ; but whence it is that bodies derive thofe natures 
they do not tell us, and therefore they tell us nothing. And 
being entirely employed in giving names to things, and not 
in fearching into things themfelves, we may fay, tha^ they 
have invented a philofophipal way of fpeaking, but not that 
they have made known to us true philofophy. 

Others, therefore, by laying afide that ufelefs heap of words, 
thought to employ their pains to better purpofe. Thefe fup- 
pofed all matter homogeneous, and that the variety of forms 
which is feen in bodies arifes from fome very plain and fimple 
affe&ions of the component particles ; and by going on from 
fimple things to thofe which are more compounded, they 
certainly proceed right, if they attribute no other properties 
to thofe primary affe6lions of the particles than nature has 
done. But when they take a liberty of imagining at pleafure 
unknown figures and magnitudes, and uncertain fituations 
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Xiv MR. COTES’s PREFACE, 

and motions of the parts; and, moreover, of fuppoftng 
occult fluids, freely pervading the pores of bodies, endued 
with an all-performing fubtilty, and agitated with occult 
motions; they now run out into dreams and chimeras, and 
negleA the true confutation of things; which certainly is not 
to be expe&ed from fallacious conje&ures, when we can 
fcarcely reach it by the moft certain obfervations. Thofe 
who fetch from hypothefes the foundation on whi£h they; 
build their fpeculation?, may form, indeed, an. ingenious 
romance ; but a romance it will ftifl be. 

There is left, then, the third clafs, which profefs experi- 
mental philofophy. Thefe, indeed, derive the caufes of all 
things from the moft Ample principles poflible; but, then, 
they affume nothing as a principle that is not proved by 
phenomena. They frame no hypothefes, nor receive them, 
into philofophy otherwife than as queftions whole truth may 
be difputed. They proceed, therefore, in a twofold method, 
fyqthetical and analytical. From fome fele$; phenomena 
they deduce by analyfis the forces of nature, and the more 
fimple laws of forces ; and from thence by fynthefls fhew 
the conftitulion of the reft. This is that incomparably beft 
w ay of philosophizing which our renowned author moft juftly* 
embraced before the reft, and thought alone worthy to be 
cultivated and adorned by his excellent labours. Of this he 
has given us a moft illuftrious example by the explication of 
the Syftem of the World, moft happily deduced from the 
theory of gravity. That the virtue of gravity was found ip 
all bodies, others fufpe<5led or imagined before him; but he 
was the only and the firft pbilofopher that could demonftrate 
it from appearances, and make it a folid foundation to the 
moft noble fpeculations. 

I know”, indeed, that fome perfons, and thofe of great 
name, too much prepofleffed with certain prejudices, are un- 
willing to aflent to this new principle, and are ready to pre- 
fer uncertain notions to certain. It is not ‘my intention to 
detract from the reputation^ of thefe eminent men; I fhaU 
only lay before the reader fuch conftderations as wilt enable 
him to pafs an equitable fentence in this difpute. 
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MR. C0TES*S PREFACE; & 

Therefore, that we may begin our reafbning from what 
is moil fimple and neareft to us, let us confider k little what 
is the nature of gravity with us on earth, that we may proceed 
the more fafely when we come to confider it in the heavenly 
bodies that lie at fo vaft a diftance from us. It is how 
agreed by all philofophers, that all circumterreftrlal bodies 
gravitate towards the earth. That no bodies really light are 
to be found, is now confirmed by manifold experience. Thai 
which is relative levity is not true levity, but appaftfni only; 
and arifes from the preponderating gravity of the cbbtiguoilS 
bodies. 

Moreover, as all bodies gravitate towards the earth; fo does 
the earth again towards bodies. That the action of gravity 
is mutual, and equal on both Gdes, is thus proved. Let the 
mafs of the earth be diftinguifhed into any two parts whatever, 
either equal, or any how unequal : now, if the freights of the 
parts towards each other werfe not mutually equal, the leffer 
weight would give Way to the greater, and the tfro parts 
joined together would move on ad injiniiufn in a tight line 
towards that part to which the greater freight terids; al- 
together againft experiehce. Therefore, we muft fay, that 
the weights of the parts are coflftitiited in equilibrio; that 
is, that the a&ioh of gravity is mutual aOd eqdal 6n both fides. 

The weights of bodies, at equal diftanceS from the centre 
of the earth, are as the quantities of matter in the bodies. 
This is colle6ted from the equal acceleration of all bodies that 
fall from aftate of reft by the force of their freights; for the 
forcOs by which unequal bodies are equally accelerated mnft 
be proportional to the quantities of the matter to be moved. 
Now, that all bodies are in falling equally accelerated, appears 
from hence, — that when the refiftance of the air is taken away, 
sis it is urider an exhaufted receiver, bodies falling ckfcribe 
equal fpaces in' equal times; and this is yet more accurately 
proved by the experiments of pendulums. 

The Attf a#ive foTc^s of bodies at equal distances are as the 
quantities of matter inr the bodies ; for fince bodies gravitate 
towards the earth, and the earth again towards bodies with 
equal moments, the weight of the earth towards every body, 
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XVI MR. COTES’s PREFACE, 

or the force with which the body attra&s the • earth, will be 
equal to the weight of the fame body towards the earth. But 
this weight was fhewn to be as the quantity of matter in the 
, body; and therefore the force with which every body attra&s 
the earth, or the abfolute force of the body, will be as the 
fame quantity of matter. 

Therefore the attra&ive force of the entire bodies arifes 
from, and is compounded of, the attra6live forces of the parts; 
becaufe, as was juft fhewn, if the bulk of the matter be aug- 
mented or diminifhed, its virtue is proportion ably aug-. 
mented or diminifhed. We muft, therefore, conclude that 
the a6lion of the earth is compounded of the united a&ions of 
its parts ; and therefore that all terreftrial bodies muft attract 
each other mutually, with abfolute forces that are as the 
matter attra&ing. This is the nature of gravity upon earth : 
let us now fee what it is in the heavens. 

That every body perfeveres in its ftate either of reft, or of 
moving uniformly in a right line, unlefs in fo far as it is com- 
pelled to change that ftate by forces impreffed, is a law of 
mature universally received by all philofophers. But from 
thence it follows, that bodies which move in curve lines, and 
are therefore continually going off from the right lines that 
are tangents to their orbits, are by fome continued force 
retained in thofe curvilinear paths. Since, then, the planets 
move in curvilinear orbits, there muft be fome force operating, 
by whofe repeated actions they are perpetually made to de- 
fied from the tangents. 

Now it is colledled by* mathematical reafoning, and evi- 
dently demonftrated, that all bodies that move in any curve 
line described in a plane, and which, by a radius drawn to 
any point, whether quiefcent, or any how moved, defcribe 
areas about that point proportional to the times, are urged 
by forces dire&ed towards that point. This muft, therefore, 
be granted. Since, then, all aftronomers agree that the 
primary planets defcribe about the fun, and the fecondary 
about the primary, areas proportional to the times, it follows 
that the forces by which they are perpetually turned afide from 
the redlilinear tangents, and made to revolve in curvilinear 
orbits, are directed towards the bodies that are fituate in the 
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centres of tbe orbits. This force may, therefore, not impro- 
perly be called centripetal, in refpe<5i of the revolving body; 
and in refpe& of the central body, attractive % whatever, 
caufe it may be imagined to arife from. 

But, befides, thefe things mud be alfo granted as being 
mathematically demonftrated. If feveral bodies revolve 
with an equable motion in concentric circles, and the fquares 
of tbe periodic times are as the cubes of the diftances from 
the common centre,* the centripetal forces will be recipro- 
cally as the fquares of the diftances. Or, if bodies revolve in , 
orbits that are very near to circles, and tbe apfides of the . 
orbits reft, the centripetal forces of the revolving bodies will 
be reciprocally as the fquares of the diftances. That both 
thefe cafes hold in all the planets, all aftronomers con fen t 
Therefore the centripetal forces of all the planets are reci- 
procally as the fquares of the diftances from the centres of T 
their orbits. If any fliould objecft that the apfides of the 
planets, and efpecially of the moon, are not perfectly at reft, 
but are carried with a flow kind of motion in confequentia , , 
one may give this anfwer;— -that, though we fhould grant, 
this very flow motion to arife from hence, that the propor- 
tion of the centripetal force is a little different from the 
duplicate, yet that we are able to compute mathematically 
the quantity of that aberration, and find it perfe&ly infenfible, < 
For the ratio of the lunar centripetal force itfelf, which mull 
be the moft irregular of them all, will be, indeed, a little 
greater than tbe duplicate, but will be near fixty times nearer 
to that than it is to the triplicate. But we may give a truer 
anfwer, by faying, that this progreflion of the apfides arifes 
not from an aberration from the duplicate proportion, but 
from a quite different caufe, as is moft admirably (hewn 
in this philofopby. It is certain, then, that the centripetal 
forces with which the primary planets tend to the fun, aud 
the fepondary to their primary, are accurately as the fquares 
of the diftances reciprocally. 

From what has been hitherto faid, it is plain that the 
planets are retained in their orbits by fome force perpetually 
a&ing upon them; it is plain that that force is always dire&- 
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XVfii MR. COTES’s PREFACE, 

cd towards the centres of their orbits; it is plain that its effi- 
cacy is augmented with the nearnefs to the cen tre, and diminilh- 
ed with the fame; and that it is augmented in the fame ptopor- 
tion with which the fquare of the diftance isdiminifhed, and di- 
xniniflied in the fame proportion with which the fquare of the dif- 
tance is augmented. Let us now fee whether, by making a com- 
parifon between the centripetal forces of the planets and the 
force of gravity, we may not by chance find them to be of 
the fame kind. Now they will be of the fame kind, if we find 
on both fides the fame laws, and the fame affe&ions. Let us, 
then, firft confider the centripetal force of the moon, which 
is neareft to us. 

The redlilinear fpaces, which bodies let fall from reft de- 
fcribe in a given time at the very beginning of the motion, 
when the bodies are urged by any forces whatfoever, are 
proportional to the forces. This appears from mathematical 
reafoning. Therefore the centripetal force of the moon re- 
volving in its orbit is to the force of gravity at the furface of 
the earth, as the fpace which, in a very fmall particle of 
time, the moon, deprived of all its circular force, and defcend- 
ingby its centripetal force towards the earth, would defcribe, 
is to the fpace which a heavy body would defcribe, when 
falling by the force of its gravity near to the earth, in the 
fame given particle of time. The firft of thefe fpaces is 
equal to the verfed fine of the arc defcribed by the moon 
in the fame time, becaufe that verfed fine meafures the 
tranflation of the moon from the tangent, produced by the 
centripetal force; and therefore may be computed, if the 
periodic time of the moon and its diftance from the Centre 
of the earth are given. The laft fpace is found by experi- 
ments of pendulums, as Mr. Huygens has fheWn. Therefore, 
by making a calculation, we lhall find that the firft fpace is 
to the latter; or the centripetal force of the moon revolving 
in its orbit will be to the fprce of gravity at the fuperficies 
of the earth as the fquare of the femi-diameter of the earth 
to the fquare of the femi-diameter of the orbit. But, by what 
was {hewn before, the very fame ratio holds between the 
centripetal force of .the moon revolving in its orbit, and the- 
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centripetal force of the moon near the furface of the (iirtk * 
Therefore the centripetal force near the furface of the earth 
it equal to the force of gravity. Therefore tbefe are not two 
different forces, but one and the fame ; for if they were dif- 
ferent, thefe forces united would caufe bodies to defeend to 
the earth with twice the velocity they would fall with by 
the force of gravity alone. Therefore it is plain that 
die centripetal force, by which the moon is perpetually 1 
either impelled or attracted out of the tangent and retained 
in its orbit, is the very force of terreftrial gravity reaching up ' 
to the moon. And it is very reafonable to believe that virtue 
fhould extend itfelf to vaft diftances, fince upon the tops of 
the higfaeft mountains we find no fenfible diminution of \U 
Therefore the moon gravitates towards the earth ; but, on 
the other hand, the earth by a mutual adlion equally gravi- 
tates towards the moon; which is alfo abundantly confirmed 
in this philofophy, where the tides in the fea and the praecef- 
ilon of the equinoxes ane treated of, which arife from the 
a&ion both of the moon and of the fun upon the earth. 
Hence, laftly, we difeover by what law the force of gravity 
decreafes at great diftances from the earth; for fince gravity 
is no ways different from the moon’s centripetal force, and 
this, is reciprocally proportional to the fqnare of the diftance, 
it follow 8 that it is in that very ratio that the force of gravity 
decreafes. 

Let us now go on to the reft of the planets. Becaufe the 
revolutions of the primary planets about the fun, aftd bf the 
fecondary about Jupiter and Saturn, are phenomena of the 
falone kind with the revolution of the moon about the earth ; 
and becaufe it has been moreover demonftrated that the cen- 
tripetal forces of the primary planets are dire&ed towards 
the centre of the fun, and thofe of the* fecondary towards the 
centres of Jupiter and Saturn, in the fame manner as the 
centripetal force of the moon is dire&ed towards the centre of 
the earth; and fince, befides, all thefe forces are reciprocally 
' as the fquares of the diftances from the centres, in the fame 
manner as the centripetal force of the moon is as the fqnare of 
the diftance from the earth ; we mull of courfe conclude 4 
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that the nature of all is the fame. Therefore as the mooli* 
gravitates towards the earth, and the earth again towards the 
moon, fo alfo all the fecondary planets will gravitate towards 
their primary, and the primary planets again towards their 
fecondary 5 and fo all the primary towards the fun; and the 
fun again towards the primary. 

Therefore the fun gravitates towards all the planets, and all 
the planets towards the fun ; for the fecondary planets, while 
they accompany the primary, revolve the mean while with the . 
primary about the fun. Therefore, by the fame argument the 
planets of both kinds gravitate towards the fun, and the fun' 
towards them. That the fecondary planets gravitate towards 
the fun is moreover abundantly clear from the inequalities 
of the moon ; a moft accurate theory of which, laid open with 
a moft admirable fagacity, we find explained in the third book* 
of this Work. 

That the attra&ive virtue of the fun is propagated on all fides 
to prodigious diftances, and is diffufed to every part of the:: 
wide fpace that furrounds it, is moft evidently fhewn by the 
motion of the comets, which, coming from places immenfely 
diftant from the fun, approach very near to it; and fometimesfo 
near, that in their perihelia they almoft touch its body. The 
theory of thefe bodies was altogether unknown to aftronomers, 
till in our own times our excellent author moft happily difcover- 
ed it, and demonftrated the truth of it by moft certain observa- 
tions; fo that it is now apparent that the comets move in conia 
fedlions having their foci in the fun’s centre, and by radii drawn, 
to the fun defcribe areas proportional to the times. But from 
thefe phaenomena it is manifeft, and mathematically dernon- 
itrated, that thofe forces, by which the comets are retained in 
their orbits, refpedl the fun, and are reciprocally proportional to 
the fquares of the diftances from its centre. Therefore the 
comets gravitate towards the fun ; and therefore the attrac- 
tive force of the fun not only a<fts on the bodies of the planets 
placed at given diftances, and very nearly in the fame plane, 
but reaehes alfo to the comets in the moft different parts of the 
heavens, and at the moft different diftances. This, therefore, 
is the nature of gravitating bodies to propagate their force 
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at all diftances to all other gravitating bodies* But from 
thence it follows that all the planets and comets attract each 
other mutually, and gravitate mutually towards each other ; 
which is alfo confirmed by the perturbation of Jupiter and 
Saturn, obferved by aftronomers, which is caufed by the mu- 
tual aCtions of thefe two planets upon each other; as alfo 
from that very flow motion of the apfides above taken notice 
of, and which arifes from a like caufe. 

• We have now proceeded fo far as to (hew that it muft be 
acknowledged that the fun, and the earth, and all the hea- 
venly bodies attending the fun, attraCt each other mutually. 
Therefore all the lead particles of fnatter in everyone mull 
have their feveral attractive forces, whofe effeCt is as their 
quantity of matter ; as was {hewn above of the terreftrial par- 
ticles. At different diftances thefe forces will be alfo in the 
duplicate ratio of the diftances reciprocally; for it is mathe- 
matically demonftrated that particles attracting according to 
this law will compofe globes attracting according to the fame 
law. 

The foregoing conckfions are grounded on this axiom, 
which is received by all philofophers; namely, that effeCts of 
the fame kind, that is, whofe known properties are the fame, 
take their rife from the fame caufes, and have the fame un- 
known properties alfo ; for who doubts, if gravity be the caufe 
of the defcent of a (tone in Europe , but that it is alfo the caufe 
of the fame defcent in America ? If there is a mutual gra- 
vitation between a ftone and the earth in Europe , who 'will 
deny the fame to be mutual in America ? If in Europe the 
attractive force of a ftone and the earth is compounded of 
the attractive forces of the parts, who will deny the like com- 
pofilion in America f If in Europe the attraction of the 
earth be propagated to all kinds of bodies, and to all diftances, 
why may it not as well be propagated in like manner in 
America ? All philofophy is founded on this rule; for if 
that be taken away, we can affirm nothing of univerfals. 
The conftitution of particular things is known by obfervations 
and experiments ; and when that is done, it is by this rule 
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that we judge univerfally of the nature of fuch things in 
general. 

Since, then, all bodies, whether upon earth or in the hea- 
tens, are heavy, fo far as we can make any experiments or 
ohfervations concerning them, we rauft certainly allow that 
gravity is found in all bodies universally ; and in like manner, 

( as we ought not to fiippofe that any bodies can be otherwife 
than extended, moveable, or impenetrable, fo we ought not 
to conceive that any bodies can be otherwife than heavy. 
The extenfion, mobility, aud impenetrability of bodies be* 
come known to us only by experiments ; and in the very faihe 
manner their gravity becomes kn^wn to us. All bodies we 
can make any observations upon are extended, moveable, and 
impenetrable ; and thence we conclude all bodies, and thofe 
we have no ohfervations concerning, to be extended, and 
moveable, and impenetrable. So all bodies we can make ob* 
fervations on we find to be heavy ; and tbence we conclude 
all bodies, and thofe we have no obfeTvations of, to be heavy 
alfo. if any one fliould fay that the bodies of the fixed ftara 
ure not heavy, becaufe their gravity is not yet obferved, they 
may fay, for the fame reafon, that they are neither extended, 
nor moveable, nor impenetrable, becaufe thefe afie&ions of the 
j fixed liars are not yet obferved. In Ihort, either gravity muft 
have a place among the primary qualities of all bodies, or ex- 
tenfion, mobility, and impenetrability, muft not. And if the 
nature of things is not rightly explained by the gravity of 
bodies, k will not be rightly explained by their extenfion, 
mobility, and impenetrability. 

Some, I know, difapprove this conclufion, and mutter fome- 
thing about occult qualities. They are continually cavilling 
with us, that gravity is an occult property ; and occult caufes 
are to be quite banilhed from philofopby. But to this the an- 
fwer is eafy : that thofe are, indeed, occult caufes whofe exift- 
ence is occult ; and imagined, but not proved ; but not thofe 
whofe real exiftence is clearly demonftrated by ohfervations. 
Therefore gravity can by no means be called an occult caufe 
of the celeftial motions, becaufe it is plain from the phaenomena 
that fuch a virtue does really exift. Thofe rather have re- 
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courfe to occult caufes who fet imaginary vortices, of a mat- 
ter entirely fictitious, and imperceptible by our fenfes, to direCt 
thofe motions. 

But (hall gravity be therefore called an occult caufe, and 
thrown out of philofophy, becaufe the caufe of gravity is oc- 
cult, and not yet difcovered ? Thofe who affirm this lhould 
be careful not to fall into an abfurdity that may overturn the 
foundations of all philofophy ; for caufes ufe to proceed in a 
continued chain from thofe that are more compounded to thofe 
that are more fiiqple: when we are arrived at the moft fimple 
caufe, we can go no farther. Therefore no mechanical ac- 
count or explanation of the moft fimple caufe is to. be expect- 
ed or given ; for if it could be given, the caufe were not the 
moft fimple. The moft fimple caufes will you, then, call oc- 
cult, and rejeft them ? Then you muft rejeCi thofe that imme- 
diately depend upon them, and thofe which depend upoa 
thefe laft, till philofophy is quite cleared and difencumbered 
of all caufes. 

Some there are who fay that gravity is praeternatural, 
arid call it a perpetual miracle ; therefore they would have it 
rejected, becaufe praeternatural caufes have no place in phy- 
fics. It is hardly worth while to fpend time in anfwering thi% 
ridiculous objection, which overturns all philofophy; for 
either they will deny gravity to be in bodies, which cannot be 
faid,orelfe they will therefore call it praeternatural, becaufe it 
is not produced by the other affeCtions of bodies, and there- 
fore not by mechanical caufes. But certainly there are pri- 
mary affeCtions of bodies; and thefe, becaufe they are prima- 
ry, have no dependance on the others. Let them confides 
whether all thefe are not in like manner praeternatural, and in 
like manner to be rejected ; and then what kind of philofophy 
ye are like to have. 

Some there are who diflike this celeftial pbyfics, becaufe it 
contradicts the opinions of Defcartes, and feems hardly tobfe 
reconciled with them. Let thefe enjoy their own opinion ; but 
let them aCt fairly, and not deny the fame liberty to us which 
they demand for themfelves. Since the Newtonian Philofo- 
phy appears true to us, let us have the liberty to embrace and 
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retain it, and to follow caufes proved by phenomena, rather 
than caufes only imagined, and not yet proved. The bufinefs 
of true philofophy is to derive the natures of things from caufes 
truly exiftent ; and to enquire after thofe laws on which the: 
Great Creator a&ually chofe to found this moft beautiful frame 
of the world ; not thofe by which he might have done the 
fame, had he fo pleafed. It is reafonable enough to fuppofe 
that, from feveral caufes fomewhat differing from each other, 
the fame effeft may arife ; but the true caufe will be that from 
which it truly and actually does arife : the others have no 
place in true philofophy. The fame motion of the hour-hand 
in a dock may be occafioned either by a weight hung or a 
fprrng flint up within ; but if a certain clock Ihould be really 
moved with a weight, we Ihould laugh at a man that would 
fuppofe it moved by a fpring, and from that principle, fudden- 
ly taken up without farther examination, fliould go about fo 
explain the motion of the index ; for certainly the way he 
ought to have taken Ihould have been a&ually to look info 
the inward parts of the machine, that he might find the true 
principle of the propofed motion. The like judgment ought 
fo be made of thofe philofophers who will have the heavens 
to be filled with a moft fubtile matter, which is perpetually 
carried round in vortices; for if they could explain the 
phenomena ever fo accurately by their hypothecs, we could 
not yet fay that they have difcovered true philofophy, and the 
true caufes of the celeftial motions, nnlefs they could either 
demonftrate that thofe caufes do adtually exift, or, at lead, 
that no other do exift. Therefore if it be made clear that 
the attraction of all bodies is a property actually exifting in 
rerum natura, and if it be alfo fliewn how the motions of the 
celeftial bodies may be folved by that property, it would be 
▼ery impertinent for any one to object that thefe motions 
ought to be accounted for by vortices, even though we fliould 
ever fo much allow fuch an explication of thofe motions to be 
poflible. JBut we allow no ftich thing; for the phaenomena^ 
can by no means be accounted for by vortices, as our author 
has abundantly proved from the cleareft reafons. So that 
men muft be flrangely fond of chimeras who can fpend their 
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time fo idly as in patching up a ridiculous figment, and fet- 
ting it off with new comments of their own. 

If the bodies of the planets and comets are carried round 
the fun in vortices, the bodies fo carried, and the parts of the 
vortices next furrounding them, muft be parried with the fam$ 
velocity and the fame direction, and haye the fame dpnfity, 
and the fame vis inertia anfwering to the bulk of the matter. 
But it is certain the planets and comets, when in the very 
fame parts of the heavens, are carried with various velocities 
and various dire&ions; therefore it neceffarily follows tb$£ 
thofe parts of the celeftial fluid which are at the fame dif- 
tances from the fun muft revolve at the fame rime with dif? 
ferent velocities in different directions ; for one kind of velocity 
and direction is required for the motion of the planets, and 
another for that of the comets. But, fince this cannot be acr 
counted for, we muft either fay that all the celeftial bodies 
are not carried about by vortices, or elfe that their motions * 
are derived not from one and the flame vortex, but from fe- 
veral diftinCt ones, which fill and pervade the fpaces round 
about the fun. 

But if feveral vortices are contained in the fame fpace, and 
are fuppofed to penetrate each other, and to revolve with dif- 
ferent motions, then, becaufe thefe motions muft; agree with 
thofe of the bodieacarried about by them, which are perfectly re* 
gular, and performed in conic feCiions which are fome times very 
eccentric, and fometimes nearly circles, one may reafonably 
aik, how it comes to pafs that thefe vortices remain entire, 
and have fuffered no manner of perturbation in fo many ages 
from the aCtions of the conflicting matter ? Certainly, if thefe 
fictitious motions are more compounded and more hard to be 
accounted for than the true motions of the planets and comets, 
it feems to no purpofe to admit them into philofophy, fince 
every caufe ought to be more Ample \han its effeCi. Allowing 
men to indulge their own fancies, fuppafe any man fhould affirm 
that the planets and comets are furrounded with atmofpberes like 
our earth, which hypothefis feems more reafpnable than that 
of vortices. Let him then affirm that thefe atmofpberes, by 
their own nature, move about the fun, and defcribe conic 
Vol. I, a 
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fe<ftions, which motion is much more eafily conceived than 
that of the vortices penetrating each other. Laftly, that the 
planets and comets are carried about the fun by thefe atmo~ 
fpheres of their’s ; and then applaud his own fagacity in 
difcovering the caufes of the celeftial motions. He that 
rejedls this fable, muft alfo reje& the other; for two drops of 
water are not more like than this hypothefis of atmofpheres* 
and that of votices. 

Galileo has fhewn, that when a ftone projected moves in a 
parabola, its deflexion into that curve from its re&ilinear 
path is occafioned by the gravity of the ftone towards the 
earth; that is, by an occult quality. But, now, fomebody 
taiore cunning than he may come to explain the caufe after 
this manner. He will fuppofe a certain fubtile matter, not 
difcernible by our fight, our touch, or any other of our fedfes* 
which fills the fpaces which are near and contiguous to the 
fuperficies of the earth ; and that this matter is carried with 
different directions, and various, and often contrary motions* 
defcribing parabolic curves. Then fee ‘ how eafily he may 
account for the deflexion of the ftone above fpoken of. The 
ftone, fays he, floats in this fubtile fluid, and, following its mo- 
tion, cannot chufe but defcribe the fame figure. But the fluid 
moves in parabolic curves, and therefore the ftone muft move 
in a parabola of courfe. Would not the acutenefs of this 
pliilofoph£r be thought very extraordinary, who could deduce 
the appearances of nature from mechanical caufes, matter, 
and motion, fo clearly that the meaneft man may underftand 
it? Or, indeed, fhould not we fmile to fee this new Galileo 
taking fo much mathematical pains to introduce occult quali- 
ties into philofophy, from whence they have been fo happily 
excluded ? But I am afhamed to dwell fo long upon trifles. 

The fum of the matter is this : the number of the comets ^ 
is certainly very great; their motions are perfedly regu- 
lar, and obferve the fame laws with thofe of the planets. 
The orbits in which they move are conic feclions, and thofe t 
very eccentric. They move every way towards all parts of 
the heavens, and pals through the planetary regions with all 
pofiible freedom ; and their motion is often contrary to the or- 
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der of the figns. Thefe phenomena are molt evidently con- 
firmed by aftronomical obfervations, and cannot be accounted 
for by vortices. Nay, indeed, they are utterly irreconcileable 
with the vortices of the planets. There can be no room for 
the motions of the comets, unlefs the celeftial fpaces be entire- 
ly cleared of that fictitious matter. 

For if the planets are carried about the fun in vortices, the 
parts of the vortices which immediately furround every planet 
mult be of the fame denfity with the planet,# as* was Ihewn 
above ; therefore all the matter contiguous to the perimeter 
of the magnus or bis mull be of the fame denfity as the earth. 
But now. that which lies between the magnus orbis and the 
orb of Saturn mult have either an equal or greater denfity ; 
for, to make the conftitution of the vortex permanent, the 
parts of lefs denfity mull lie near the centre, and thofe of 
greater denfity mult go farther from it ; for lince the periodic 
times of the planets are in the fefquiplicate ratio of their dif- 
tances from the fun, the periods of the parts of the vortices 
mull alfo preferve the fame ratio. Thence it will follow that 
the centrifugal forces of the parts of the vortex mult be reci- 
procally as the fquares of their diftances. Thofe parts, there- 
fore, which are moreremote from the centre endeavour to recede 
from it with lefs force ; whence, if their denfity be deficient, 
they mult yield to the greater force with which the parts that 
lie nearer the centre endeavour to afcend. Therefore theden- 
fer parts will afcend, and thofe of lefs denfity will defcend; 
and there will be a mutual change of places, till all the fluid 
matter in the whole vortex be fo adjulied and difpofed,that, be- 
ing reduced to an equilibrium, its parts become quiefcent. If 
two fluids of different denfity be contained in the fame veflel, 
it vfill certainly come to pafs that the fluid of greater denfity 
will link the lowell ; and by a like reafoning it follows that 
the denfer parts of the vortex by their greater centrifugal 
force will afcend to the higheft places. Therefore all that far 
greater part of the vortex which lies without the earth's orb 
will have a denfity, and by confequence a vis inertia anfwer- 
ing to the bulk of the matter, which cannot be lefs than the 
denfity and vis inertia of the earth. But from hence will 
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atife a mighty refiftance to the pafTage of the comets, atid 
fuch as cannot but be very fenfible ; not to fay enough to put 
a flop to, and abforb, their motions entirely. But now it ap- 
pears, from the perfectly regular motion of the comet9, that 
they fuffer no refiftance that is in the leaft fenfible; and 
therefore that they meet with no matter of any kind that ha9 
any refilling force, or, by confequence, any denfity or vis iner- 
tia; for the refiftance of mediums arifes either from the //irr- 
tia of the matter of the fluid, or from its want of lubricity. 
That which arifes from the want of lubricity is very fmall, and 
isfcarcely obfervablein thefluids commonly known, unlefs they 
be very tenacious, like oil and honey. The refiftance we find 
in air, water, quickfilver, and thelike fluids that are hot tenacious, 
is alinoft all of the firft kind ; and cannot be diminifhed by a 
greater degree of fubtilty, if the denfity and vis inertia , to 
which this refiftance is proportional, remains ; as is moft evi- 
dently demonftrated by our author in his noble theory of refills 
ances, in the fecond book. 

Bodies in going on through a fluid communicate their mo- 
tion to the ambient fluid by little and little, and by that com- 
munication lofe tHeir own motion, and by lofing it are retard- 
ed. Therefore the retardation is proportional to the motion 
communicated ; and the communicated motion, when the 
velocity of the moving body is given, is as the denfity of the 
fluid; and therefore the retardation or refiftance will be as the 
fame' denfity of the fluid ; nor can it be taken away, unlefs 
the fluid coming about to the hinder parts of the body reftore 
the motion loft. Now this cannot be done unlefe the impref- 
fion of the fluid on the hinder parts of the body be equal to the 
impreflion of the fore parts of the body on the fluid; that is, 
unlefs the relative velocity with which the fluid pufhes the 
body behind is equal to the Velocity with which, the body 
pufties the fluid; that is, unlefs the abfolute velocity of the re- 
curring fluid be twice as great as the abfolute Velocity with 
which the fluid is driven forwards by the body ; which is im- 
poflible. Therefore the refiftance of fluids arifihg from their vis 
inertia can by no means be taken away ; fo that we mull con- 
clude that the celeftial fluid has no vis inertia , becauie it has 
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no refilling force ; that it has no force to communicate mo- 
tion with, becaufe it has no vis inertia; that it has no force 
to produce any change in one or more bodies, becaufe it has 
no force wherewith to communicate motion; that it has no 
manner of efficacy, becaufe it has no faculty wherewith to 
produce any change of any kind. Therefore, certainly, this 
hypothejis may be juftly called ridiculous, and unworthy a 
philofopher; fince it is altogether without foundation, and 
does not in the leaft ferve to explain the nature of things. 
Thofe who wrotild have the heavens filled with a fluid matter, 
but fuppofe it void of any vis inertia , do, indeed, in words, 
deny a vacuum, but allow it in fail; for fince a fluid matter 
of that kind can no ways be diftinguiflied from empty fpace, 
the difpute is now about the names and not the natures of 
things. If any are fo fond of matter, that they will by no 
means admit of a fpace void of body, let us confider where 
they mull come at laft. 

For either they will fay, that this conftitution of a world, 
every where full, was made fo by the will of God, to this end, 
that the operations of Nature might be aflilled every where 
by a fubtile aether pervading and filling all things (which 
cannot be faid, however, fince we have fliewn from the phe- 
nomena of the comets that this aether is of no efficacy at all); 
or they will fay, that it became fo by the fame will of Go d, 
for fome unknown end; which ought not to be faid, becaufe, for 
the fame reafon, a different conftitution may be as well fup- 
pofed ; or,Iaftly,they will not fay that it was caufed by the will 
of God, but by fome neceflity of its nature. Therefore they 
will at laft fink into the mire of that infamous herd, who dream 
that all things are governed by Fate, and not by Providence; 
,and that matter exifts by the neceflity of its nature always and 
t every where, being infinite and eternal. But, fuppofing thefe 
.things, it muft be alfo every where uniform; for variety of 
forms is entirely inconfiftent with neceflity. It muft be alfo 
unmoved ; for if it be nec^ffarily moved in any determinate 
direction with any determinate velocity, it will by a like ne- 
ceifity be moved in a different direction with a different ve- 
locity; but it can never move in different directions with dif- 
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ferent velocities ; therefore it muft be unmoved. Without 
nil doubt, this world, fo diveriified with that variety of forms 
and motions we find in it; could arile from nothing but the 
perfectly free will of God directing and prefiding over all. 

' From this Fountain it is that thofe laws, which we call the 
laws of Nature, have flowed; in which there appear many 
traces, indeed, of the moft wife contrivance, but not the leaft 
fhadow of neceflity. Thefe, therefore, we muft not feek from 
uncertain conjedlures, but learn them from obfervations and 
experiments. He who thinks* to find the true principles of 
phyfics and the laws of natural things by the force alone of 
his own mind, and the internal light of his reafon, muft either 
fuppofe that the world exifts by neceflity, and bythe fame 
neceflity follows the laws propofed ; or, if the order of Nature 
was eftablifhed by the will of God, that himfelf, a miferable 
reptile, can tell what was fitteft to be done. All found and 
true philofophy is founded on the appearances of things, 
which, if they draw us ever fo much againft our wills to fuch 
principles as moft clearly manifeft to us the moft excellent 
counfel and fupreme dominion of the Allwife and Almighty 
Being, thofe principles are not therefore to be laid afide, be- 
cause fome men may perhaps diflike them. They may call 
them, if they pleafe, miracles or occult qualities ; but names 
malicioufly given ought not to be a difadvantage to the things 
themfelves; unlefs they will fay, at laft, that all philofophy 
ought to be founded in atheifm. Philofophy muft not be cor- 
rupted in complaifance to thefe men ; for the order of things 
will not be changed. 

Fair and equal judges will therefore give fentence in favour 
of this moft excellent method of philofophy, which is founded 
on experiments and obfervations. To this method it ishardly to 
be faid or imagined what light, what fplendor, hath accrued 
from this admirable work of our illuftrious author, whofe hap- 
py and fublime genius, refolving the moft difficult problems, 
and reaching to difcoveries of which the mind of man was 
thought incapable before, is defervedly admired by all thofe 
who are fomewhat more than fuperficially verfed in thefe 
matters. The gates are now let open ; and by his means 
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may freely enter into the knowledge of the hidden fecrets and 
wonders of natural things. He has fo clearly laid open and 
fet before our eyes the moll beautiful frame of the Syftem of 
the World, that, if King Alphonfuz were now alive, he would 
not complain for want of the graces either of fimplicity or of 
harmony in it. Therefore we may now more nearly behold 
thebeauties of Nature, and entertain ourfelves with the delight- 
ful contemplation ; and, which is the bell and moll valuable 
fruit of philofophy, be thence incited the more profoundly to 
reverence and adore the great Makerand Lord of all. He mull 
be blind, who, from the moll wife and excellent contrivances 
of things, cannot fee the infinite wifdom and goodnefc of 
their Almighty Creator ; and he mull be mad imd fenfeleft 
who refuses to acknowledge then*. 
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LIFE 

OF 

SIR ISAAC NEWTON. 


iSlR ISAAC NEWTON, one of the greateft philo- 
fophers and mathematicians the world has produced, was 
bom at Woolftrop, in Lincolnfhire, on Chriftmas day, 1642. 
He was defcended from the eldeft branch of the family of Sir 
John Newton, bart., who were lords of the manor of Wool- 
ftrop, and had been poffefled of the eftate for about two cen- 
turies before, to which they had removed from Weftley, in 
the fame county, but originally they came from the town of 
Newton, in Lancafhire. Other accounts fay, I think more 
truly, that he was the only child of Mr. John Newton, of 
Colefworth, near Grantham, in Lincolnfhire, who had there 
an eftate of about 1201. a year, which he kept in his own 
hands. His mother was of the antient and opulent family of 
the Ayfcoughs, or Afkews, of the fame county. Our author 
Jofing his father while he was very young, the care of his 
education devolved on his mother, who, though (he married 
again after his father’s death, did not negle<5l to improve by 
a liberal education the promifing genius that was obl’erved in 
her fon. At 12 years of age, by the advice of his maternal 
uncle, he was fent to the grammar fchool at Grantham, where 
he made a good proficiency in the languages, and laid the 
foundation of his future ftudies. Even here was obferved in 
him a ftrong inclination to figures and philofophical fubje&s. 
One trait of this early difpofition is told of him : he had then 
a rude method of meafuring the force of the wind blowing 
againft him, by obferving how mu,ch farther he could leap 
in the direction of the wind, or blowing on his back, than he 
could leap the contrary way, or oppoled to the wind : an 
early mark of his original infantine genius. 

After a few years fpent here, his mother took him home; 
intending, as (lie had no other child, to have the pleafure of 
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his company ; and that, after the manner of his father before 
him, he fliould occupy his own eftate. 

But, infteadof minding the markets, or the bufinefsof the 
farm, he was always ftudying and poring over his books, even 
by ftealth, from^his mother’s knowledge. On one of thefe 
occafions his uncle difcovered him one day in a hay-loft at 
Grantham, whither he had been fent to the market, working 
a mathematical problem ; and having otherwife obierved the 
boy’s mind to be uncommonly bent upon learning, he pre- 
vailed upon his fitter to part with him ; and he was accord- 
ingly fent, in 1660, to Trinity College, in Cambridge, where 
his uncle, having himfelf been a member of it, had ftill many 
friends. Ifaac was foon taken notice of by Dr. Barrow, who 
was foon after appointed the firft Lucalian profeflor of ma- 
thematics ; and, obferving his bright genius, contracted a great 
friendfhip for him. At his outfetting here, Euclid was firft 
put into his hands, as ufual, but that author was foon dif- 
miffed ; feeming to him too plain and eafy, and unworthy of 
taking up his time. He underftood him almoft before he read 
him ; and a call of his eye upon the contents of his theorems 
was fufficient to make him matter of them : and as the ana- 
lytical method of Defcartes was then much in vogue, he 
particularly applied to it, and Kepler’s Optics, &c. making 
feveral improvements on them, which he entered upon the 
margins of the books as he went on, as his cuftom was in 
fludying any author. 

Thus he was employed till the year 1664, when he opened 
a way into his new method of Fluxions and Infinite Series* 
end the fame year took the degree of bachelor of arts. In 
the mean time, obferving that the mathematicians were mueft 
engaged in the bufinefs of improving telefcopes, by grinding 
glaffes into v one of the figures made by the three fe&ions of 
a cone, upon the principle then generally entertained that 
light was homogeneous, he fet himfelf to grinding of optic 
glaffes, of other figures than fpherical, having as yet no 
diftruft of the homogeneous nature of light : but, not hitting 
prefently upon any thing in this attempt to fatisfy his mind, 
lie procured a glafs prifm, that he might try the celebrated 
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phenomena of colours, difcovered by Grimaldi not long be- 
fore. He was much pleafed at firft with the vivid brightnefs 
of the colours produced by this Experiment ; but, after a while, 
confidering them in a philofophical way, with that circum- 
fpeXion which was natural to him, he was furprifed to fee 
them in an oblong form, which, according to the received 
rule of refraXions, ought to be circular. At firft he thought 
the irregularity might poffibly be no more than accidental ; 
but this was what he could not leave without farther enquiry : 
accordingly, he foon invented an infallible method of de- 
ciding the queftion, and the refult was, his New Theory of 
Light (yp,d Colours . v 

However, the theory alone, unexpeXed and furprifing as 
it was, did not fatisfy him ; he rather confidered the proper 
ufe that might be made of it for improving telefcopes, which 
was his firft defign. To this end, having now difcovejed that 
light was not homogeneous, but an heterogeneous mixture of 
differently refrangible rays, he computed the errors arifing 
from this different refrangibility ; and, finding them to ex- 
ceed fome hundreds of times thofe occafioned by the circular 
figure of the glaffes, he threw afide his glafs works, and took; 
reflexions into confederation. He was now fenfible that op- 
tical inftruments might be brought to any degree of perfection 
defired, in cafe there could be found a refleXing fubftance 
which would polifh as finely as glafs, and refleX as much 
light as glafs tranfmits, and the art of giving it a parabolical 
figure he alfo attained : but thefe feemed to him very great 
difficulties; nay, he almoft thought them infuperable, when 
fie farther confidered, that every irregularity in a refleXing 
fuperfieies makes the rays ftray five or fix times more from 
their due courfe, than the like irregularities in a refraXing 
one. 

Amidft thefe fpeculations, 4ie was forced from Cambridge, 
in 1665, by the plague ; and it was more than two years be- 
fore he made any farther progrefs in the fubjeX. However, 
he was far from pafling his time idly in the country ; on the 
contrary, it was here, at this time, that he firft ftarteu the 
bint that gave rife to thq Syftem of the World, which is the 
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main fubjecft of the Principia. In his retirement, he wa$ fit-, 
ting alone in a garden, when fome apples falling from a tree, 
Jed his thoughts upon the fobje# of grayity ; and, refle&ing 
on the power of that principle, he began to confider, that 
as this power is not found to be fenfibly diminithed at the re- 
moteft diftance from the centre of the earth to which we can 
rife, neither at the tops of the loftieft buildings, nor on the 
fummits of the higheft mountains, it appeared to him reafon- 
able to conclude that this powder muft extend much farther 
than is ufually thought. " Why not as high as the moon t” 
faid he to himfelf ; “ and if fo, her motion muft be influenced 
by it ; perhaps fhe is retained in her orbit by it : hovrever, 
though the power of gravity is not fenfibly weakened in the 
little change of diftance at which we can place ourfelves from 
the centre of the earth, yet it is very poffible that, at the 
height of the moon, this power may differ in ftrength much 
from what it is here” To make an eftimate what might be 
the degree of this diminution, he confidered with himfelf, 
that, if the moon be retained iq her orbit by the force of gra- 
vity, no doubt the primary planets are carried about the fun 
by the like power ; and, by comparing the periods of the fe- 
veral planets with their diftances from the fun, he found, 
that, if anv power like gravity held them in their courfes, its 
ftrength muft decreafe in the duplicate proportion of the in- 
create of diftance. This he concluded by fuppofipg them to 
move in perfedl circles, concentric to the fun, from which the 
orbits of the greateft part of them do not much differ. Sup- 
pofing, therefore, the force of gravity, when extended to the 
moon, to decreafe in the fame manner, he computed whe- 
ther that force would be fufficient to keep the moon in her 
orbit. 

In this computation, being abfent from books, he took the 
common eftimate in ufe among the geographers apd our 
feamen, before Norwood had mealured the earth, namely, 
that 60 miles make one degree of latitude ; but as that is a 
very erroneous fuppofition, each degree containing about fifty 

our Englilh miles, his computation upon it did not make 
the power of gravity, decreafing in. a duplicate proportion 
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the diftance, anfwerable to the power which retained the 
moon in her orbit: whence he concluded that forae other 
caufe muft at leaft join with the a&ion of the po^ver of gravity 
on the moon, for this reafon he kid afide, for that time, 
any farther thoughts upon the matter. Mr. Whifton (iu 
his Memoirs, p. 33) fays, he told him that he thought Def- 
cartes’s vortices might concur with the action of gravity. 

Nor did he refume this enquiry on his return to Cambridge 
which was fhortly after. The truth is, his thoughts were now 
engaged upon his newly projected refle6ting telefcope, of which 
he made a fmall fpecimen, with a metallic reflector fpheri- 
cally concave. It was but a rude effay, chiefly defedtive by 
the want of a good polilh for the metal. This inftnmient is 
now in the poffeffion of the Royal Society. In 1667 he was 
chofen fellow of his college, and took the degree of matter of 
arts. And in 1669 Dr. Barrow refigned to him the mathema- 
tical chair at Cambridge, the bufinefs of which appointment 
interrupted for a while his attention to the telefcope : however, 
as his thoughts had been for fome time chiefly employed 
upon optics, he made his difcoveries in that fcience the fub- 
jeA of his lectures, for the firft three years after he was ap- 
pointed Mathematical Profeffor ; and having now brought 
his Theory of Light and Colours to a confiderable degree of 
perfe6Kon, and having been ele6led a Fellow of the Royal 
Society in Jan. 1672, he communicated it to that body, to 
have their judgment upon it ; and it was afterwards publilhed 
iti their Tranfa&ions, viz. of Feb. 19 , 1672. This publication 
occafloned a difpute upon the truth of it, which gave him fo 
much uneafinefs, that he refolved not to publhh any thing 
farther for awhile upon the fubje£t; and in that refolution 
he laid up his Optical LeSnres , although he had prepared 
them for the prefs. And the Jnalyjis by Infinite Series , 
whfch he had intended to fubjoin to them, unhappily for 
the World, underwent the fame fate, and for the fame 
reafon. 

In this temper he refumed his telefcope ; and obferving that 
there was no abfolute neceflity for the parabolic figure of the 
glaffes, ‘fince, if metals could be ground truly fpherical, they 
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would be able to bear as great apertures as men could give a- 
polilh to, be completed another inftrument of the fame kind. 
This anfwering the purpofe fo well, as, though only half a 
foot in length, to fhew the planet Jupiter diftin&ly round, 
with his four fatellites, and alfo Venus horned, he fent it to 
the Royal Society, at their requeft, together with a deferip- 
tion of it, with farther particulars ; which were publifhed in 
^ie Philofophical Tranfa&ions for March 1672- Several at- 
tempts were alfo made by that fociety to bring it to per- 
fection ; but, for want of a proper compofition of metal, and 
a good polifli, nothing fncceeded, and the invention lay dor- 
mant, till Hadley made his Newtonian telefcope in 1723. At 
the requeft of Leibnitz, in 1676, he explained his invention of 
Infinite Series, and took notice how far he had improved it 
by his Method of Fluxions, which however he ftill concealed, 
and particularly on this occafion, by a tranfpofition of the 
letters that make up the two fundamental propofitions of it 
into an alphabetical order ; the letters concerning which are 
inferted in Collins’s Commercium Epiftolicum, printed 1712. 
In the winter between the years 1676 and 1677 he found out 
the grand propofition, that, by a centripetal force aCting re- 
ciprocally as the fquare of the diftance, a planet muft revolve 
in an ellipfis, about the centre of force placed in its lower 
focus, and, by a radius drawn to that centre, defcribe areas 
proportional to the times. In 1680 he made feveral aftro- 
nomical obfervations upon the comet that then appeared; 
which, for forne confiderable time, he took not to be one and 
the fame, but two different comets ; and upon this occafion 
feveral letters paffed between him and Mr. Flamfted. 

He was ftill under this miftake, when he received a letter 
from Dr. Hook, explaining the nature of the line defcribed 
by a falling body, fuppofed to be moved circularly by the di- 
urnal motion of the earth, and perpendicularly by the power 
of gravity. This letter put him upon enquiring anew what 
was the real figure in which fuch a body moved ; and that en- 
quiry, convincing him of another miftake which he had be- 
fore fallen into concerning that figure, put him upon lefum- 
jng his former thoughts with regard to the moon ; and Picart * 
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having not loq£ before, viz. in l679> meafured a degree of 
the earth with fufficient accuracy, by ufing his meafures, 
that planet appeared to be retained in her orbit by the foie 
power of gravity; and confequently that this power decreafes 
in the duplicate ratio of the diftance ; as he had formerly con- 
jectured. Upon this principle he found the line defcribed 
by a falling body to be an ellipfis, having one focus in the 
centre of the earth. And finding by this means that the 
primary planets really moved in fuch orbits as Kepler haa 
fuppofed, he had the fatisfa&ion to fee that this enquiry, 
which he had undertaken at firft out of mere curiofity, could 
be applied to the greateft purpofes. Hereupon he drew up • 
about a dozen proportions relating to the motion of the pri- 
mary planets round the fun, which were communicated to 
the Royal Society in the latter end of 1683. This coming to 
be known to Dr. Halley, that gentleman, who had attempted 
the demonftration in vain, applied, in Auguft J68.4, to New- 
ton, who allured him that he had abfolutely completed the 
proof. This was alfo regiftered in the books of the Royal* 
Society; at whofe earneft folrcitation Newton finiflied the 
work, which was printed under the care of Dr. Halley, and 
came out about Midfummer 1687, under the title of, Philo- 
fophia Naturalis Principia Mathematica, containing, in the 
third book, the Cometic Aftronomy, which had been lately 
difcovered by him, and now made its firft appearance in the 
world : a work which may be looked upon as the produ&ioo 
of a celeftial intelligence rather than of a man. 

This work, however, in which the great author has built a 
new fyftem of natural philofophy upon tbe moft fublime geo- 
metry, did not meet at firft with all the applaufe it deferved, 
and was one day to receive. Two reafons concurred in prp- 
ducing this effc6l : Defcartes had then got full pofieflion of 
the world. His philofophy was, indeed, the creature of a fine 
imagination, gaily dreffed out: he had given her iikewile 
fome of Nature’s fine features, and painted the reft to a feern- 
ing likenefs of her. On the other hand, Newton had with an 
imparalleled penetration, and force of genius, purfued Nature 
tip to her moft fecret abode, and was intent to demouftrate 
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her refidence to others, rather than anxious to defcribe parti* 
cularly the way by which he arrived at it himfelf : he finiftied 
his piece in that elegant concifenefs which had juftly gained 
the antients an univerfal efteem. In facft, the confequences 
flow with fuch rapidity from the Principles, that the reader is 
often left to fupply a long chain of reafoning to conneft them j 
fo that it required fome time before the world could undeu- 
^land it. The belt mathematicians were obliged to ftudy it 
with care, before they could make themfelves mafters of it; 
and thofe of a lower rank durft not venture upon it, till en- 
couraged by the teftimonies of the more learned. But, at laft, 
when its value came to be fufficiently known, the approbation 
which had been fo flowly gained became univerfal, and no- 
thing was to be heard from all quarters but one general burft 
of admiration. “Does Mr. Newton eat, drink, or deep, like 
other men ?” fays the marquis de l’Hofpital, one of the greateft 
mathematicians of the age, to the Englith who vifited him. 
“ I reprefent him to myfelf as a celeftial genius entirely dip- 
engaged from matter.” 

In the midft of thefe profound mathematical researches, 
juft before his Principia went to the prefs, in 1686, the privi- 
leges of the univerfity being attacked by James the 2d, New- 
ton appeared among its moft ftrenuous defenders, and was on 
that oceafion appointed one of their delegates to the faigl>- 
commiffion court ; and they made fuch a defenpe, that James 
thought proper to drop the affair. Our author was alfo chofen 
one of their members for the Convention-Parliament in 1688* 
in which he fat till it was diffolved. 

Newton’s merit was well known to Mr. Montague, then 
chancellor of the exchequer, and afterwards earl of Halifax, 
who had been bred at the fame college with him ; and, when 
he undertook the great work of recoining the money, he fixed 
his eye upon Newton for an afiiftant in it ; and accordingly, 
in I696, he was appointed warden of the mint, in which em- 
ployment he rendered very figpal fervice to the nation. And 
three years after he was promoted to be mafter of the mint, a 
place worth 12 or 15 hundred pounds per annum, which he 
held till his death. Upon this promotion, he appointed Mr. 
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Whlfton bisdeputy in the mathem&ticGlpffof(^Ebi&^ atCam- 
bridge^tgiving hlta the » foil profits - of > the place, which 
ij^immefititieif he aifo pioenred for fiim kidjQS. /File ftme 
-year, our, author > was chofisn prudent of the RayatSociety, in 
whiehchair be fat few 9£> years, -namely, till thetimebfbis 
rdeajth ^sand he had been ohofen a member of theRqyal Aca- 
i demy .of Sciences et P|aris4ft 1699 , asifoon asithene(*rfegu- 
elatimi was made *ipr admitting ‘foreigners into ih&frfoctety.* 
lETerifioce thei^rildifcovery of the heterogeneous mixture 
•~of lights aqd theprod uXibn of oolouw^thenoe $tifing, he hdd 
ncuployOda good partof hia time inbriqgiggJthe ixp^tiaMtit, 
eapon wjiieh* the theory* is 'founded, «to a (.degree -of tka&Mfs 
rthat ^BMgh^fatisfyihimiyf. The* truth - is, * tih»» fe$jns te have 
Iheei^his.faToUmeiinvefttion'V^BO^ai^he fasti ipent hv this 
arduous talk before he publiflied it in 1704* In inliittteufe*. 
rfie^and r fluxk>ns, and in tha>^ow^rarid/isule ^gwrity wiipre- 
tibrvlngtbeiblar fyfleu iy tbere-bad been fome 4houghdiA&|t 
•liinUgvvett byother^ before bioi i tvbeveas in djfl eXing-a ray 
i wfllight into it^prkmryednftitjBeat partition, which thm ai- 
-usitted of no- farther ieparation ;in*he^difcorery • of the dilf- 
-ferent refraagibthty. Of * thafe • p&rtides ^th«k ' fbparated ; and 
-tbat thef& €KiBd: 2 ta€Bt rays hadfeaekits own ‘peculiar colour 
tinbercn tin it { thatfaysf falling in* the fame angle df incidence 
jbavedfceroate fits of reSeftioa and refnU&on ; that bodies are 
<»fldered. > tvanfparent by the minutenefs of their ^>o*es, and 
i become opaque’ by bating them large ; and that the meft 
'irfintparent body, by 'having a great tbianefs, will become 
‘4efs pemdus^to the light ; in fflhtbefe, which make uphis 
MW theory of light and ocfeurs, he was abfolutely and ea- 
■%i#ely» the firfi ftarter ; and as the fubjeX is of the moil fubtte 
tank) delicate nature, -he thought it neeeflary to- be himfetf 
4hef loftJfiaifeer of it. ' 

<lnc#tei, the affair that fehiefly employed hi9 refearehes'for 
<b * many ‘years -was far from being confined to thefubjeX of 
light Atetoe. 'Onthe contrary) all- tbfct we know of natural 
bodies geemtd io be comprehended in it r he had found out 
4hAt there was a natural aXion at _a J diftance. between light 
kind otbef bodies, by which both the reflexions and refraXioAs, 
Vol. I* d 
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as well asinfle&ions, of the former, were conftOntly produced. 
To afceriain the force and extent of this principle of a&ion, 
was what had.all along engaged his thoughts, and: what after 
all, by its extreme liibtlety, efcaped his moll penetrating 
t fpirit. However, though be has not made fo full, a difeovery 
of this principle, which dire&s thecourfe of light, as be has 
in regard to the power by which the planets are kept in their 
cpurfes, yet he gave the bell dire&ions poflible for fuch as 
(hould be difpofed to carry on the work, and furnilhed mat- 
ter abundantly fufficient to animate them to the purfuit. He 
has indeed hereby opened a way of palling from optics to an 
v entire fyftem of phyfics ; and, if we look upon bis queries as 
.containing thebiftory of a great man’s firft thoughts, even 
< in that view they mull be always at leaft entertaining and 
.furious. 

This feme year, and in the fame book with his Optics, he 
j jmblilhed, for the firft time, his Method of Fluxions. It has 
.been already obferved, that tbefe two inventions were in- 
. tended for the. public fo: long before as 1672 ; but were laid 
by then, in order tn prevent^hia being engaged on that ac- 
count in a dilute about them. And it is not a little remark- 
•• able, that even now this laft piece proved the occafion of ano- 
ther difpute, which continued for many years. Ever fince 
1684, Leibnitz had been artfully working the world into ah 
.opinion, that he firft invented this^lhod. — Newton faw his 
deli gn from the beginning, and had fufficiently obviated it 
in the .firft edition of the Principis, in .1687 (viz, in. the 
Scholium to the 2d lemma of the 2d book); and with the 
fame view, when he now publilhed that method* he took 
occafion to acquaint the world, that he invented it in the 
years 1665 and 1 666. In the A&a Eruditorum of Leipfiq, 
where an account is given of this book, the author of tba/t 
account aferibed the invention to Leibnitz, intimating that 
Newton borrowed it from him. Djr. Keill, the aftronomical 
profeffor at Oxford, undertook Newton’s defence.; and after 
feveral anfwers on both fides, Leibnitz complaining to the 
Royal Society, this body appointed a committee of their 
^embers to examine the merits of the calc. Thefe, after 
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COnfidering afll the papers and letters relating to the point in 
controverfy, decided in favour of Newton and Keill ; as is 
related at large in the life of this laft mentioned gentleman ; 
and thefe papers themfelves were publifhed in 1712, under 
the title of Commercium Epiftolicum Johannis Collins, 8vo. 

In 1705, the honour of knighthood was conferred upon 
our author by queen Anne, in confideration of his great me* 
*it. And in 1714 he was applied to by the Houfe of Com- 
mons for his opinion upon a new method of difcovering the 
longitude at fea by iignals, which had been laid before them 
by Ditton and Whifton, in order to procure their encourage- 
ment ; but the petition was thrown aiide upon reading New- 
ton’s paper delivered to the committee. - » 

. The following year, 1715, Leibnitz, with the view of bring- 
ing the world more eafily into ibe belief that Newton had 
t taken the method of fluxions from his Differential method, 
attempted to foil his mathematical (kill by the famous pro* 
Idem of the trajectories, which he therefore propofed to the 
Englifh by way of challenge; but the folution of this, though 
the moft difficult propofition be was able to devife, and what 
might pafs for an arduous affair to any other, yet was hardly 
any more than an amufement to Newton’s penetrating ge- 
nius: he received the problem at four o’clock; in the after- 
noon, as he was returning from the Mint ; and, though ex- 
tremely fatigued with bufinefs, yet he finifhed the folution 
before he went to bed. 

As Leibnitz was privy-counfellor of juftice to the elector of 
Hanover, fo when that prince was raifed to the Britifh throne, 
Newton came more under the notice of the court ; and it 
was for the immediate fatisfa&ion of George the Firft, that 
he was prevailed on to put the laft hand to the difpute about 
the invention of Fluxions. In this court, Caroline princefs 
of Wales, afterwards queen confort to George the Second, 
happened to have a curiofity for philofophical enquiries ; no 
fooner, therefore, was (he informed of our author’s attachment 
to the houfe of. Hanover, than (he engaged his converfation, 
which foon. endeared him to her. Here (he found in every 
difficulty that foil fatisfa&ion which (he had in vain fought 
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for' ClfeWhere ; Artd (he Was often heard to clefclafe publiclyv 
that Ihe thought herfelf happy in coming into the World at a 
jUh&Ure Of time which put it in her’power to converie With 
him. Itwas&tihis princCfsYfolicitation, that he dreW tip 
<m abftraft of his Chronology ; a copy of which was aft het 
i^ofeft communicated, about 17 18, to fignior ! Conti, a Ve- 
netian nobleman, theti in England, upon a promife to keep 
•itifeCret. Blit ilotWithftanding this proriiile, Ihe abb&, whfr^ 
awhile here had aHo afie&ed to fhew a particular friendfltipfOr 
WeWtfch, though privately betraying bftn as much as toy in 
•hh^pOWer ^Leibnitz, #Us : nO -fOOrtCr got acrois : the Water*irilb 
-Rattce, tbdB he dilperfed copies Oflt, and procured an anti- 
quary to tranflate it into French, As w^ll as ‘to Write te cOti- 
•ftrtatioiv of it. this, being printed at Paris in 1725, wasde- 
ttiveredasaprefeitt from the bookfeller t bar printed it tootir 
< author* tWtbe might Obtain, as Was fafcl, his COrifent 
•the publication ; but though he expreftly refafed ftiihcoufent, 
f the whole Was publiifhetf the fatne year. Hereupon NeW- 
‘tonfouod ititteceffaryUofpublifli a Defence of 'hitafelf, which 
Was iriferted in the Philofophical Transitions. Thus he, 
Who had fo much all his life long been ftudious to atoid dif- 
-ptttes, was' unatoidably all his life time, hi a manner, involved 
-in them ; nordid this laft difpute Oven finifli at his death, 
-Which happened the year following, Newton’s paper Was 1C- 
‘publifliCdin 1726 at Paris, in French> With a letter of the 
abbe Conti in anfvver to it; and the fame year forae differ- 
lations were printed there by father Soiidet againft Newton’s 
Chronological Index, an anfwer to which Was faferted 
dby Halley in' the Philofophical Tran faflions, numb. 397. 

Some time before this bufinefs, in his 80th year, our ‘au- 
thor was feized With an incontinence of urine, thought to 
'proceed from the ftone in the bladder, and deemed to be in- 
curable. However, by the help of a 111*161; regimen and other 
‘precautions, which till then he never had occasion for, he 
^procured confideYable intervals of eafe during the five re- 
maining years of his life. Yet he was not free from tbme fe- 
veneptiroxyfms, Which even forced out large drops of fwerft 
t»nm4ewn his face. In theie eircumftances he was neyCr 
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obferved to utter the l^aft complmqk ppr dxpf^fs tlife leaft^ 
impatience; and a? fppa, as be bad a moment^ eafe, he^ 
would, froile and talk with his ul'ual cheerfulnpfs, He wa# t 
now obliged to rely upon Mr. Conduit, who had married his r 
niece, for the difcharge of bis office in the Mint. Saturday 
morning, March 18, 1727, be read the newfpaperp, and dift 
qourfpd a long time with Dr. Mead, hispbyfician, havipg 
tjbpi* the perfed life of all h|s fpnfes and his underftandjng x 
but that night he entirely loft them all, and, not recovering^ 
them afterwards, died the Monday following, March 20, in 
the 85th year of his age. His corpfe lay in ftate in the Je* 
qufalem-charpber, and on, the 28th was conveyed into Weft- 
minfteivabbey, the pall being fupported by the lord chan* 
Seller, the dukes of Montrofp and Roxburgh, and the earl^ 
q£ Pembroke, Suflfex, aud M^clesfield,. He was interred 
the entrance iifto the choir on the left hand, where ^ 
ftftteljr monpineijfc is. erected to, bis ipempry, with a moll ele* 
g^ni iofcripfjon upon it. 

Newton’s charadpr has been attempted by M. Fontenell^ 
^nd J)v. Pembprtpp, the fubftance of which is as follows - — 
Mo wap of a middle ft^Ujre, and lopievyhat inclined to>be fa}, 
in, the latter part of his life. His countenance was pleafing 
and venerable at the lamp time ; efpeciully when he took off 
hjs peruke, and ffiewed his white hair, which was pretty 
ihick. He ^eyer made uie of fpedacles, and loft but one 
tooth during his w bole life. Bifhop Atterbury fays, that, in 
the whole w of Sir ICaac’s face and make, there was nothing 
of that penetrating fagacity which appears in his com po- 
rtions,; that he had fome tiling rather languid in his look and 
fanner, which, did not raife any great expedation in thofe 
who did npt know him. 

His temper, it is faid, was fo equal and mild, that no ac- 
cident could difturb it. A remarkable inftance of which is. 
related as follows. Sir Ifaac bad a favourite little dog, which 
be called Diamond. Being one day called- out of his ftudy 
into the next, room, Diamond was left behind. When Sir 
Ifaac returned, having been abfent but a few minutes, he had. 
the mortification to find, that Diamond, having overfet a. 
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lighted candle among fome papers, the nearly finilhed labour 
of many years was in flames, and alinoft confumed to aihea. 
This lofs, as Sir Ifaac was then very far advanced in years, 
was irretrievable ; yet, without once ftriking the dog, he only 
rebuked him with this exclamation, “Oh, Diamond ! Diamond! 
thou little knoweft the mifchief thou haft done !’* 

He was indeed of fo meek apd gentle a difpofition, and fb 
great a lover of peace, that he would rather have chofen to 
remain in obfcurity, than to have the calm of life ruffled by 
thofe ftorras and difputes which genius and learning always 
draw upon thofe that are the mofl eminent for them. 

From his love of peace, no doubt, arofe that unufual kind 
of horror which he felt for all difputes: a fteady unbroken at- 
tention, free from thofe frequent recoilings inseparably inci- 
dent to othere, was his peculiar felicity ; he knew it, and he 
knew the value of it. No wonder, then, that controverfy was 
looked on as his bane. When fome objections, haftily made 
to his difcoveries concerning light and colours, induced him 
to lay afide the defign he had taken of publifhing his Optical 
LeCtures, we find him reflecting on that difpute, into whic$t 
he had been unavoidably drawn, in thefe terms : “ I blamed 
my own imprudence for parting with fo real a bleffing as my 
quiet, to run after a Ibadow.” It is true this fhadow, as Fon- 
tenelle obferves, did not efcape him afterwards, nor did it 
coft him that quiet which he fo much valued, but proved a a 
much a real happinefs to him as his quiet itfelf ; yet this was 
a happinefs of his own making : he took a refolution, from 
thefe difputes, not to publifli any more concerning that the- 
ory till he had put it above the reach of controverfy, by the 
exaCteft experiments, and the ftriCleft demonftrations ; and 
accordingly it has never been called in queftion fince, Io 
tbe fame temper, after he had font the manufcript to the 
Royal Society, with his confent to the printing of it by 
them, yet upon Hook’s injurioufly infilling that he himfelf 
had demonftrated Kepler’s problem before our author, he de-i 
termined, rather than be involved again in a controverfy, to 
fupprefs the third book ; and he was very hardly prevailed 
upon to alter that refolution. It i9 true, the public was 
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hereby a gainer ; that book, which ^ indeed no more than 
1 corollary of feme proportions in the &*{!, being originally 
Irawn op in the popular way, with a defign to publifli it 
n that fora; whereas he was now convinced that it would 
>e beft not to let it go abroad without a drift demonftr^tion. 
In contemplating his genius, it prelently becomes a doubt,, 
rhicb of thefe endowments bad the greateft (hare, — fagaqity, 
penetration, ttrcngtb, or diligence ; and, after all, the mark 
bat feems mod to diftinguifli it is, that he himfelf made the 
1 (left eftimation of it, declaring, that if he had done the 
orki any fervice, it was due to nothing but induflry and 
atient thought ; that be kept the fubjeft of confederation 
onftantly before him, and waited till the firft dawning 
pened gradually, by little and little, into a full and clear 
jht* It is feid, that, when he had any mathematical pro* 
lems or folutions in bis mind, be would never quit the (lib- 
ft on any account. And bis fervant Las faid, when be 
is been getting up in a morning, be bus fome times begun 
• drefi, and with one leg in his breeches, fat down again on 
e bed, where he has remained for hours before he has got 
s clothes on; and that dinner has been often three hours 
ady for him before be could be brought to table. Upon 
is head feveral little anecdotes are related ; among which is 
g following : Doftor Stukely coming in accidentally, one 
y , when Newton's dinner was left for him upon the table, 
;ered up, as ufual, to keep it warm till he could find it con* 
lient tp come to table ; the doftor, lifting the cover, found 
3er it a chicken, which he prelently ate, putting the bones 
the di(h, and replacing the cover. Some time after New-* 
came into the room, and after the ui'ual compliments fat 
m to his dinner ; but on taking up the cover, and feeing 
y the bones of the fowl left, he obferved, with fame little 
jrife, " I thought I had not dined, but 1 now find,, that l 
e.” 

ifter all, notwithftanding his anxious care to avoid every 
afion of breaking bis intenfe application to (ludy, he was 
great diftance from being deeped in philol’ophy. On the 
trary, he could lay afide his thoughts, though engaged ia 
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the mail intricate refeafches; when- his other affairs* require# 
hie attention ;* ahd> as foota as be had leifijle, reihu^thelhb* 
fe€t at the point where he had left off. This he Teems to have 
done not lo mubft by any extfaordiiiafy memory, 

as by the fotfcbof his inventive facility, tb-whteh everything 
opened itfelf again with eaife, if nothing* intet^vened 1 ^ ruffle 
him. Ttie"pgaditiefs of his ftrvVhtioU made Mih : not fhrftk bt 
putting his memory riiuch to the trial ; but this wafc 1 the dflfc 
lpring of a vigbrbus intetilenefs of thought, oat of which he 
was but a coriurhbn man 1 . Hie fpeht, therefore* the prime of. 
his age in thofe abltrufe refearches, wHemhis filkiari^in af 
College gave' hint leifiire, and while ffudy< was 1 hie ptf&pmf 
bufltieTs. Bui as foon aS he was : removed to the minty hw 
applied hiorfelf chiefly to the duries of that office^ and fo ftlP 
quitted mathematics and phHofophy as not tb engage 
purfuits of either kind afterwards. J * ' * * 

D*. Pemberton obferves, that though his memory Waar 
ittilch decayed in the ktft yeats of bis life, yet he pe*fe&lyi 
v Underilood his own Writings ; contrary to what I had format fy 
heard, fays the do&or, in difcourfe from many perfbne. M 
opinion of theirs might arife perhaps from his not being al* 
Ways ready at fpcaking ot tfeefe ftbje£te, when it might to 
expected he (houtd. But on this head it may be obfeiWedV 
that great genhrfes Are often liable to be abfent, not o*rfy 
relation to cormriori life, but with regard to fome of the pafte* 
of fcience that they arebeft informed of : inventors teem to* 
trbafure up m their minds what they have found* out aftei* 
another manner than thofe do the fame things, Who bavb* 
nut this inventive faculty. The former, when they have OG- 
cafion to produce their knowledge, are in feme merfurb* 
dbliged immediately to' invefttgate part of what they want;* 
and for this they are not equally fit at all times ; from whence* 
it has often happened, that fuch as retain things chiefly by 
means of a very ftrong memory, have appeared off-hand mbre* 
expert than tpe difcoverers thettifelves. 

It was evidently owing to the fame inventive faculty that ■ 
Newton, as this writer found, had read fewer of the modern 
mathematicians tftair ode could have bxpe&cd ; hrs pwp prcK 
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digiousinvention* teridily Applying him with what lie might 
have occafion for m the purftiit of any fobjeA he undertoot. 
However; He oftcme^nftrred the handling of geometrical fub* 
je&s-by algebraic eateatations ; and his boot of algebra he 
edited by the name of Umoetfat Arithmetic, in oppofition td 
the injudicious tftteof Grome/^which Defcartes had gi vert 
to the tneotife in which be fhewshCW the geometrician may 
affift his invention by fuoh kind of computations. He fre- 
qtfemly praifed* Slufius> Bartow^ and Huygens,- for not being 
fo#ueneed> by the falfo tafte which then began to prevail. He 
Bfedto-corinnend* the laudable attempt of Hugo d’Omeriqtie 
to tfeftore theantiefttanulyfis; and very much efteeineSd Apol- 
fonius’s book De Seftitone Rationis, for giving us a clearer no- 
tion of that ahalyfis than we* tead before. Dr. Barrow m a ji 
be efceemed a^baviug ftieWn a cOUipafe of invention equal, if 
not fuperior, to any of the moderns; our author only ex- 
eepted; bub Newton particularly recommended Huygens’s 
fly Wand manner; he thought him the: moll elegant of any 
mathematical writer of modem times, and the traeft imitatoc 
of the* atitienfsi Of their tafte and mode ofdembnftration 
our autftor always profeffed himfelf a great admirer; and 
even oettfured' bhwfelf for not following them yet more dolfely 
foaw he did; and fpoke with regret Of his miftake at the be* 
ghming of bis mathemariwd ftodies, in applying himletf to 
the- works of Befeartes, and* other algebraic writers) before 
he haid conrffdered the Elements of Euclid with that attention 
Which feexcdknt a writer defences. 

But if this was a foult, it is certain it was a fault to which 
we owe both bfe great inventions i» fpectilative mathematics, 
and the de^trine of Fluxions and Infinite Series. And per- 
haps this might? be one reafon why his partieuiaT reverence 
for the antientsis omitted by Fonteoelle, who, however, cer- 
tamly mnfae# feme amends by that juft eulogium which he 
makes of cur author’s modefty, which amiable quality he re- 
prefenfts as Ifeartdmg foremoft in* the chara&efc bf this great 
man’s mind* and manners. It was in reality greater than can 
he Cafely imagined, or will be readily believed : yet it always 
continued fo without any alteration ; though the whole world. 


Digitized by LjOoq le 



I THE L*FE OF 

fays FontencUe, confpired againft it; let us add, though he 
was thereby robbed of his invention of Fluxions. Nicholas 
Mercator publifhing bis Logarithmotechnia in 1668, where 
he gave the quadrature of the hyperbola by an infinite feries, 
which was the firft appearance in the learned world of a feries 
of this fort drawn from the particular nature of the curve, and 
that in a manner very new and abftraded ; Dr. Barrow, then 
at Cambridge, where Mt. Newton, then abput 26 years of 
age, refided, recolle&ed, that he bad met with the fame 
thing in the writings of that young gentleman ; and there not 
confined to the hyperbola only, but extended, by general 
forms, to all forts of curves, even fuch as are mechanical ; to 
their quadratures, their re&ifications, and their centres of 
gravity ; to the folids formed by their rotations, and to the 
fuperficies of tbofe folids ; fo that, when their determinations 
were pofiible, the feries flopped at a certain point, or at lead 
their fums were given by dated rules ; and if the abfolute de- 
terminations were impofiible, they could yet be infinitely ap- 
proximated ; which is the happieft and mod refined method, 
fays Fontenelle, of fupplying thedefe&s of human knowledge 
that man’s imagination could poffibly invent. To be madet 
of fo fruitful and general a theory was'a mine of gold to a, 
geometrician; but it was a greater glory to have been the 
difeoverer of fo furprifing and ingenious a fyftem. So that 
Newton, finding by Mercator’s book that he was in the way 
to it, and that others might follow in bis track, fhould natu- 
rally have been forward to open hi9 treafures, and fecure the 
property, which confided in making the difeovery ; but he 
contented himfelf with his treafure which be had found, 
without regarding the glory. What an idea does it give us 
of his unparalleled modedy, when we fiud him declaring, that 
he thought Mercator bad entirely difeovered bis fecret, or 
that others would, before be fhould became of a proper age 
for writing ! His mapufeript upon Infinite Series was com- 
municated to none but Mr. John Collins and . the lord 
Brounker, then Prefident of the Royal Society, who bad alfo 
done fomething in this way himfelf ; and even thqt had pel 
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been complied with, but for Dr. Barrow, who would not 
fuffer him to indulge his modefty fo much as he defired. 

It is farther oblerved, concerning this part of his cha- 
racter, that he never talked either of himfelf or others, nor 
ever behaved in fuch a manner as to give the mod malicious 
cenfurers the lead occafion even to fufpeCt him of vanity. He 
was candid- and affable, and always put himfelf upon a level 
with his company. He never thought either his merit or his 
reputation fufficient to excufe him from any of the common* 
offices of focial life. No Angularities, either natural or af- 
fected, diftinguifted ,him from other men. Though he was 
firmly attached to the church of England, he was averfe to 
the -perfecution of the non-conformifts. He judged of men 
by their manners ; and the true fchifmatics, in his opinion, 
were~the vicious and the wicked. Not that he confined his 
principles to natural religion, for it is faid he was thoroughly * 
perfuaded of the truth of Revelation ; and amidfi the great 
variety of books which he had conftantly before him, that 
which be fludied with the greateft application was the Bible, 
at lead in the latter years of bis life ; and he underdood the 
nature and force of moral certainty as well as he did that of 
a dried demonftration. 

Sir Ifaac did not negleCl the opportunities of doing good, 
when the revenues of bis patrimony and a profitable employ- 
ment, improved by a prudent oeconomy, put it in his power. 
We have two remarkable indances of his bounty and gene- 
rality ; one to Mr. Maclaurin, extra profeflbr of mathematics 
at Edinburgh, to encourage whofe appointment he offered 20 
pounds a year to that office; and the other to his niece 
Barton, upon whom he had fettled an annuity of 100 pounds 
per annum. When decency upon any occafion required ex- 
pellee and (hew, he was magnificent without grudging it, 
and with a very good grace ; at all other times, that pomp 
which feems great to low minds only, was utterly retrenched, 
and the expence referred for better ufes. 

Newton never married ; and it has been faid, that " per- 
haps he never had leifure to think of it; that, being i m- 
merfed in profound dudies during the prime of his age, and 
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afterward* engaged in an employment of great ijnportqnc# 
and even quite taken, up with the company which his vwj) 
drew: to him, he was. pot fenfible of any vacancy iq life, por 
of the want of a companion at home.” Tbefe, however,, do 
not appear to-be any lufijcieqt reafoos few hia never marrying, 
if he had bad, an inclination fo to do. It is much, more likely 
that he bad wconftitulional indifference to the flaty, and even 
to the fex in. general ; apd, it has even been, laid of him, that 
be never, once knew woman.— He left at bis death, it feems, 
32 thoufpnd pounds ;. but he made no. will ; which, Foo-i 
tenelle tells us, was becaufebe thought a, legacy wm no gift. 
As to bis works, befidea what were publifiied in his life-time, 
there were, found after his death, among his papers, fevers) 
difeourfeampon the fubje&s of Antiquity, HHlory, Divinity, 
Chemiftry,. and: Mathematics;, feveral of which were pa hr 
liihed at different times, as appears from the following cats* 
Jogoe of all his works ; where they are ranked in the order of 
time in which thofe upon the fame fubject were publiibed. 

1. Several papers relating to his Tthfcope, and his Theory 
tfLightand Colours* printed in, the Philofophical Tranf, 
actions, numbs. 80, 8J, .82, 83, 84, So, 88/96, 97, 110, 121, 
123, 128; orvols. 6 , 7,8, 9, 10, J 1 . 

2. Optic*, or a TreatiJ'e of the Refections, Refractions, and 
Infection*, and the Colours of Light;, 1704, 4to„— A Latin 
tranffation by Dr. Clarke ; 1706, 4to. — And a French tranfi* 
lationby Pet. Coffe, Anxft. 1729, 2 vols. 12mo. — Befidefe* 
veral Engliih editions in Svo. 

, 3. Optical Lectures; 1728, 8vo. Alfo. in feveral Letters 
to Mr. Oldenburg, fecretary of tbe Royal Society, infertediq 
the General Dictionary, under our author’s article. 

4. LsClioues Optica ; 1729, 4to. 

5. Natural* s Philofophiee Priucipia Mathematical 1687, 
4to. — A fecond edition in 1713, with a Preface, by Roger 
Cotes. — The third edition in 1726, under the dire&ioa of 
Dr. Pemberton. — An Engliih tranffation, by Motte, 1729, 
£ vols. 8vo. printed in feveral editions of his works, in diffe- 
rent nations, particularly an edition, with a huge Com- 
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Uteniary, hy the two learned Jefuits, Le Sear rad Jacqiiier, 
in *4 ydfe. 4to, in 1739, 1740, and 1742. 

* 6. A Syftem of the World, tranlhited from the Latin or*; 
^ihfll 4 4727, 8vo.— ' This, as has been already obferved>wa« 
at firft intended to make the third book of his Principia.-~ Ah 
•EtiglKh tranlfeitioti by Motte, 1729, 8 vo. 

^ 7. Several Litters to Mr. Flamfted, Dr. Halley, and Mr. 
GWenbnrg. — 'See our authors article in the General Dic- 
tionary. 

8. A Paper concerning the Longitude ; drawn dp by order 
of the Honfe of Commons ; ibid. 

-9. Abregt ' de Chronologic, 8cc; 1726, nnder the direction 
of the abb6 Conti, together with fotne obfervations upon 
it. 

10. Hematite upon the Obferoations mode upon aChrondr 
logical Index of Sir 1 . Newton, #c* ! Philof. Trattf. vol. 33.-*- 
•See aHb the fame, 7ol. 34 and 35, by f Dr. Halley. 

11. 'Phe Chronology of Antient Kingdoms amended, fycJ; 
51728, 4lo. 

i 12. Aritkmdka Univtrfalis, tye. ; under the infpeftion of 
rMr.Whiflon, Cantab. 1707, 8Vo. Printed, I think, without 
Ithe authors confent, land even agaibft his will: an offence 
-which it-feems*was never : forgiveti. There ale alfo Englilh 
- ^editions of ‘the fame, particularly one by 'Wilder, with in 
> Commentary, m 1769, 2 vols. 8vt>. And a Latin edition, 
with n Commentary, by CaftHion, 2 vds. 4to, Amft. 8tc. A - 
13. Analyfis per Qua'ntitatum Series, Fluxiones, et Biffe- 
rentias, cum Enumeratione Linearum Tertii Ordinis ; 17 11, 
,‘4to; under the infpe<5tion of W. Jones, Efq. F. R. S.— The 
laft trail had been publifhed before, together with another 
on the Quadrature of Curves, by the Method of Fluxions, 
tinder the title of TraSatus duo de Speciebus # Magnihfdint 
tPigurarutn Curcilinearum ; fubjoined to the firft edition of 
his Optics in 1704; and other letters in the Appendix to 
JDr. Gregory V Catoptrics, &c. 1735, 8vo. — Under this head 
may be ranked Newtoni Genefis Curvarumper Umbras ;> Ley- 
Mien, 1740. 
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14. Several Letters relating to his Difpute with Leibnitz , 
upon his Right to the Invention of Fluxions ; printed in the 
Commercium Epijtolicum D. Johannis Collins fy aliorum de 
Analyfi Promotes, jujju Societatis Regicc editum ; 1712, 
8vo. 

15. Pofifcript and Letter of M. Leibnitz to the abbe Conti, 
with Remarks, and a Letter of his own to that abbC; 1717, 
8vo.— To which was added, Raphfon’s Hiftory of Fluxions, 
as a Supplement. 

16. The Method of Fluxions , and Analyfis by Infinite Sc- 
ries, tranflated intoEnglifli from the original Latin ; to which 
is added, a Perpetual Commentary, by the tranflator Mr. 
John Colfon ; 1736, 4to.. 

17. Several Mifcellaneous Pieces, and Letters, as follow : 
(1). A Letter to Mr. Boyle upon the fubjeCt of the Pbilofo- 
pher’s Stone ; inl’erted in the General Dictionary, under the 
article Boyle.— (2). A Letter to Mr. Alton, containing di- 
rections for hjs Travels ; ibid, under our author’s article.— 
(3). An Englifh Tranflation of a Latin DifTertation upon the 
Sacred Cubit of the Jews. Ipferted among the mifcellaneous 
works of Mr. John Greaves, vol. 2, publilhed by Dr. Thomas 
Birch, in 1737, 2 vols. 8vo; This Differtation was found 
fubjoined to a work of Sir Ifaac’s, notfinilhed, entitled Lex- 
icon Propheticum . — (4). Four Letters from Sir Ifaac Newton 
to Dr. Bentley, containing fome arguments in proof of a 
Deity; 1756, 8vo. — (5). Two Letters to Mr. Clarke, &c. 

18. Obfervations on the Prophecies of Daniel and the Apo~ 
talypfe of St. John ; 1*7 33, 4to. 

19 * If Netctoni Elementa Perfpecliva Univerfalis ; 1746, 
8vo. 

20. Tables for purchafing College Leafes ; 1742, 12mo! 

21. Corollaries, by Whifton. 

22. A collection of feveral pieces of our author’s, under 
the following title, Newtoni IJ\ Opufcula Mathematica Philo f 
If PhiloL collegit J. Caftiiioneus ; Laul*. 1744, 4to. eight 
tomes. 

23. Tzeb Treatifcs of the Quadrature of Curves, and Ana- 
Jyfis by Equations of an Infinite Number of Terms, ex- 
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plained : tranflated by John Stewsut, with a large . Com- 
mentary ; 1745, 4 to. 

34. Defcription of an Injlrumcnt for obferving the Moon’s 
diftance from the fixed ftars at fea. Philof. Tranf. vol.42. 
25. Newton alfo publiflied Barrow's Optical Leftures in 
, I699# 4 to ; and Bern, Varcnii Gcograpkia, &c. ; l681,$vo. 

. 26. The whole works- of Newton, publiflied by Pr. Horlley; 
1779* 4to. in 5 tfols. 

The following is a lift of t^e papers left by fJewton at his 
death, os. mentioned above. 

A Catalogue of Sir Ifaac Newton's Manufcripts and 
. Tapers, m annexed to a bond, given by Mr. Conduit , to the 
adatinijtratott of Sir Ifaac ; by which he obliges kimfelf to 
account for any profit he Jhall make by publijhbig any of the 
, P**!*™' 

Dr. Pellet, by agreement of the executors, entered ipto 
Adis of the Prerogative Court, being appointed to perufe all 
1 the papers, and judge which ^were pfoper for thp prefs. 

1. Viaticum, Nantarum ; by Robert Wright. : 

2 . Mifcellanea ; not in Sir Ifaac’s hand-writing. 

3. Mifoellanep ; part in Sir Ifaac’s hand. 

4 . Trigonometria ; about 3 flieets. 

: 5., Definitions. 

6. Mifceliaaea; part in Sir Ifaac’s hand. 

7. 40 flieets in 4to, relating to Church Hiftory. * 

.8. 126 flieets written on one fide, being foul draughts of 
the Prophetic Style. 

9. 88 flieets relating to Church Hiftory. 

10. About 70 loofe flieets in fmall 4to, of Chemical 

papers ; fome of which are not in Sir Ifaac’s hand. 

1 1. About 62 ditto, in folio. 

12. About 15 large flieets, doubled into 4to; Chemical. 

13. About 8 flieets ditto, written on one fide. 

14. About 5 Iheets of foul papers, relating to Chemiftry. 

15. 12 lialf-flieets of ditto. 

16. 104 half-flieets in 4to, ditto. 

17. About 22 flieets in 4to, ditto. 
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16. ^4 Ihoets in 4to, upon the Prophecies. 

19. 29 half-lheets, being an anfwento Mr.Hook, *on Sir 
Ifaac’s Theory of Colours. 

'20. 87-balf-iheets relatrng;to the Optics, fame ofwhieh 
are not in Sir d&acVhaxtd. 

Prom No.iMo Na. Spexammed on . the 20th- of May, 1727, 
nndjudged not fitto/be^printecL 

r. PdliL 

- 4¥it»efs, Tho. Pilkington . 

4l» 528 haJ/-ftieetfe,4tr folio, and 63 in fm all -4*0; being 
loofe -and fold papers 'relating to the Revelations 
end Prophecies. - 

22. 8 half-lheets in ftaall 4to, relating^ toCburch Matters* 

23. 24 halMheets m feiall 4to; being a Dtfcourfe relating 

to the 2d pf Kings. 

24. 353 half-lheets in folio, and 57 in fmall 4to; beiqg 

foul and loofe papers relating, to figures and <Mar* 
, thematics. ^ 

25. 201 half-lheets in folio, and 21 in fmall 4to; loofe and 

foul papers relating to the Commerciuixf Epifto- 
licunK 

26. 91 half-lheets in fmall 4to y imLatin, upon, the Temple 

of Solomon. 

27. 37 half-flieets in folio, upon the Holl of Heaven, the 

Sanctuary, and other Church Matters* 

28. 44 half -flieets in folio, upon ditto. . . . . . : 

-29. 25 halMheets in folio; being a farther account 6f the 

Hoft of Heaven. 

50. 51 half-lheets in folio; being an Hiftorical {Account of 

two notable Corruptions of Scripture. - 

51. 88 halffbeets in fmall 4to; being Extracts )of Church 

Hiftory. 

*32. 1 16 half-lheets in folio ;< being Paradoxical Queftions 
concerning Athanafius, of ; which feveral leaves in 
the beginning are very much damaged; 

S3. 56 half-lheets in folio, DeMotu Corpowrai; tbegreateftr 
part not in Sir Ifaac’s hand. 
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$4* 6i half-lheets in fmall 4to ; being various fe&ions on 
the Apocalypfe. 

35. 25 half-lheets in folio; of the Working of the Myllery 
of Iniquity. 

36; 20 half-lheets in folio, of the Theology of the Hea- 
thens. 

37- 24 half-lheets in folio ; being an Account of the Contefl 
between the Hoft of Heaven and the Tranfgreffors 
of the Covenant. 

. 38, 31 half-lheets in folio; being Paradoxical Queftions 
concerning Athanafius. 

89. 107 rjuarter-lheels in fmall 4to, upon die Revelations. 

40. 174 half-{heets in folio ; being loofe papers relating tO' 

Church Hiltory. 

May 22> 1727, examined from No. 21 to No, 40 inclufive, 
and judged them not fit to be printed : only No. 33 and No. 
38 Ihould be reconfidered, 

’ T. Pellet. 

Witnefs, Tho. Pilkington . 

41. 1 67 half-lheets in folio; being loofe and foul papers 

relating to the Commercipm Epiftolicum. 

, 42. 21 half-lheets in folio ; being the 3d letter upon Texts 
of Scripture: very much damaged. 

43. 31 halfclbeets in folio; being foul papers relating to 
Church Matters. 

' 44- 495 half-lheets in folio ; being loofe and foul papers 
relating to Calculations and Mathematics. 

45. 335 half-lheets in folio; being loofe and foul papers 

relating to the Chronology. 

46. 1 12 (heets in fmall 4 to, relating to the Revelations, and 

other Church Matters. 

47. 126 half-lheets in folio ; being loofe papers relating to 

the Chronology, part in Englilh and part in Latin. 

48. 400 half-lheets in folio ; being loofe Mathematical 

papers. 

49. 109 Iheets in 4to, relating to the Prophecies, ajid 

Church Matters. 

Vol. L e 
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50. 127 half-fbeeis in folio, relating to the UniverfUy ; 

great part not in Sir Ifaac’s band. 

51. 18 (beets in 4to ; being Chemical papers. 

52. 255 qnarter-fheets ; being Chemical papers. 

53* Ad Account of Corruptions of Scripture ; not in Sir 
Ifaacs band. 

54. 31 quarter-fheets ; being Flammdfs Explication of 

Hieroglyphical Figures. 

55. About 350 half-fheets ; being Mifcellaoeons papers. 

56. 6 faalf-fheets ; being an Account of the Empires, &c. 

reprefented by St. John. 

57. 9 balf-fheets folio, and 7 1 quarter-fheets 4to ; being 

Mathematical papers. 

58. 140 half-fheets, in 9 chapters, and 2 pieces in folio, 

titled. Concerning the Language of the Prophets. 

59. 606 halfdheeta folio, relating to the Chronology ; ft 

more in Latin. 

60. 182 half (heets folio ; being loofe papers relating to the 

Chronology and Prophecies. 

61. 144 qnarter-fheets, and 95 halfdbeets folio; being 

loofe Mathematical papers. 

62. 137 half-fheets folio ; being loofe papers relating to the 

Difpute with Leibnitz. 

6S. A. folio Common-place book ; part in Sir Ifaac’s 
hand. 

64. A bundle of Eoglifh Letters to Sir Ifaac, relating to 

Mathematics. 

65. 54 halLfheets ; being loofe papers found in the Prin- 

cipia. 

66. A bundle of loofe Mathematical Papers; not Sir 

liaac’s. 

67. A bundle of French and Latin Letters to Sir Ifaac. 

68. 136 fheets folio, relating to Optics. 

69* 22 half-fheets folio, De Rationibus Motmun, 8tc. ; not 
in Sir liaac’s hand. 

70. 70 half-fheets folio ; being loofe Mathematical papers. 
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7 K 38 halfdheets fdio; being loofe papers relating to 
Optics. „ 

72- 47 half-lheets folia; being loofe papers relating to 
Chronology and Prophecies. 

73. 40 half-lheets folio; Proceftus Myflerii Magni Phi-* 

lofopbicus, by Win, Yworth; not in Sir Ifaac’i 
hand. . 

74. 5 half-lheets; being a letter fromjlizzetto to Martine, 

in Sir Ifaac’s hand. 

75. 41 half-lheets; being loofe papers of feveral kinds, 

part in Sir Ifaac’s hand. 

76. 40 half-lheets; being loofe papers, foul and dirty, re- 

lating to Calculations. 

77. 90 half-lheets folio ; being loofe Mathematical pa- 

pers. 

78. 176 half-lheets folio; being loofe papers relating to 

Chronology. 

79* 176 half-lheets folio ; being loofe papers relating to 
the Prophecies. 

M2 half-lheets folio; an Abftra& of the Chro- 

80. < nology. 

I 92 half-lheets folio; the Chronology. 

81. 40 half-lheets folio ; the Hillory of the Prophecies, in 

10 chapters, and part of the 11th unlinilhed. 

82. 5 finall bound books in 12mo ; the greateft part not in 

Sir Ifaac’s hand, being rough Calculations. 

May 26th, 1727* examined from No. 41 to No. 82 in- 
clulive, and judged not fit to be printed, except No. 80, 
which is agreed to be printed, and part of fro. 6l and 81, 
which are to be reconfidered. 

T. Pellet. 

Witnefs, Tho. Pilkington. 

It is aftonilhing what care and induftry Sir Ifaac had 
employed about the papers relating to Chronology, Church 
Hiftory, &c. ; as, on examining the papers themfelves, 
which are in the polfelTion of the family of the earl of 
Portfmouth, it appears that many of them are copies over 

e 2 
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and over again, often with little or no variation ; the whole 
number being upwards of 4000 fheets in folio, or 8 reams 
of folio paper; b^fide the bound books, &c, in this cata- 
logue, of which the number of fheets is not mentioned.— 
Of thefe there have been publifhed only the Chronology, 
and Qbfervations on the Prophecies of Daniel; and the Apa-« 
calypfe of $t. John, 
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MATHEMATICAL PRINCIPLES 

OF 

NATURAL PHILOSOPHY. 


2Defirotfott$. 


DEFINITION I. 

The quantity of matter is the meafure of the fame, arifing 
from its denfity and bulk eonjun&ly. 

Thus air of a double denfity, in a double fpace, is 
quadruple in quantity; in a triple fpace, fextuple in quantity. 
The fame thing is to be underftood of fnow, and fine dull 
or powders, that are condenfed by comprelfion or liquefaction ; 
and of all bodies that are by any caufes whatever differently 
condenfed. I have np regard in this place to a medium, if 
any fuch there is, that freely pervades the interftices between 
the parts of bodies. It is this quantity that I mean hereafter 
; very where under the name of Body or Mafs. And the 
Tame is known by the weight of each body : tbi it ;? jjrppor- 
ional to the weight, as I have found by experiments on pcn- 
lulums, very accurately made, which giallbe thewn hereafter. 
DEFINITION II. 

Vhe quantity of motion is the meafure of the fame, arifing 
from the velocity/ quantity of matter conjunQly. 

The motion of iJMe whole is the fum of the motions of all 
he parts; and therefore in a body double in quantity, with 
qnal velocity, the motion is double; with twice the velocity, 

. is quadruple. V 

Vot. I. B 
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2 mathematical principles Book I. 

DEFINITION III. 

The vis infita, or innate force of matter, is a power of re- 
filling, by which every body, as much as in it lies, endeavours 
to per fever e in its prefint ft ate, whether it be of reft, or of 
moving uniformly forward in a right line. 

This force is ever proportional to the body whofe force it 
is ; and differs nothing from the inactivity of the mafs, but 
in our manner of conceiving it. A body from the inactivity 
of matter, is not without difficulty put out of its ftate of reft 
or motion. Upon which account, this vis infita, may,, by a 
moil fignificant name, be called vis inertia, or force of in- 
acftivity. But a body exerts this force only, when another 
force, impreffed upon it, endeavours to change its condition ; 
and the exercife of this force may be confidered both as re-* 
fiftance and impulfe : it is refiftance, in fo far as the body, 
for maintaining its prefent ftate, withftandsthe force impreffed ; 
it is impulfe, in fo far as the body, by not eafily giving way 
to the impreffed force of another, endeavours to change the 
ftate of that other.. Refiftance is ufoally afcribed to bodies- 
at reft, and impulfe to thofe in motion : but motion and reft, 
as commonly conceived, are only relatively diftinguifhed; 
nor are thofe bodies always truly at reft, which commonly 
are taken to be fo. 

DEFINITION IV. 

An impreffed force is an action exerted upon a body, in order 
to change its ftate, either of reft, or of moving uniformly 
forward in a right line. 

This force confifts in the action only} and remains no 
longer in the body, when the action is over. For a body 
main tain^ e iw w ntrw Ttafartt 'acquires. bv its vis inertia only. 
|paf?C3ed forces are of different origins ; as from percuffion, 
from preflure, f-gpi centripetal force. 

DEFINITION V. 

A centripetal force is itottAy-tghich bodies are drawn or im* 
pelted, or any way tend, toward*-^ point as to a centre. 

Of this fort is gravity, by which boditVteml to the centre j 
pf the earth; magnetifin, by which iron tepfcb to the load- 
ftone ; and that force, whatever it is, by whichhilie planets 1 
are perpetually drawn afide from the rectilinear aaowb * tot ' 
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which otherwife they would purfue, and made to revolve in 
curvilinear orbits. A done, whirled about in a fling, endea- 
vours to recede from the hand that turns it; and by that en- 
deavour, diftends the fling, and that with fo much the greater 
force, as it is revolved with the greater velocity, and as foon 
as ever it is let go, flies away. That fprce which oppofes it* 
felf to this endeavour, and by which the fling perpetually 
draws back the flone towards the hand, and retains it in its 
orbit, becaufe it is directed to the hand as the centre of the 
orbit, I call, the centripetal force. And the fame thing is to 
be uaderftood of all bodies, revolved in any orbits. They alt 
endeavour to recede from the centres of their orbits ; and were 
it not for the oppofition of a contrary force which refttain* 
them to, and detains them in their orbits, which I therefore 
call centripetal, would fly off in right lines, with an uniform 
motion. A proje&ile, if it was not for the force of gravity, 
would not deviate towards the earth, hut would go off from 
it in a right line, and that with an uniform motion, if the re- 
finance of the air was taken away. It is by its gravity that 
it is drawn afide perpetually from its re&Uinear courts, and 
made to deviate towards the earth, more or lefs, according 
to the force of its gravity, and the velocity of its motion. 
The lefs its gravity is, for the quantity of its matter, or the 
greater the velocity with which it is projected, the lefs will it 
deviate from a re&ilinear courfe, and the farther it wiU go. 
If a leaden ball, projected from the top of a mountain by the 
force of gun-powder with a given velocity, and in a direction 
parallel to the horizon, is carried in a curve line to the diftance \ 
'of two miles before it falls to the ground; the fame, if the , f 
refiftance of the air was took away, with a double or decuple j 
velocity, would fly twice or ten times as far. And by in- • 
ereafing the velocity, we may at pleafure increafe the diftance 
to which it might be projected, and diminifh the curvature of 
tile line, which it might defcribe, till at lafl it fbould foil at 
tiie diftance of 10 , 90 , or 90 degrees, or even might go quite 
round the whole earth before it- falls; or laftly, fo that it 
might never fall to the earth, hut go forwards into the ce- 
leftial fpaces, and pmeeed in its motion in infinitum. And 
after the fame manner that a projectile, by the force of gra- 

B Z 


Digitized by LjOoq le 



4 MATHEMATICAL PRINCIPLES Booft. I. 

vity, may be made to revolve in an orbit, and go round the 
whole earth, the moon alfo, either by the force of gravity* 
if it is endued with gravity, or by any other force, that im- 
pels it towards the earth, may be perpetually drawn ahde 
towards the earth, out of the re&iUnear way, which by its 
innate force it would purfue ; and be made to revolve in -the 
' orbit which it now defcribes : nor could the moon without 
fome fuch force, be retained in its orbit. If this force was too 
, fmall, it would not fufficiently turn the moon out of a recti- 
linear courfe : if it was too great, it would turn it too much, 
and draw down the moon from its orbit towards the earth. 
It is neceffary, that the force be of a juft quantity, and it be- 
longs to the mathematicians to find the force, that may ferve 
exactly to retain a body in a given orbit, with a given velo- 
city ; and vice verfa , to determine the curvilinear way, into 
which a body projected from a given place, with a given ve- 
locity, may be made to deviate from its natural rectilinear 
way, by means of a given force. 

The quantity of any centripetal force may be conftdered 
as of three kinds ; abfolute, accelerative, and motive. 
DEFINITION VI. 

The abjolute quantity of a centripetal force is the meafure of 
the fame, proportional to the efficacy of the caufe that pro- 
pagates it from the centre , through the fpaces round about . 
Thus the magnetic force is greater in one load-ftone and lefs 
in another, according to their ftzes and ftrength. 

DEFINITION VII. 

The accelerative quantity of a centripetal force is the meafure 
of the fame, proportional to the velocity which it generate s 
in a given time . 

Thus the force of the fame load-ftone is greater at a lefs 
diftance, and lefs at a greater : alfo the force of gravity is 
greater in valleys, lefs on tops of exceeding high mountains ; 
and yet lefs (as fhall be hereafter fhewn) at greater diftances 
from the body of the earth ; but at equal diftances, it is the 
fame every where ; becaufe (taking away, or allowing for* 
the refiftance of the air) it equally accelerates all falling bo- 
dies, whether heavy or light, great or fmall. 
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DEFINITION VIII. 

The motive quantity of a centripetal force, is the meafure of 
the fame, proportional to the motion which it generates in a 
given time . 

Thus the weight is greater in a greater body, lefs in a lefs 
body ; it is greater near to the earth, and lefs at remoter 
difiances. This fort of quantity is theVentripetency, or pro- 
penfion of the whole body towards the centre, or, as I may 
fay, its weight; and it is ever kpown by -the quantity of a 
force equal and contrary to it, that is juft fufficient to hinder 
the defcentof the body. 

' Thefe quantities of forces, we may for brevity's fake call by 
the names of mhfeive, accelerative, and abfolute forces ; and 
for diftin&ion’s fake confider them, with refpedl to the bodies 
that tend to the centre ; to the places of thofe bodies ; and 
to the centre of force towards which they tend : that is to 
fay, L fefpr the motive force to the body, as an endeavour 
and propenlity of the whole towards a centre, arifing from 
the propenfities of the feveral parts taken together ; the ac- 
celerative force to the place of the body, as a certain power 
or energy diffufed from the centre to all places around to move 
the bodies that are in them ; and the abfolute force to the 
centre, as endued with fome caufe, without which thofe mo- 
tive forces would not be propagated through the fpaces round 
about ; whether that caufe is fome central body (fuch as is 
the load-ftone, in the centre of the force of magnetifm, or 
the earth in the centre of the gravitating force), or any thing 
elfe that does not yet appear. For I here defign only to give 
a mathematical notion of thofe forces, without confidering 
their phyfical caufes and feats. 

Wherefore the accelerative force will ftand in the fame 
relation to the motive, as celerity does to motion. For the 
quantity of motion arifes from the celerity drawn into the 
quantity of matter; and the motive force arifes from the ac- 
celerative force drawn into the fame quantity of matter. For 
the fum of the aCtions of the accelerative force, upon the fe- 
veral particles of the body, is the motive force of the whole. 
Hence it is, that near the furface of the earth, where the ac- 
celerative gravity, or force productive of gravity, in all bodies 
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is the fame, the motive gravity or the weight is as the body : 
but if we fhould afceud to higher regions, where the acce- 
lerative gravity is left, the weight would be likewife dimi- 
nifhed, and would always be as the product of the body, by 
the accelerative gravity. So in thofe regions, where the ac- 
celerative gravity is dimitiiflied into one half, the Weight of a 
body two or three times left, will be four or fix times lefe. 

I likewife call attractions and impulfes, in the fame fenfe, 
accelerative, and motive; and ufe the Words attra&ion, im- 
pulfe or propenfity of any fort towards a centre, promif- 
cuoufly, and indifferently, one for another ; confidering thofe 
forces not phyfically, but mathematicaUy : wherefore, the 
reader is not to imagine, that by thofe words, I any where 
take upon me to define the kind, or the manner of any ac- 
tion, the caufes or the phyfical reafon thereof, or th^t I at- 
tribute forces, in a true and phyfical fenfe, to certain centres 
(which are only mathematical points); when at any time I 
happen to fpeak of centres as attracting, or as endued with 
attractive powers. 

SCHOLIUM. 

Hitherto I have laid down the definitions of fuch words a$ 
are left known, and explained the fenfe in which I would 
have them to be underftood in the following difcourfe. I dd 
not define time, fpace, place ahd motion, as being well 
known to all: Only I mult obferve, that the vulgar conceive 
thofe quantities under no other notions but from the relation 
they bear to fenfible obje&s. And thence arife certain pre- 
judices, for the removing of which, it will be convenient to 
diftinguifh them into abfolute and relative, true and apw 
parent, mathematical and common. 

I. Abfolute, true, and mathematical time, of itfelf, and 
from its own nature flows equably without regard to any thing 
external, and by another natae is called duration : relative, 
apparent, and common time, is fome fenfible and external 
(whether accurate or unequable) meafure of duration by the 
means of motion, which is commonly ufed inftead of true 
time ; filch as an hour, a day, a month, a year. 

II. Abfolute fpace, in its own nature, without regard to 
any thing external, remains always fimilar and immovable# 
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Relative fpace is feme moveable dimenfion or meafure of the 
abfektte f paces ; which our fenfes determine by its potion 
to bodies; sad which is vulgarly taken for immovable fpace ; 
fuch is the dimenfion of a Aibterraneous, an sereal, or celeftial 
fpace, determined by its pofition in refpedt of the earth. 
Abfolute and relative fpace, are the fame in figure and mag- 
nitude ; but they do not remain always numerically the fame. 
For if the earth, for inftance, mores, a fpace of our air, 
which relatively and in refpedt of the earth remains always 
the fame, will at one time be one part of the abfolute fpace 
into which the air paffes ; at another time it will be another 
part of the fame, and fb, abfolutely underftood, it will be 
perpetually mutable. 

III. Place is a part of fpaoe which a body takes up, and is 
according to the fpace, either abfolute or relative. I fay, a 
part of fpace ; not the fituation, nor the external furface of 
the body. For the places of equal fblids, are always equal ; 
but their fuperficies, by reafon of their diffimilar figures, are 
often unequal. Pofitions properly have no quantity, nor are 
they fo much the places themfelves, as the properties of places. 
Hie motion of the whole is the fame thing with the Aim of 
the motions of the parts ; that is, the tranAation of the whole, 
out of its place, is the feme thing with the fum of the trans- 
lations of the parts out of their places ; and therefore the 
place of the whole, is the fame thing with the fum of the 
places of the pints, and for that reafon, it is internal, and in 
the whole body. 

IV. Abfolute motion, is the tranAation of a body from one 
abfolute place into another ; and relative motion, the trans- 
lation from one relative place into another. Thus in a fhip 
under fail, the^elative p^ace of a body is that part of the 
fhip which the body poffeffes ; or that part of its cavity 
which the body fills, and which therefore moves together with 
the fhip : and relative Teft, is the continuance of the body 
in the fame part of the fhip, or of its cavity. But real, ab- 
folute reft, is the continuance of the body in the fame part 
of that immovable fpace, in which the fhip itfelf, its cavity, 
and all that it contains, is moved. Wherefore, if the earth 
is really at reft, the body, which relatively refts in the fhip, 
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will really and abfolutely move with the fame velocity which 
the fhip has on the earth* Bat if the earth alfo moves, the 
true and abfolute motion of the body will arife, partly from 
the true motion of the earth, in immovable fpace ; partly 
from the relative motion of the (hip. on the earth : and if the 
body moves alfo relatively in the fhip ; its true motion will 
arife, partly from the true motion of the earth, in immovable 
fpace, and partly from the relative motions as well of the fhip 
on the earth, as of the body in the fhip ; and from thefe 
relative motions will arife the relative motion of the body on 
the earth. As if that part of the earth where the fhip is, 
was truly moved toward the eaft, with a velocity of 10Q10 
parts; while the fhip itfelf with a frefh gale, and full fails, 
is carried towards the weft, with a velocity expreffed by ID 
of thofe parts; but a failor walks in the fhip towards the 
eaft, with l p^rt of the faid velocity : then the failor will be 
moved truly and abfolutely in immovable fpace to.wards the 
eaft with a velocity of 10001 parts f and relatively on the 
earth towards the weft, with a velocity of 9 of thofe parts. 

Abfolute time, in aftronomy, is diftinguifhed from relative, 
by the equation or correction of the vulgar time. For the 
natural days are truly unequal, though they are commonly 
confidered as equal, and ufed for a meafure of time : aftro- 
nomers correct this inequality for their more accurate de- 
ducing of the celeftial motions. It may be, that there is no 
fuch thing as an equable motion, whereby time may be accu- 
rately meafured. All motions may be accelerated and re-* 
tarded, but the true, or equable, progrefs of abfolute time 
is liable to no change. The duration or perfeverance of the 
exiftence of things remains the fame, whether the motions 
are fwift or flow, or none at all : and therefore it ought to be 
diftinguifhed from what are only fenfibje meafures thereof ; 
and out of which we colled it, by means of the aftronomical 
equation. The neceffity of which equation, for determining 
the times of a phenomenon, is evinced as well from the ex- 
periments of the pendulum clock, as by eclipfes of the fatel- 
lites of Jupiter . 

As the order of the parts of time is Immutable, fo alfo is 
die order of the parts of fpace, Suppofe thofe parts to be 
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moved out of their places, and they will be moved (if the ex- 
preffion may be allowed) out of themfelves. For times and 
(paces are, as it were, the places as well of themlelves as of 
all other things. All things are placed in time as to order 
of fucceffion ; and in fpace as to order of fituation. It is 
from their effence or nature that they are places ; and that, 
the primary places of things fhould be moveable, i9 abfurd. 
Thefe are therefore the abfolute places ; and tranflations out 
of thofe places, are the only abfolute motions. 

But becaufe the parts of fpace cannot be feen, or diftin- 
gu idled from one another by our fenfes, therefore in their 
dead we ufe fenfible meafures of them. For from the pofi- 
tions and diftances of things from anybody confidered as im- 
movable, we define all places : and then with refpedt to fuch 
places, we eftimate all motions, confidering bodies as trans- 
ferred from fome of thofe places into others. And fo in Head 
of abfolute places and motions we ufe relative ones ; and that 
without any inconvenience in common affairs : but in pbilo- 
fophical difquifitions, we ought to abftra<ft from our fenfes, 
and confider things themfelves, diftimft from what are only 
fenfible meafures of them. For it may be that there is no 
body really at reft, to which the places and motions of others 
may be referred. 

But we may diftinguiih reft and motion, abfolute and re- 
lative, one from the other by their properties, caufes and 
effe&s. It is a property of reft, that bodies really at reft do 
reft in refpe& of one another. And therefore as it is pofiible, 
that in the remote regions of the fixed ftars, or perhaps far 
beyond them, there may be fome body abfolutely at reft ; but 
impoffible to know, from the pofition of bodies to one another 
in our regions, whether any of thefe do keep the fame pofi- 
tion to that remote body ; it follows that abfolute reft cannot 
be determined from the pofition of bodies in our regions. 

It is a property of motion, that the parts, which retain given 
pofitions to their wholes, do partake of the motions of thofe 
wholes. For all the parts of revolving bodies endeavour to re- 
cede from the axis of motion ; and the impetus of bodies mov~ 
ing forwards, arifes from the joint impetus of all the parts. 
Therefore, if furrounding bodies are moved, thofe that are re* 
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latively at reft within them, will partake of their motion. 
Upon which account, the true and abfolute motion of a body 
cannot be determined by the tranflation of it from tbofe which 
only feem to reft : for the external bodies ought not only to 
appear at reft, but to be really at reft. For otherwife, all in* 
eluded bodies, beftde their tranflation from near the furround- 
ing ones, partake likewife of their true motions ; and though 
that tranflation was not made they would not be really at reft, 
but only feem to be fo. For the furrounding bodies ftand in 
the like relation to the furrounded as the exterior part of a 
whole does to the interior, or as the fhell does to the kernel ; 
but, if the fhell moves, the kernel will alfo move, as being 
part of the whole, without any removal from near the fhell. 

A property near akin to the preceding, is this, that if a 
place is moved, whatever is placed therein moves along with 
it; and therefore a body, which is moved from a place in 
motion, partakes alfo of the motion of its place. Upon which 
account all motions from places in motion, are no othet 
than parts of entire and abfolute motions; and eveiy entire 
motion is coripofed out of the motion of the body out of its 
firft place, and the motion of this place out of its place ; and 
fo on, until we come to fome immovable place, as in the 
before-mentioned example of the failor. Wherefore entire 
and abfolute motions can be no otherwife determined than 
by immovable places; and for that reafon I did before re- 
fer tbofe abfolute motions to immovable places, blit relative 
ones to moveable places. Now no other places are immor- 
able but thofe that, from infinity to infinity, do all retain the 
fame given pofitions one to another; and upon this account 
muft ever remain unmoved ; and do thereby conftitute, what 
I call, immovable fpace. 

The caufes by which true and relative motions are dif- 
tinguifhed, one from the other, are fhe forces impreifed up- 
on bodies to generate motion. True motion is neither gene- 
rated nor altered, but by fome force impreffed upon the body 
moved: but relative motion may be generated or altered with- 
out any force impreffed upon the body. For it is fufficierrt 
only to imprefs fome force on other bodies with which the 
former is compared, that by their giving way, that relation 
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may be changed, in which the relative reft or motion of this 
other body did confift. Again, true motion fuffers always fome 
change from any force impreffed upon the moving body ; 
but relative motion does not neceffarily undergo any change 
by fuch forces. For if the fame forces are likewife impreffed 
on thofe other bodies, with which the comparifon is made, 
that the relative polition may be preferred, then that condi- 
tion will be preferred in which the relative motion confifts. 
And therefore any relative motion may be changed when 
the true motion remains unaltered, and the relative may be 
preferred when the true fuffers fome change. Upon which 
accounts, true motion does by no means confift in fuch re- 
lations. 

The effects which diftinguilh abfolute from relative motion 
axe, the forces of receding from the axis of circular motion. 
.For there are no fuch forces in a circular motion purely re- 
lative, but in a true and abfolute circular motion, they are 
greater or lefs, according to the quantity of the motion. If 
a veffel, hung by a long cord, is fo often turned about that 
the cord is ftrongly twifted, then filled with water, and held at 
reft together with the water; after, by the fudden a&ion of 
another force, it is whirled about the contrary way, and while 
the coid is untwifting itfelf, the veffel continues for fome time 
in this motion ; the furface of the water will at firft be plain, 
as before the veffel began to move : but the veffel, by gradually 
comnmnicating its motion to the water, will make it begin 
fenfibly to revolve, and recede by little and little from the 
middle, and afcend to the fides of the veffel, forming itfelf 
into a concave figure ( as I have experienced), and the fwifter 
the motion becomes, the higher will the water rife, till at laft 9 
performing its revolutions in the fame times with the veffel, 
it becomes relatively at reft in it. This afcent of the water 
ihewsits endeavour to 'recede from the axis of its motion; 
ahd the true and abfolute circular motion of the water, which 
is here dire&ly contrary to the relative, difcovers it felf, and 
may be meafured by this endeavour. At firft, when the 
ftiative motion of the water in the veffel was greateft, it 
produced no endeavour to recede from the axis: the water 
(hewed no tendency to the circumference, nor any afcent 
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towards the fides of the veffel, but remained of a plain furface, 
and therefore its true circular motion had not yet begun. 
But afterwards, when the relative motion of the water had 
decreafed, the afcent thereof towards the fides of the veffel 
proved its endeavour to recede from the axis; and this endea- 
vour (hewed the real circular motion of the water perpetually 
increafing, till it had acquired its greateft quantity, when the 
water relied relatively in the veffel. And therefore this endea- 
vour does not depend upon any tranllation of the water- in 
refpe& ofthe ambient bodies, nor can true circular motion 
be defined by fuch tranflations. There is only one real cir- 
cular motion of any one revolving body, correfponding to only 
one power of endeavouring to recede from its axis of motion, 
as its proper and edequate effedl: but relative motions in one 
and the fame body are innumerable, according to the various 
relations it bears to external bodies, and like other relations, 
are altogether dellitute of any real effeft, any otherwife than 
they may perhaps participate of that one only true motion. 
And therefore in their fyllem who fn^pofe that our heavens, 
revolving below the fphere of the fixed flars, carry the planets 
along with them ; the feveral parts of thofe heavens, and the 
planets, which are indeed relatively at rell in their heavens, 
do yet really move. For they change their pofition one to ano- 
ther (which never happens to bodies truly at reft), and being 
carried together with their heavens, participate of their mo- 
tions, and as parts of revolving wholes, endeavour to recede 
from the axis of their motions. 

Wherefore relative quantities are not the quantities them- 
felves, whofe names they bear, but thofe fenfible meafures 
of them (either accurate or inaccurate) which are commonly 
ufed inftead of the meafured quantities themfelves. And if 
the meaning of words is to be determined by their ufe, then 
by the names time, fpace, place and motion, their meafures 
are properly to be underftood ; and the expreffion will he 
unufual, and purely mathematical, if the meafured quantities . 
themfelves are meant. Upon which account, they do ftrain 
the facred writings, who there interpret thofe woids for the 
meafured quantities. Nor do thofe lefs defile the purity of 
mathematical and philofophical truths, who confound real 
quantities themfelves with their relations and vulgar meafures. 
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It is indeed a matter of great difficulty to difcover, and 
efie&ually to diftinguifh, the true motions of particular bodies 
from the apparent: becaufe the parts of that immovable 
fpace in which thofe motions are performed, do by no means 
come under the obfervation of our fenfes. Yet the thing is 
not altogether defperate; for we have fome arguments to 
guide us, partly from the apparent motions, which are the 
differences of the true motions; partly from the forces, which 
are the caufes arid effects of the true motions. For inftance, 
if two globes, kept at a given diftance one from the other by 
means of a cord that connects them, were revolved about their 
common centre of gravity, we might, from the tenfion of 
the cord, difcover the endeavour of the globes to recede from 
the axis of their motion, and from thence we might compute 
the quantity of their circular motions. And then if any equal 
forces fhould be impreffed at once on the alternate faces of the 
globes to augment or diminifh their circular motions, from the 
incireafe or decreafe of the tenfion of the cord, we might infer 
the increment or decrement of their motions ; and thence 
would be found on what faces thofe forces ought to be impreff- 
ed, that the motions of the globes might be rnoft augmented ; 
that is, we might difcover their hindermoft faces, or thofe 
which, in the circular motion, do follow. But the facet 
which follow being known, and confequently the oppofite 
ones that precede, we fhould likewife know the determination 
of their motions. And thus we might rind both the quantity 
and the determination of this circular motion, even in an iin- 
inenfe vacuum, where there was nothing external or fenfible 
with which the globes could be compared. But now, if in that 
fpace fome remote bodies were placed that kept always a 
given pofition one to another, as the fixed ftars do in our 
regions, we could riot indeed determine from the relative 
tranflation of the globes among thofe bodies, whether the 
motion did belong to the globes or to the bodies. But if we 
obferved the cord, and found that its tenfion was that very 
tenfion which the motions of the globes required, we might 
conclude the motion to be in the globes, and the bodies to 
be at reft; and then* laftly, from the tranflation of the globes 


Digitized by Google 







Book L 


OF NATURAL PHILOSOPHY. 15 

LAW III. 

To every a&ion there is always oppofed an equal reaction: 
or the mutual aSions of two bodies upon each other are 
always equal, and directed to contrary parts. 

Whatever draws or preffes another is as much drawn or 
prefled by that other. If you prefs a ftone with your finger, 
the finger is alfo prefled by the ftone. If a horfe draws a 
ftone tied to a rope, the horfe (if I may fo fay) will be equally 
drawn back towards the ftone: for the diftended rope, by 
the fame endeavour to relax or unbend itfelf, will draw the 
horfe as much towards the ftone, as it does the ftone towards 
the horfe, and will obftrud the progrefs of the one as 
much as it advances that of the other. If a body impinge 
upon another, and by its force change the motion of the 
other, that body alfo (becaufe of the equality of the mutual 
prefluire) will undergo an equal change, in its own motion, 
towards the contrary part. The changes made by thefe 
a&ions are equal, not in the velocities, but in the motions of 
bodies; that is to fay, if the bodies are not hindered by any 
other impediments. For, becaufe the motions are equally 
changed* the changes of the velocities made towards contrary 
parts are reciprocally proportional to the bodies. This law 
takes, place alfo in attra&ions, as will be proved in the next' 
fcholium. 

COROLLARY I. 

A body by two forces conjoined will deferibe the diagonal of a 
parallelogram, in the fame time that it would deferibe the 
jtdes , by thofe forces apart . (PI. 1. Fig. 1.) 

If a body in a given time, by the force M imprefled apart 
in the place A, fhould with an uniform motion be carried from 
A to B ; and by the force N imprefled apart in the fame place, 
fhould be carried from A to C ; complete the parallelogram 
ABCD, and, by both forces acting together, it will in the fame 
time be carried in the diagonal from A to D. For fince the 
force N ads in the dire&ion of the line AC, parallel to BD, 
this force (by the fecond law) will not at all alter the velocity 
generated by the other force M, by which the body is carried 
towards the line BD. The body therefore will arrive at the 
line BD in the fame time, whether the force N be imprefled 
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or not ; and therefore at the end of that time it will be found 
fomewhere in the line BD. By the fame argument, at the 
end of the fame time it will be found fomewhere in the line 
CD. Therefore it will be found in the point D, where both 
lines meet. But it will move in a right line from A to D, by 
Law I. 

COROLLARY II. 

And hence is explained the compojition of any one dire ft force 
AD, out of any two oblique forces AB and BD ; and, on the 
contrary , the refolution of any one dir eft force AD into two 
oblique forces AB and BD : which compofition and refolution 
are abundantly confirmed from mechanics . (Fig. 2.) 

As if the unequal radii OM and ON drawn from the centre 
O of any wheel, fhould fuftain the weights A and P by the 
cords MA and NP ; and the forces of thofe weights*to move 
the wheel were required. Through the centre O draw the right 
line KOL, meeting the cords perpendicularly in K and L; and 
from the centre O, with OL the greater of the diftances OK 
and OL, defcribe a circle, meeting the cord MA in D : and 
drawing OD, make AC paralleland DC perpendicular thereto. 
Now, it being indifferent whether the points K, L, D, of the 
cords be fixed to the plane of the wheel or not, the weights 
will have the fame effect whether they are fufpended from the 
points K and L, or from D and L. Let the whole force of 
-the weight A be reprefented by the line AD, and let it be re- 
folted into the forces AC and CD ; of which the force AC, 
drawing the radius OD dire&ly from the centre, will have no 
effect to move the wheel : but the other force DC, drawing 
the radius DO perpendicularly, will have the fame effe& as if 
it drew perpendicularly the radius OL equal to OD ; that is, 
it will have the fame effect as the weight P, if that weight is 
to the weight A as the force DC is to the force DA; that is 
(becaufe of the fimilar triangles ADC, DOK), as OK to OD 
or OL. Therefore the weights A and P, which are recipro- 
cally as the radii OK and OL that lie in the fame right line, 
will be equipollent, and fo remain in equilibrio : which is the 
well known property of the balance, the lever, and the 
wheel. If either weight is greater than in this ratio, its force 
to move the wheel will be fo much the greater. 
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' If the weight p, equal to the weight P, is partly fulpended 
by the cord Np, partly fuftained by the oblique plane pG ; 
draw pH> NH, the former perpendicular to the horizon, the 
latter to the plane pG ; and if the force of the weight p tend- 
ing downwards is reprefented by the line pH> it may be re- 
folved into the forces pN, H‘N. If there was any plane per- 
pendicular to the cord pN, cutting the other plane pG in a 
line parallel to thfe horizon, and the weight p was fupported 
only by thofe planes pQ, pG, it would prefs thofe planes per- 
pendicularly with the forces pN, HN ; to wit, the plane pQ 
with the force pN, and the plane pG with the force HN; 
And therefore if the plane pQ was taken away, fo that the 
weight might ftretch the cord, becaufe the cord, now fuf- 
taining the weight, fupplies the place of the plane that was 
removed, it will be ftrained by the fame force pN which 
preffed upon the plane before. Therefore the tenfion of this 
oblique cord pN* will be to that of the other perpendicular 
cord PN as pN to pH. And therefore if the weight p is to 
the weight A in a ratio compounded of the reciprocal ratio of 
the leaft diftances of the cords pN, AM, from the centre of 
the wheel, and of the direft ratio of pH to pN, the weights 
will hav6 the fame effe& towards moving the wheel, and will 
therefore fuftain each other \ as any one may find by expe- 
riment* 

But the weight p prefling upon thofe two oblique planes, 
may be confidered as a wedge between the two internal fur- 
faces of a body fplit by it ; and hence the forces of the wedge 
and the mallet may be determined ; for becaufe the force 
with which the weight p prefles the plane pQ is to the force 
with which the fame, whether by its own gravity, or by the 
blow of a mallet, is impelled in the direction of the Hue pH 
towards both the planes, as pN to pH ; and to the force with 
which it prefles the other plane pG, as pN to NH. And thus 
the force of the fcrew may be. deduced from a like refolutiorl 
of forces ; it being no other than a wedge impelled with the 
force of a lever* Therefore the ufe of this Corollary fpreads 
far and wide, and by that diflfufive extent the truth thereof is 
farther confirmed^ For on what has been faid depends the 
Vol. I. C 
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whole dodlrine of mechanics varioufly demonftrated by dif- 
ferent authors. Foi 1 from henc,e are eafily deduced the forces 
of machines, which are compounded of wheels, pullies, 
levers, cords, and weights, afcending diredlly or obliquely* 
and other mechanical powers; as alio the force of the 
tendons to move the bones of animals. 

COROLLARY III. 

The quantity of motion , which is colled td by taking the fum 
of the motions diretled towards the , fame parts , and the dif- 
ference of thofe that are direded to contrary parts, fuffers 
no change from the adion of bodies among them] elves. 

For a&ion and its oppofite re-a&ion are equal, by Law 3, 
and therefore, by Law 2, they produce in the motions equal 
changes towards oppofite parts. Therefore if the motions are 
dire&ed towards the fame parts, whatever is added to the 
motion of the preceding body will be fubdu&ed from the 
motion of that which follows; fo that the fum will be the 
fame as before. If the bodies meet, with contrary motions, 
there will be an equal dedu6tion from the motions of both; 
and therefore the difference of the motions dire&ed towards 
oppofite parts will remain the fame. 

Thus if a fpherical body A with two parts of velocity is 
triple of a fpherical body B which follows in the fame right * 
line with ten parts of velocity, the motion of A will be to 
that of B as 6 to 10. Suppofe, then, their motions to be of 6 
parts and of 10 parts, and the fum will be 16 parts. There- 
fore upon the meeting of the bodies; if A acquire 3, 4, or & 
parts of motion, B will lofe as many.; and therefore after re- 
flexion A will proceed with 9, 10, or 11 parts, and B with 
7, 6, or 5 parts; the fum remaining always of 1 6 parts as be- 
fore. If the body A acquire 9, 10, 1 1, or 12 parts of motion, 
and therefore after meeting proceed with 15, 16, 17, or 18 
parts, the body B, lofing fo many parts as A has got, will 
either proceed with one part, having loft 9, or ftop and re- 
main at reft, as having loft its whole progrefiive motion of 10 
parts; or it will go back with one part, having not only loll 
its whole motion, but (if I may fo fay) one part more ; or it 
will go back with 2 parts, becaule a progrellive motion of 12 
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parts is taken off. And fo the fums of the confpiring motions 
15 + 1, or 16+0, and the differences of the contrary motions 
17 — 1 and IS — 2, will always be equal to 16 parts, as they 
were before the meeting and reflexion of the bodies. But, 
the motions being known with which the bodies proceed after 
reflexion, the velocity of either will be alfo known, by taking 
the velocity after to the velocity before reflexion, as the mo- 
tion after is to the motion before. As in the laft cafe, where 
the motion of the body A was of 6 parts before reflexion and 
of 18 parts after, and the velocity was of 2 parts before re- 
flexion, the velocity thereof after reflexion will be found to 
be of 6 parts ; by faying, as the 6 parts of motion before to 
18 parts after, fo are 2 parts of velocity before reflexion to 
6 parts after. 

But if the bodies arfe either not fpherical, or, moving in 
different right lines, impinge obliquely one upon the other, 
and their motions after reflexion are required, in thofe cafes 
we are firft to determine the pofition of the plane that touches 
the concurring bodies in the point of concourfe ; then the 
motion of each body (by Corol. 2) is to be refolved into two, 
one perpendicular to that plane, and the other parallel to it*. 
This done, becaufe the bodies ad upon each other in the dir 
redion of a line perpendicular to this plane,, the parallel mo- 
tions are to be retained the fame after reflexion as before j 
and to the perpendicular motions we are to aflign equal changes 
towards the contrary parts ; in fuch manner that the fum of 
the confpiring and the difference of the contrary motions 
may remain the fame as before. From fuch kind of reflexions 
alfo fometimes arife the circular motions of bodies about their 
own centres. But thefe are cafes which I do not conflder in 
what follows; and, it would be too tedious to demonftrate 
every particular that relates to this fubjed. 

COROLLARY IV. 

The common centre of gravity of two or more bodies does not 
alter its ft ate of motion or reft by the actions of the bodies 
among themfelves ; and therefore the common centre of grar 
vity of all bodies ailing upon each other ( excluding outward 
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attions and impediments) is either at rejl, or moves uniformly 

in a right line . 

For if two points proceed with an uniform motion in right 
lines, and their diftance be divided in a given ratio, the di- 
viding point will be either at reft, or proceed uniformly in a 
right line. This is demonftrated hereafter in lem. 23 and 
its corol. when the points are moved in the fame plane ; and 
by a like way of arguing, it may be demonflrated when the 
points are not moved in the fame plane. Therefore if any 
number of bodies move uniformly in right lines, the common 
centre of gravity of any two of them is either at reft, or pro- 
ceeds uniformly in a right line ; becaufe the line which con- 
nects the centres of thofe two bodies fo moving is divided at 
that common centre in a given ratio. In like manner the 
common centre of thole two and that of a third body will be 
either at reft or moving uniformly in a right line ; becaufe at 
that centre the diftance between the common centre of the 
two bodies, and the centre of this laft, is divided in a given 
Tatio. In like manner the common centre of thefe three, and 
of a fourth body, is either at reft, or moves uniformly in a 
right line ; becaufe the diftance between. the common centre 
of the three bodies, and the centre of the fourth is there alfo 
divided in a given ratio, and fo on in infinitum. Therefore in 
a fyftem of bodies where there is neither any mutual action 
' among themfelves, nor any foreign force imprelfed upon them 
from without, and which confequently move uniformly in 
right lines, the common centre of gravity of them all is either 
at reft, or moves uniformly forwards in a right line. 

Moreover, in a fyftem of two bodies mutually a&ing upon 
each other, fince the diftances between their centres and the 
vcommon centre of gravity of both are reciprocally as the bo- 
dies, the relative motions of thofe bodies, whether of ap- 
proaching to or of receding from that centre, will be equal 
‘among theinfelves. Therefore fince the changes which hap- 
pen to motions are equal and dire&ed to contrary parts, the 
common centre of thole bodies, by their mutual ^adlion be- 
tween themfelves, is neither promoted nor retarded, nor fuf- 
fcrs any change as to its Hate of .motion or reft. But in a 
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fyftem of feveral bodies, becaufe the common centre of gravity 
of any two afting mutually upon each other fuffers no change 
in its ftate by that aftion ; and much lefs the common centre 
. of gravity of the others with which that aftion does not in-> 
tervene ; but the diftance between thofe two centres is divided 
by the common centre of gravity of all the bodies into part* 
reciprocally proportional to the total fums of thofe bodies 
whole centres they are ; and therefore while thofe two centres 
retain their ftate of motion or reft, the common centre of all 
does alfo retain its ftate: it is manifeft that the common 
centre of all never fuffers any change in the ftate ,of its motion 
or reft from the actions of any two bodies between themfelves. 
But in fuch a fyftem all the aftions of the bodies among them- 
felves either happen between two bodies, or are compOfed 
of actions interchanged betweeen fome two bodies ; and there- 
fore they do never produce any alteration in the common 
centre of all as to its ftate of motion or reft. Wherefore fince 
that centre, when the bodies do not aft mutually one upon 
another, either is at reft or moves uniformly forward in fome 
right line, it will, notwithftanding the mutual aftions of the 
bodies among themfelves, always perfevere in its ftate, either 
pf reft, or of proceeding uniformly in a right line, unlefs it is 
forced out of this ftate by the aftion of fome power impreffed 
from without 'upon the whole fyftem. And therefore the fame 
law takes place in a fyftem confifting of many bodies as in 
one fingle body, with regard to their perfevering in their ftate 
of motion or of reft. For the progreffive motion, whether of 
one fingle body, or of a whole fyftem of bodies, is always to be 
eftimated from the motion of the centre of gravity. 

COROLLARY V. 

The motions of bodies included in a given /pace are the fame 
among themfelves , whether that fpace is at ref , or mov$s 
uniformly forwards in a right line without any circnlqr 
motion . 

For the differences of the motions tending towards the fame 
parts, and the fums of thofe that tend towards contrary parts, 
are, at firft (by fuppofition), in both cafes the fame ; and it ip 
from thofe fums and differences that thecolliftons and impulfes 
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do arife with which the bodies mutually impinge one upon 
another. Wherefore (by Law 2) the effedte of thofe collifions 
will be equal in both cafes ; and therefore the mutual motions 
of the bodies among themfelves in the one cafe will remain 
equal to the mutual motions, of the bodies among themfelves 
in the other. A clear proof of which we have from the expe- 
riment of a (hip ; where all motions happen after the fame 
manner, whether the {hip is at reft, or is carried uniformly 
forwards in a right line. 

COROLLARY VI. 

If bodies , any how moved among themfelves , are urged in the 
direction of parallel lines by equal accelerative forces, they 
will all continue to move among themfelves, after the fame 
manner as if they had been urged by no fueh forces . 

For thefe forces acting equally (with relpedl to the quanti- 
ties of the bodies to be moved), and in the dire&ion of parallel 
lines, will (by Law 2) move all the bodies equally (as to velo- 
city), and therefore will never produce any change in the 
portions or motions Qf the bodies among themfelves, 
SCHOLIUM. 

Hitherto I have laid down fuch principles as have been 
received by mathematicians, and are confirmed by abun- 
dance of experiments. By the two firft Laws and the firft 
two Corollaries, Galileo difcovered that the'defcent of bodies 
obferved the duplicate ratio of the time, and that the motion 
of projectiles was in the curve of a parabola; experience 
agreeing with both, unlefs fo far as thele motions are a little 
retarded by the refiftance of the air. When a body is falling, 
the uniform force of its gravity a6ting equally, imprefles, in 
equal particles of time, equal forces upon that body, and therer 
fore generates equal velocities; and in the whole time imprefles 
a whole force, and generates a whole velocity proportional 
to the time? And the fpaces defcribed in proportional times 
are as the velocities and the times conjundtiy ; that is, in a du- 
plicate ratio of the times. And when a body is thrown up- 
wards, its uniform gravity imprefles forces and takes off veloci- 
ties proportional to the times ; and the times of afcending to 
the greafceft heights are as the velocities to be taken off, and 
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thofe heights are as the velocities and the times conjun&ly, 
or in the duplicate ratio of the velocities. And if a body be 
projected % in any dire&ion, the motion arifing. from its projec* 
tion is compounded with the motion arifing from its gravity. 
As if the body A by its motion of projection alone ( Fig. 3.) 
could defcribe in a given time the right line AB, and with 
its motion of falling alone could defcribe in the fame time the la- 
titude^); complete \he paralellogram ABDC,and thebodyby 
that compounded motion will at the end of the time be found in 
the place D; and the curve line AED, which that body de- 
fcribes, will be a parabola, to which the right line AB will be 
a tangent in A; and whofe ordinate BD will be as the fquare 
of the line AB. On the fame laws and corollaries depend 
thole things which have been demonftrated concerning the' 
times of the vibration of pendulums, and are confirmed by the 
daily experiments of pendulum clocks. By the fame, toge- 
ther with the third Law, Sir Chriji . Wren , Dr* Wallis , and 
Mr. Huygens , the greateft geometers of our times, did feverally 
determine the rules of the congrefs and reflexion of hard 
bodies, and much about the fame time communicated their 
difcoverjes to the Royal Society, exa&ly agreeing among 
themfelves as to thofe rules. Dr. Wallis , indeed, was fome- 
thing more early in the publication; then followed Sir Chrif- 
topher Wren y and, lattly, Mr. Huygens . But Sir Chrijlopher 
Wren confirmed the truth of the thing before the Royal 
Society by the experiment of pendulums, which Mr. Jdariotlc 
foon after thought fit to explain in a treatife entirely upon 
that fubjeCt. Butto bring this experiment to an accurate agree- 
ment with the theory, we are to have a due regard as well to 
the refiftance of the air as to the elaftic force of the concurring 
bodies. Let the fpherical bodies AB be fufpended by the 
parallel and equal firings AC, BD (Fig. 4.) from the centres 
C, D* About thefe centres, with thofe intervals, defcribe 
the femicircles EAF, GBH, bife&ed by the radii CA, D^. 
Bring the body A to any point R of the arc EAF, and (with- 
drawing the body B) let it go from thence, and after one of- 
cillation fuppofe it to return to the point V : then RV will 
be the retardation arifing from the refiftance of the air. Of 
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this RV let ST be a fourth part, fituated in the middle, to wit, 
fo as RS and TV may he equal, and RS may be to ST as 3 
to 2: then will ST reprefent very nearly the retardation during 
the defcent from S to A. Reftore the body B to its place: 
and, fuppoling the body A to be let fall from the point S, the 
velocity thereof in the place of reflexion A, without fenfible 
error, will be the fame as if it had delcended in vacuo from the 
point T. Upon which account this velocity may be represent- 
ed -by the chord of the arc TA. For it is a proportion, 
well known to geometers, that the velocity of a pendulous 
body in the lowefl point is as the chord of the arc which it has 
defcribed in its defcent. After reflexion, fuppofe the body , 
A comes to the place s, and the body B to the place k. 
Withdraw the body B, and find the place v, from which if 
the body A, being let go, ftiould after one ofcillation return 
to the place r, st may be a fourth part of rv, fo placed in the 
middle thereof as to leave rs equal to tv, and let the chord 
of the arc tA reprefent the velocity which the body A had 
in the place A immediately .after reflexion. For t will be the 
true and correft place to which the body A fhould have 
afcended, if the refiftance of the air had been taken off. In 
the fame way we are to corredl the place k to which the 
body B afcends,' by finding the place 1 to which it fhould 
have afcended in vacuo . And thus every thing may be 
fubje&ed to experiment, in the fame manner as if we were 
really placed in vacuo . Thefe things being done, we are to 
take the produft (if I may fo fay) of the body A, by the chord 
of the arc TA (which reprefents its velocity), that we may 
have its motion in the place A immediately before reflexion; 
and then by the chord of the arc tA, that we may have its 
motion in the place A immediately after reflexion. And fo 
we are to take the product of the body B by the chord of the 
arc Bl, that we may have the motion of the fame immediately 
after reflexion. And in like manner, when two bodies are 
let go together from different places, we are to find the motion 
of each, as well before as after reflexion ; and then we may 
compare the molions between themfclves, and colledl the 
efie&s of the reflexion. Thus trying the thing with pendu- 
lums of ten feet, in unequal as well as equal bodies, and 
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making the bodies to concur after a defcent through large 
fpaces, as of 8, 12, or 1 6 feet, I found always, without an error 
of 3 inches, that when the bodies concurred together direCtly, 
equal changes toward the contrary parts were produced in 
their motions, and, of confequence, that the aCtion and re- 
action were always equal. As if the body A impiriged upon 
the body B at reft with 9 parts of motion, and lofing 7, pro- 
ceeded after reflexion with 2, the body B was carried back- 
wards with thofe 7 parts. If the bodies concurred with con- 
trary motions, A with twelve parts of motion, and B with fix, 
then if A receded with 2, B receded with 8; to wit, with ^de-» 
duCtionof 14 parts of motion on each fide. For from the 
motion of A fubduCting 12 parts, nothing will remain; but 
fubduCting 2 parts more, a motion will be generated of 2 parts 
towards the contrary way ; and fo, from the motion of the 
body B of 6 parts, fubduCting 14 parts, a motion is generated 
pf 8 parts towards the contrary way. But if the bodies were 
made both to move towards the fame way, A, the fwifter, " 
with 14 parts' of motion, B, the flower, with 5 , and after 
Teflexion A went on with 5, B Jikewile went on with \4 parts; 

9 parts being transferred from A to B. And fo in other cafes. 

By the congrefs and collifion of bodies, foe quantity of motion; 
collected from the fum of the motions directed towards the 
fame way, or from the difference of thofe that were directed 
towards contrary ways, was never changed. For the error 
of an inch or two in meafures may be eafily afcribed to the 
difficulty of executing every thing with accuracy. It was 
not eafy to let go the two pendulums fo exaCtly together 
that the bodies ftiould impinge one upon the otherin the lower- 
moft place AB ; nor to mark the places s, and k, to which the 
bodies afcended after congrefs. Nay, and fome errors, too, 
might have happened from the unequal denfitity of the parts 
of the pendulous bodies themfelves, and from the irregularity 
of the texture proceeding from other caufes. 

But to prevent an objection that may perhaps be alledged . 
againft the rule, for the proof of which this experiment was 
made, as if this rule did fuppofe that the bodies were either 
abfolutely hard, or at leaft perfectly elaftic (whereas no fuch 
bodies are to be found in nature), I muft add, that the expe- 
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riments we have been defcribing, by no means depending 
upon that quality of hardnefs, do fucceed as well in foft as in 
hard bodies. For if the rule is to be tried in bodies not per- 
fectly hard, we are only to diminifh the reflexion in fuch a 
certain proportibn as the quantity of the elaftic force re- 
quires. By the theory of Wren and Huygens , bodies abfo- 
lutely hard return one from another with the fame velocity 
with which they meet. But this may be affirmed with more 
certainty of bodies perfectly elaftic. In bodies imperfectly 
elaftic the velocity of the return is to be diminiftied together 
with the elaftic force ; becaufe that force (except when the 
parts of bodies are bruifed by their congrefs, or fuffer fome 
fuch extenfton as happens under the ftrokes of a hammer) 
is (as far as I can perceive) certain and determined, and 
makes the bodies to return one from the other with a relative 
velocity, which is in. a given ratio to that relative velocity 1 
with which they met. This I tried in balls of wool, made up 
tightly, and ftrongly comprefled. For, firft, by letting go the 
pendulous bodies, and meafuring their reflexion, I determined 
the quantity of their elaftic force ; and then, according to 
this force, eftimated the reflexions that ought to happen in 
other cafes of congrefs. And with this computation other 
experiments made afterwards did accordingly agree; the balls 
always receding one from the other with a relative velocity, 
which was to the relative velocity with which they met as 
about 5 to 9. Balls of fteel returned with alrnoft the fame 
velocity : thole of cork with a velocity fomething lefs : but ih 
balls of glafs the proportion was as about 15 to 1 6. And thus 
the third law, fo far as it regards percuflions and reflexions, 
is proved by a theory exaCtly agreeing with experience. 

In attractions, I briefly demonftrate the thing after this 
manner. Suppofe an obftacle is interpofed to hinder the con- 
grefs of any two bodies A, B, mutually attracting one the 
other: then if either body, as A, is more attraCled towards, the 
other body B, than that other body B is towards the firft 
body A, the obftacle will be, more ftrongly urged by the pref- 
fure of the body A than by the preflure of the body B, and 
therefore will not remain in equilibrio: but the ftronger 
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preffure will prevail, and will make the fyftem of the two bo- 
dies, together with the obllaele, to move dire&ly towards the 
parts on which B lies ; and in free fpaces, to go forward in 
infinitum with a motion perpetually accelerated ; which is 
abfurd, and contrary to the firft law. For, by the firft law, 
the fyftem ought to perfevere iti its ftate of reft, or of moving 
uniformly forward in aright line; and therefore the bodies 
jnuft equally prefs the obftacle, and be equally attra&ed one 
hy the other. J made the experiment on the loadflone and 
iron. If thefe, placed apart in proper velfels, are made to 
float by one another in {landing water, neither of them will 
propel the other ; but, by being equally attracted, they will 
fuftain each other's preffure, and reft at laft in an equilibrium. 

So the gravitation betwixt the earth and its parts is mutual. 
Let the earth FI (fig . 5.) be cut by any plane EG into two 
parts EGF and EG I, and their weights one towards the other 
will he mutually equal. For if by another plane HK> parallel 
to the former EG, the greater part EGI is cut into two parts 
EGKH and HKI, whereof HKI is equal to the part EFG 
firft cut off, it is evident that the middle part EGKH will 
have no propenfion by its proper weight towards either fide, 
but will hang, as it were, and reft in an equilibrium betwixt 
both. But the one extreme part HKI will with its whole 
weight bear upon and prefs the middle part toward the other 
extreme part EGF ; and therefore the force with which EGI, 
the fum of the parts HKI and EGKH, tends towards the 
third part EGF, is equal to the weight of the part HKI, that 
is, to the weight of the third part EGF. And therefore the 
weights of the two parts EGI and EGF, one towards the 
other, are equal, as I was to prove. And indeed if thofe 
weights were not equal, the whole earth floating in the non- 
refifting aether would give way to the greater weight, and, 
retiring from it, would be carried off in infinitum. 

And as thofe bodies are equipollent in the congrefs and * 
reflexion, whofe velocities are reciprocally as their innate 
forces, fo in the ufe of mechanic inftmments thofe agents 
are equipollent, and mutually fuftain each the contraiy pref- 
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fure of the other, whofe velocities, eftimated according to the 
determination of the forces, are reciprocally as the forces. 

So thofe weights are of equal force to move the arms of a 
balance ; which during the play of the balance are reciproi- 
cally as their velocities upwards and downwards : that is, if 
the afcent or defcent is dire6t, thofe weights are of equal 
force, which are reciprocally as- the diftancesof the points at 
which they are fufpended from the axis of the balance ; but 
i£ they are turned afide by the interpofition of oblique planes, 
or other obftacles, and made to afcend or defcend obliquely, 
thofe bodies will be equipollent, which are reciprocally as the 
heights of their afcent and defcent taken ..according to the 
perpendicular ; and that on account pf the determination of 
gravity downwards. 

And in like manner in the pully, or in a combination of 
pullies, the force of a hand drawing the rope dire&ly, that 
is, to the weight, whether afcending dire6Uy dr obliquely, ai 
the velocity of the* perpendicular afcent of the weight to the 
velocity of the hand that draws the rope, will fuftain the 
weight. 

In clocks and fuch like inftrumenls, made Up from a com- 
bination of wheels, the contrary forces that promote and im* 
pede the motion of the wheels, if they are reciprocally as the 
velocities of the parts of the wheel on which they are impreffed, 
will mutually fuftain the.one the other. 

The force of the fcrew to prefs a body is to the force of the 
hand that turns the handles by which it is moved as the cir- 
cular velocity of the handle in that part where it is impelled 
by the hand is to the progreffive velocity of the fcrew toward* 
the preffed body. 

The forces by which the wedge preffes or drives the two 
parts of the wood it cleaves are to the force of the mallet 
upon the wedge as the progrefs of the wedge in the direction 
of the force impreffed upon it by the mallet is to the velocity 
with which the parts of the wood yield to the wedge, in the 
direftion of lines perpendicular to the tides of the wedge. And 
the like account is to be giveu pf all machines. 
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The power and ufe of machines confift only in tiiis> that 
by diminilhing the velocity vve may augment the force, arid 
the contrary : from whence, in all forts of proper machines, 
we have the folution of this problem ; To. move a given weight 
with a given power , or with a given force to overcome any 
other given refiftaace. For if machines are fo contrived that 
the velocities of the agent and refiftant are reciprocally ad 
their forces, the agent will juft fuftain the refiftant, but with 
a greater disparity of velocity will overcome it. So that if 
the difparity of ‘velocities is fo great as to overcome all that 
refiftance which commonly arifes either from the attrition of 
contiguous bodies as they Hide by one another, or from the 
cohefion of continuous bodies that are to be feparated, or 
from the weights of bodies to be railed, the excefsof the force 
remaining, after all thofe refiftances are overcome, will pro- 
duce an acceleration of motion proportional thereto, as well 
in the parts of the machine as in the refilling body. But to 
treat of mechanics is not my prefen t bufinefs. I was only 
willing to Ihew by thofe examples the great extent and cer- 
tainty of the third law of motion. For if we eftimate the ac- 
tion of the agent fromdts force and velocity conjundlly, and 
likewife the re-adlion of the impediment conjundlly from the 
velocities of its feveral parts, and from the forces of refiftance 
arifing from the attrition, cohefion, weight, and acceleration 
of thofe parts, the adlion and re-adtion in the ufe of all forts 
of machines will be found always equal to one another. And 
fo far as the adlion is propagated by the intervening Inftru- 
ments, and at laft impreffed upon the refiftiqg body, the ulti- 
mate determination of the adiion will be always contrary to 
the determination of the re-adlion. 

i __ ~ 

OF THE MOTION OF BODIES. 

BOOK I. ; 

SECTION I. 

Of the method of firft and lafi ratios of quantities , by the hefp _ 
whereof we demonjirate the propojitions that follow. 
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LEMMA L 

Quantities , and the ratios of quantities , which in any finite time 
converge continually to equality, and before the end of that 
time approach nearer the one to the other than by any given 
difference, become ultimately equal . 

If you deny it, fuppofe then^i to be ultimately unequal, and 
let D be their ultimate difference. Therefore they cannot 
approach nearer to equality than by that given difference D; 
which is againft the fuppofuion 

LEMMA II. 

If in any figure AatE(Pl. 1. Fig. 6.), terminated by the right 
lines Aa, AE, and the curve acE, there be infcribed any man- 
her of parallelograms Ab, Be, Cd, fyc. comprehended under 
equal bafes AB, BC, CD, fyc. and the fides Bb, Cc, Dd, fyc. 
parallel to one fide Aa, of the figure ; and the parallelo- 
grams aKbl, bLcm, cMdn, fyc. are completed . Then if the 
breadth of tliofe parallelograms be fuppofed to be diminifhed, 
and their number to be augmented in infinitum; I fay, that 
the ultimate ratios which the infcribed figure AKbLcMdD, 
the circumfcribed figure AalbmcndoE, and curvilinear figure 
AabcdE, will have to one another, are ratios of equality . 
For the difference of the infcribed and circumfcribed figures 
is the fum of the parallelograms Kl, Lm, Mn, Do, that is 
{from the equality of all their bafes), the re&angle under one 
of their bafes Kb and the fum of their altitudes Aa, that is, 
the redlangle ABla, But this re&angle, becaufe its breadth 
AB is fuppofed diminifhed in infinitum, becomes lefs than 
any given fpace. And therefore (by Lem. 1) the figures 
infcribed and circumfcribed become ultimately equal one to 
the other; and much more will the intermediate curvilinear 
figure be ultimately equal to either. Q.E.D. 

LEMMA III. 

The fame ultimate ratios are aljo ratios of equality, when the 
breadths AB, BC, DC, fyc. of the parallelograms are un- 
equal, and are all diminifhed in infinitupi. 

For fuppofe AF equal to the greateft breadth, and complete 
the parallelogram FAaf. This parallelogram will be greater 
than the difference of the infcribed and circumfcribed figures ; 


Digitized by CjOOQ le 



Booh I. NATURAL PHILOSOPHY. SI 

but, becaufe its breadth AF isdiminilhed in infinitum , it will 
become lefs than any given rectangle. Q.E.D. 

Cor. 1 . Hence the ultimate fum of thofe evanefcent 
parallelograms will in all parts coincide with the curvilinear 
figure. 

Cor. 2. Much more will the re&ilinear figure comprehend 
ed under the chords of the evanefcent arcs ab, be, cd, 8cc. 
ultimately coincide with the curvilinear figure. 

Cor. 3 . And alfo the circumfcribed rediilinear figure com-* 
prehended under the tangents of the fame arcs. 

Cor. 4. And therefore thefe ultimate figures (as to their 
perimeters acE,) are not rectilinear, but curvilinear limits 
of rectilinear figures. 

LEMMA IV. 

If in two figures AacE, PprT (PI. 1. Fig. 7.), you inferibe (as 
before ) two ranks of parallelograms, an equal number in 
each rank, and, when their breadths are diminijhed in infi- 
nitum^ the ultimate ratios of the parallelograms in one 
figure to thofe in the other, each to each rejpe&ively, are the 
fame; I fay, that thofe two figures AacE, PprT, are to one 
another in that fame ratio . 

For as the parallelograms in the one are feverally to the paral- 
lelograms in the other, lb (by compofition) is the fui,n of all 
in the one to the fum of all in the other; and fo is the one 
figure to the other; becaufe (by Lem. 3) the former figure 
to the former fum, and the latter figure to the latter fum, are 
both in the ratio of equality. Q.E.D. 

Cor. Hence if two quantities of any kind are any how 
divided into an equal number of parts, and thofe parts, when 
their number is augmented, and their magnitude diminish- 
ed in infinitum, have a given ratio one to the other, the firft 
to the firft, the fecond to the fecond, and fo on in order, the 
whole quantities will be one to the other in that fame given ra- 
tio. For if, in the figures of this lemma, the parallelograms are 
taken one to the other in the ratio of the parts, the fum of the parts 
will always be as the fum of the parallelograms ; and therefore 
fuppofing the number of the parallelograms and parts to be 
augmented, and their magnitudes diminiflied in infinitum , thofe 
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fums will be in the ultimate ratio of the parallelogram in th€ 
one figure to the correfpondent parallelogram in the other $ 
that is (by the fnppofition)> in the ultimate ratio of any part 
of the one quantity to the correfpondent part of the other. 
LEMMA V. 

In fimilar figures , dll forts of homologous fides, whether curvili- 
near of re6iilinear y are proportional ; and the areas are in 
the duplicate ratio of the homologous fdeSi 
LEMMA VI. 

If any arc ACB (PI. 2. Fig. 1.) given in pojition is fubtended 
by its chord AB, and in any poiht A , in the middle of the 
continued curvature y is touched by a right line AD, pro* 
duced both ways ; then if the points A and B approach one 
another and meet , I fay , the angle BAD, contained between 
the chord and the tangent, xcill be diminifhed in infinitum, 
and ultimately will vanifh . • 

For if that angle does not vanifli, the arc AGB. will contain 
with the tangent AD an angle, equal to a refti linear angle; 
and therefore the curvature at the point A will not be continu- 
ed, which is againfl the fuppofition. 

LEMMA VII. 

The fame things being fuppofed, I fay that the ultimate ratio 
of the arc, chord, and tangent, axty one to any other, is tht 
ratio of equality (PI. 2. Fig. 1.). 

For while the point B approaches towards the point A, 
confider always AB and AD as produced to the remote points 
b and d, and paralleHo the feeant BD draw bd: and let the 
arc Acb be always fimilar to the arc ACB. Then, fuppofmg 
the points A and B to coincide, the angle dAb will vanifh, by 
the preceding lemma; and therefore the right lines Ab, Ad 
{which are always finite), and the intermediate arc Acb, will 
coincide, and become equal among themfelves. Wherefore 
the right lines AB, AD, and the intermediate arc ACB (which 
are always proportional to the former), will vanifh, and ulti- 
mately acquire the ratio of equality. Q.E.D. 

Cor. 1 . Whence if through B (PI. 2. Fig. 2.) we draw BF 
parallel to the tangent, always cutting any right line AF 
pafiing through A in F, this line BF will be ultimately in the 
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fatio of equality with the evanefcent arc ACB; becaufe, com- 
pleting the parallelogram AFBD, it is always in a ratio of 
equality with AD. 

Cor. 2. And if through B and A more right lines are 
drawn, as BE, BD, AF, AG, cutting the tangent AD and its 
parallel BF; the ultimate ratio of all the abfciffas AD, AE, 
BF, BG, and of the chord and arc AB, any one to any other, 
will be the ratio of equality. 

Cor. 3. And therefore in all our reafoning about ultimate 
ratios, we may freely ufe any one of thofe lines for any other. 
LEMMA VIII. 

If the right lines AR, BR (pi. 2. fig. 1.), with the arc ACB, 
the chord AB, and the tangent AD, conjlitute three tri- 
angles RAB, RACB, RAD, and the points A and B ap- 
proach and meet : I fay , that the ultimate form of theft 
evanefcent triangles is that of fimilitude > and their ultimate 
ratio that of equality . 

For while the point B approaches towards the point A, Con- 
fider always AB, AD, AR, as produced to the remote points 
b, d, and r, and rbd as drawn parallel to RD, and let the arc 
Acb be always fimilar to the arc ACB. Then fuppofing the 
points A and B to coincide, the angle bAd will vanifti ; and 
therefore the three triangles rAb, rAcb, rAd (which are 
always finite), will coincide, and on that account become both" 
fimilar and equal. And therefore the triangles RAB, RACB, 
RAD, which are always fimilar and proportional to thefe, 
will ultimately become both fimilar and equal among them- 
felves. Q.E.D. 

Cor. And hence in all our reafonings about ultimate ra- 
tios, we may indifferently ufe any one of thofe triangles for 
' any other. 

LEMMA IX. 

If a right line AE (pi. 2. fig. 3.), and a curve line ABC, both 
given by pofition 9 cut each other in a given angle A ; and to 
that right line , in another given angle , BD, CE are ordi - 
nately applied , meeting the curve in B, C ; and the points 
B and O together approach towards and meet in the point 
A: I fay , that the areas of the triangles ABD, ACH» will 
Vol. I. D 
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ultimately be one to the other in the duplicate ratio of the 
fides. 

For while the points B, C approach towards the point A, 
fuppofe always AD to be produced to the remote points d and e, 
fo as Ad, Ae may be proportional to AD, AE ; and the ordi- 
nates db, ec, to be drawn parallel to the ordinates DB and 
EC, and meeting AB and AC produced in‘b and c. Let the 
curve Abe be fimilar to the curve ABC, and draw the right 
line Ag fo as to touch both curves in A, and cut the ordinates 
DB, EC, db, ec, in F, G, f, g. Then, fuppofing the length 
Ae to remain the fame, let the points B and C. meet in the 
point A ; and the angle cAg vanifliing, the curvilinear areas 
Abd, Ace will coincide with the re&ilinear areas Afd, Age ; 
and therefore (by Lem. 5.) will be one to the, other in the du- 
plicate ratio of the fides Ad, Ae. But the areas ABD, ACE 
are always proportional to thefe areas ; and fo the fides AD, 
AE are to thefe fides. And therefore the areas ABD, ACE 
are ultimately one to the other in the duplicate ratio of the 
fides AD, AE. Q.E.D. 

LEMMA X. 

The /paces which a body deferibes by any finite force urging 
it, zchether that force is determined and immutable , or is 
continually augmented or continually diminijhed, are in the 
very beginning of the motion one to the other in the duplicate 
ratio of the times . 

Let the times be reprefented by the lines AD, AE, and the 
velocities generated in thofe times by the ordinates DB, EC. 
The fpaces defefibed with thefe velocities will be as the areas 
ABD, ACE, deferibed by thofe ordinates, that is, at the very 
beginning of the motion (by Lem. 9.), in the duplicate ratio of 
the times AD, AE. Q.E.D. 

Cor. 1 . And hence one may eafily infer, that the errors 
of bodies deferibing fimilar parts of fimilar figures in propor- 
tional times, are nearly in the duplicate ratio of the times in 
which they are generated ; if fo be thefe errors are generated 
by any equal forces fimilarly applied to the bodies, and mea- 
sured by the diftances of the bodies from thofe pl^pes of the 
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iimilar figures, at which, without the adlion of tliofe forces* 
the bodies would have arrived in thofe proportional times. 

Cor. 2. Put the errors that are generated by proportional 
forces, fimilarly applied to the bodies at fimilar parts of thf 
fimilar figures, are as the forces and the fquares of the times 
conjundlly. , 4 , 

Cor. 3. The fame thing is to be underftood of *ny fpaces 
whatfoever defcribed by bodies urged with different forces ; 
all which, in the very beginning of the motion, are as the 
forces and the fquares of the times conjundlly. 

Cor. 4. And therefore the forces are as the fpaces de-< 
fcribed in the very beginning of the motion diredlly, and the 
fquares of the times inverfely. 

Cor. 5. And the fquares of the times are as the fpaces de- 
fcribed diredlly, and the forces inverfely. 

, SCHOLltJM. 

IF in comparing inde ter mined quantities of different fort* 
one with another, any one is faid to be as any other diredlly 
or inverfely, the meaning is, that the former is augmented or 
diminifhed in the fame ratio with the latter, or with its reci- 
procal. And if any one is faid to be as any other two or more 
diredlly or inverfely, the meaning is, that the firft is augmented 
or diminifhed in the ratio compounded of the ratios in which 
the others, or the reciprocals of the others, are augmented ox 
diminifhed. As if A is faid to be as B diredlly, and C diredlly, 
andD inverfely, the meaning is, that A is augmented or dimi- 

nifhed in the fame ratio with B X C X ^ that is to fay, that 
BC 

A and — are one to the other in a given ratio. 

LEMMA XI. 

The evanescent fubtenfe of the angle of contaS , in all curves 
which at the point of contact have a finite curvature , is ultir 
tnately in the duplicate ratio of the fubtenfe of the conter- 
fhinate arc . (PI. 2. fig. 4.) 

Case 1 . Let AB be that arc, AD its tangent, BD the fub- 
tenfe of the angle of contadl perpendicular on the tangent, 
AB the fubtenfe of the arc. Draw BG perpendicular to the 
fubtenfe AB, and AG to the tangent AD, meeting in G $ 
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then let the points D, B, and G, approach to the points d, b, 
and g, and fuppofe J to be the ultimate interfe&ion of the 
lines BG, AG, when the points D, B have come to A. It is 
evident that the diftance G J may be lefs than any aflignable. 
But (from the nature of the circles paffing through the points 
A, B, G, A, b, g), AB 1 = AG X BD, and Ab* = Ag x bd ; 
and therefore the ratio of AB 1 to Ab* is compounded of the 
ratios of AG to Ag, and of BD to bd. But becaufe GJ may 
be affumed of lefs length than any aflignable, the ratio of 
AG to Ag may be fuch as to differ from the ratio of equality 
by lefs than any aflignable difference ; and therefore the ratio 
of AB 1 to Ab* may be fuch as to differ from the ratio of BD 
to bd by lefs than any aflignable difference. Therefore, by 
Lem. 1, the ultimate ratio of AB* to Ab 1 is the fame with the 
ultimate ratio of BD to bd. Q.E.D. 

Case 2. Now let BD be inclined to AD in any given angle, 
and the ultimate ratio of BD to bd will always be the fame as 
before, and therefore the fame with the ratio of AB 1 to Ab*. 
Q.E.D. . 

. Case 3. And if we fuppofe the angle D not to be given, 
but that the right line BD converges to a given point, or is 
determined by any other condition whatever; neverthelefs, 
the angles D, d, being determined by the fame law, will al- 
ways draw nearer to, equality, and approach nearer to each 
other than by any afligned difference,and therefore, by Lem. 1, 
will at laft be equal ; and therefore the lines BD, bd are in the 
fame ratio to each other as before. Q.E.D. 

Cok. 1. Therefore fince the tangents AD, Ad, the arcs 
AB, Ab, and their fines BC, be, become ultimately equal to 
the chords AB, Ab, their fquares will ultimately become as 
the fubtehfes BD, bd. 

Cor. 2. Their fquares are alfo ultimately as the verfed fines 
of the arcs, bife&ing the chords, and Converging to a given 
point. For thofe verfed fines are as the fubtenfes BD, bd. 

CoR. 3. And therefore the verfed fine is in the duplicate 
ratio of the time in which a body will deferibe the are with a 
given velocity. 
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Cor. 4. The re&ilinepr triangles ADB, Adb are ultimately 
in the triplicate ratio of the tides AD, Ad, and in a lefqui- 
plicate ratio of the tides DB, db ; as being ip the ratio com- 
pounded of the tides AD to DB, and of Ad to.db. So alfo 
the triangles ABC, Abe are ultimately in the triplicate ratio 
of the tides BC, be. What I call the fefquiplicate ratio is 
the fubduplicate of the triplicate, as being compounded of 
the Ample and fubduplicate ratio. 

Cor.'O. And becaufe DB, db are ultimately parallel and 
in the duplicate ratio of the lines AD, Ad, the ultimate cur- 
vilinear areas ADB, Adb will be (by the nature of the parabola) 
two thirds of the rectilinear triangles ADB, Adb ; and the 
fegments AB, Ab will, be one third of the fame* triangles. 
And thence thole areas and tliofe fegments will be in the 
triplicate ratio as well of the tangents AD, Ad, as of the 
chords and arcs AB, AB. 

SCHOLIUM. 

But we have all along fuppofed the angle of conta&to be 
neither infinitely greater nor infinitely lefs than the angles 
of conta& made by circles and their tangents ; that is, that 
the curvature at the point A is neither infinitely fmall nor in- 
finitely great, or that th^ interval AJ is of a finite magnitude. 
For DB may be taken as AD 3 : in which cafe no circle gah 
be drawn through the point A, between the tangent AD and 
the curve AB, and therefore the angle of contaCl will be infi- 
nitely lefs than thofe of circles. And by a like reafoning, if 
DB be made fucceffively as AD 4 , AD 5 , AD 6 , AD 7 , &c. we 
(hall have a feries of angles of contaCl, proceeding in infinitum , 
wherein every fucceeding term is infinitely lefs than the pre- 
ceding. And if DB be made fucceffively as AD 4 , AD^, ADr> 

AD*, AD^-ADf, &c. w*e fhall have another infinite feries of 
angles of contaCl, the fiift of which is of the fame fort with 
thofe of circles, the fecond infinitely greater, and every fuc- 
ceeding one infinitely greater than the preceding. But be- 
tween any two of thefe angles another feries of intermediate 
angles of contaCl may be interpofed, proceeding both ways in 
wherein every fucceeding angle fhall be infinitely 
' . * D 3 
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greater or infinitely lefs than the preceding. As if between 
the terms AD 1 and AD 3 there were interpofed the feries 

AD V > AI)V> AD*> AD?, AD?> AD?, AD V > AD**, 

AD*^ > &c. And again, between any two angles of this fe- 
ries, a new feries of intermediate angles may be ipterpofed, 
differing from one another by infinite intervals. Nor is nature 
confined to any bounds. 

Thofe things which have been demonftrated of curve lines, 
and the fuperficies which they comprehend, may be eafily 
applied to the curve fuperficies and contents of folids. Thefe 
lemmas are premifed to avoid the tedioufnefs of deducing 
perplexed demonftrations ad abfurdum , according to the .me- 
thod of the antient geometers. For demonftrations are more 
contra&ed by the method of indivifibles : but becaufe the hy- 
p'othefis of indivifibles feems fomewhat harfh, and therefore 
that method is reckoned lefs geometrical, I chofe rather to 
reduce the demonftrations of the following propofitions to the 
firft and laft fums and ratios of nafeent and evanefcent quan- 
tities, that is, to the limits of thofje fums and ratios ; and fo 
to premife, as fhort as I could, the demonftrations of thofe 
limits. For hereby the fame thing is performed as by the 
method of indivifibles ; and now thofe principles being de- 
monftrated, we may ufe them with more fafety. Therefore 
if hereafter I fhould happen to confider quantities as made 
up of particles, or lhould ufe little curve lines for right ones, 
I would not be underftood to mean indivifibles, but evanefcent 
divifible quantities ; not the fums and ratios of determinate 
parts, but always the limits of fums and ratios : and that the 
force of fuch demonftrations always depends on the method 
laid down in the foregoing lemmas. 

Perhaps' it may be objeCted, that there is no ultimate pro- 
portion of evanefcent quantities; becaufe the proportion, be- 
fore the quantities have vaniflied, is not the ultimate, and 
when they are vanifhed, is none. But by the fame argument 
it may be alledged, that a body arriving at a certain place, 
and there flopping, has no ultimate velocity : becaufe the ve- 
locity, before the body comes to the place, is not its ultimate 
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velocity ; when it lias arrived, is none. But the anfwer is 
eafy ; for by the ultimate velocity is meant that with which 
the body is moved, neither before it arrives at its laft place 
and the motion ceafes, nor after, but at the very inftant it ar- 
rives ; that is, that velocity wjth wl>ich the body arrives at 
its laft place, and. with which the motion 'ceafes. And in 
like manner, by the ultimate ratio of evanefcent quantities is; 
to be underftood the ratio of the quantities not before they 
vanifh, nor afterwards, but with which they vanifh. * In like 
manner the firft ratio of nafcent Quantities is that with which 
they begin to be. And the firft or laft fum js that with which 
they begin and ceafe to be (or to be augmented or dimi- 
nifhed). There is a limit which the velocity at the end of the 
motion may attain, but not exceed. This is the ultimate ve- 
locity. And there is the like limit in all quantities and pro- 
portions that begin and ceafe to be. And fince fuch limits 
are certain and definite, to determine the fame is a problem 
ftri<ft!y geometrical. But whatever is geometrical we may be 
allowed to ufe in determining and demonftrating any other 
thing that is likewife geometrical. 

It may alfo be objected, that if the ultimate ratios of eva- 
nefcent quantities are given, their ultimate magnitudes will 
be alfo given : and fo all quantities will confift of inditifibles, 
\vhich is contrary to what Euclid has demonftrated concern- 
ing incommenfurables, in the 10th book of his Elements. 
But this objection is founded on a falfe fuppofition. For thofe 
ultimate ratios with which quantities vanifh are not truly 
the ratios of ultimate quantities, but limits towards which 
the ratios of quantities * decreafing without limit do always 
converge ; and to which they approach nearer than by any 
given difference, but never go beyond, nor in effe& attain to, 
till the quantities are diminifhed in irfinitum. This thing 
will appear more evident in quantities infinitely great. If two 
quantities, whofe difference is given, be augmented in infi- 
nitum, the ultimate ratio of thele quantities will be given, to 
wit, the ratio of equality but it does not from thence follow, 
that the ultimate or greateft quantities themfelves, whofe ratio 
that is, will be given.* Therefore if in what follows, for the 

D 4 


Digitized by 


Gock; 



40 MATHEMATICAL PRINCIPLES Book I. 

fake of being more eafily underftood, 1 fhould happen to men- 
tion quantities as leaft, or evanefcent, or ultimate, you are 
not to luppofe that quantities of any determinate magnitude 
are meant, but fuch as are conceived to be always diminifhed 
without end. 

SECTION II. 

Of the Invention of Centripetal Forces. 

PROPOSITION I. THEOREM I. 

The areas , which revolving bodies dcfcribe bp radii drawn to 
an immovable centre of force, do lie in the fame immovable 
planes, and are proportional to the times in which they are 
defcribed . (PI. 2. Fig. 5.) 

For fuppofe the time to be divided into equal parts, and 
in the firft part of that time let the body by its innate force 
defcribe % the right line AB. In the fecond part of that time, 
the fame would (by law 1.), if not hindered, proceed 
dire&ly to c, along the line Be equal to AB; fo that by the 
radii AS, BS,cS,drawn to the centre, the equal areas ABS, BSc, 
would be defcribed. But when the body is arrived at B, fup- 
pofe that a centripetal force a<fts at once with a great 
impulfe,/ and, turning afide the body from the right line Be, 
compels it afterwards to continue its motion along the right 
line BC. Draw cC parallel to BS meeting BC in C; and I 
at the end of the fecond part of the time, the body (by j 
cor. 1. of the laws) will be found in C, in the fame 
plane with the triangle ASB. Join SC, and, becaufe j 
SB and Cc are parallel, the triangle SBC will be equal^to the I 
triangle SBc, and therefore alfo to the triangle SAD. By the ; 
like argument, if the centripetal force a<fts fuccefiively in C, 

D, E, 8cc. and makes the body, in each Angle particle of time, 
to deferibe the right lines CD, DE, EF, &c. they will all lie in 
the fame plane; and the triangle SC I> will be equal to the 
triangle SBC, and SDE to SCD, and SEF to SDE. And 
therefore, in equal times, equal areas are defcribed in one im- 
movable plane : and, by compofition, any fums SADS, SAFS, 
of thofe areas, are one to the other as the times in which 
they are defcribed. Now let the number of thofe triangles 
be augmented, and their breadth diminifhed hi infinitum ; and i 
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(by cor. 4, lem. 3.) their ultimate perimeter ADF will be a 
curve line: and therefore the centripetal force, by \yhich the 
body is perpetually drawn back from the tangent of this curve* 
will a6l continually; and any defcribed areas SADS, SAFS, 
whbch are always proportional to the times of defcription, will, 
in this cafe alfo, be proportional to thofe times. Q.E.D. 

Cor. 1 . The velocity of a body attracted towards an im- 
movable centre, in fpaces void of refiftance, is reciprocally 
as the perpendicular let fall from that centre on the right line 
that touches the orbit. For the velocities in thofe places 
A, B, C, D, E, are as the bafes AB, BC, CD, DE, EF, of equal 
triangles; and thefe bafes are reciprocally as the perpendicu- 
lars let fasti upon them. 

Cor. 2. If the chords AB, BC of two arcs, fucceffively 
defcribed in equal times by the fame body, in fpaces void of 
’refiftanee, are completed into q, parallelogram ABCV, and 
the diagonal BV of this parallelogram, in the pofition which 
it ultimately acquires when thofe arcs are dimin idled in infini- 
tum, is produced both ways, it will pafs through the centre of 
force. 

Cor. 3. If the chords AB, BC, and DE, EF, of arcs de-> 
fcribed in equal times, in fpaces void of refiftance, are com- 
pleted into the parallelograms ABCV, DEFZ; thefordesin 
B and E are one to the other in the ultimate ratio of the dia- 
gonals BV, EZ, when thofe arcs are diminifhed in infinitum . ' 
For the motions BC and EF of the body (by cor. 1 of the 
laws) are compounded of the motions Be, BV, and Ff, EZ : 
but BV and EZ, which are equal to Cc and Ff, in the de- 
monftration of this propofition, were generated by the ini- 
pulfes of the centripetal force in B and E, and are therefore . 
proportional to thofe impulles. 

Cor. 4. The forces by which bodies, in fpaces void of re- ( 
fiftance, are drawn back from rectilinear motions, and turned 
into curvilinear orbits, are one to another as the verfed fines 
of arcs defcribed in equal times; which verfed fines tend to 
the centre of force* and bifeet "the chords when thofe arcs are 
diminifhed to infinity. For fuch verfed fines are the halves of 
the diagonals mentioned in cor. 3. 
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Cor. 5. And therefore thofe forces are to the force of gra- 
vity as the faid verfed fines to the verfed fines perpendicular 
to the horizon of thofe parabolic arcs which proje&iles defcribe 
in the fame time. 

Cor. 6. And the fame things do all hold good (by cor. 5 
of the laws), when the planes in which the bodies are moved, 
together with the centres of force which are placed in thofe 
planes, are not at reft, but move uniformly forward ip right 
lines. 

PROPOSITION II. THEOREM II. 

Every body that moves in any curve line defcribed in a plane, 

' • and by a radius , drawn to a point either immovable , or 
moving forzvard with an uniform reBilinear motion, defer ibes 
• about that point areas proportional to the times, is urged 
by a centripetal force dire Bed to that point. 

Case 1 . For every body that moves in a curve line, is (by 

• law 1) turned afide from its re&ilinear courfe by the aftion 
of fome force that impels it. And that force by which the 
body is turned off from its re6lilinear courfe, and is made to 
defcrihe, in equal times, the equal leaft triangles SAB, SBC, 
SCD, 8tc. about the immovable point S (by prop. 40, book 1, 
elem. and law 9), afts in the place B, according to the di- 
re&ion of a line parallel to cC, that is, in the direction of the 
line BS ; and in the place C, according to the dire&ion of a 
line parallel to dD, that i^, in the dire&ion of the line CS, 
&c. ; and therefore acls always in the direction of lines tending 
to the immovable point S. Q.E.D. 

C ase 2. And (by cor. 5 of the laws) it is indifferent whether 
the luperficies in which a body defcribes a curvilinear figure, 
be quiefcent, or moves together with the body, the figure 
defcribed* and its point S, uniformly forwards in right lines. 

Cor. 1 . In non-refifting fpaces or mediums, if the areas 
are not proportional to the times, the forces are not dire&ed 
to the point in which the radii meet ; but deviate therefrom 
in confequentia, or towards the parts to which the motion is 

* directed, if the defcription of the areas is accelerated ; but in 
ante^cdentia, if retarded. 
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Cor. 2. And even in relifting mediums, if the description 
of the areas is accelerated, the dire&ions of the forces deviate 
.from the point in which the radii meet, towards the parts to 
which the motion tends. 

SCHOLIUM. 

A body may be urged by a centripetal force compounded 
of Several forces ; in which cafe the meaning of the propo- 
sition is, that the force which refults out of all tends to the 
point S. But if any force a<fts perpetually in the dire&ion of 
lines perpendicular to the defcribed Surface, this force will 
make the body to deviate from the plane of its motion : but 
will neither augment nor diminifli the quantity of the de- 
fcribed Surface, and is therefore to be neglected in the com- 
pofttion of forces. 

PROPOSITION III. THEOREM III. 

Evert/ body , that, by a radius drawn to the centre of another 
body , howfoever moved , defcribes areas about that centre 
proportional to the times , is urged by a force compounded 
out of the centripetal force tending to that other body , and 
of all the accelerative force by which that other body is 
impelled . 

Let L reprefent the one, and T the other body; and (by 
cor. 6 of the laws) if both bodies are urged in the direction 
of parallel lines, by a new force equal and contrary to that by 
which the Second body T is urged, the firft body L will go on 
to defcribe about the other body T the fame areas as before r 
but the force by which that other body T was urged will be 
now deftroyed by an equal and contrary force ; and therefore 
(by law 1) that other body T, now left to itfelf, will either 
reft, or move uniformly forward in a right line : and the firft 
body L impelled by the difference of the forces, that is, by 
the force remaining, will go on to defcribe about the other 
body T areas proportional to the times. And therefore (by 
theor. 2) the difference of the forces is directed to the other 
body T as its centre. Q. E. D. 

Cor. 1. Hence if the one body L, by a radius drawti to 
the other body T, defcribes areas proportional to the times ; 
and from the whole force, by which the firft body L is urged 
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(whether that force is fimple, or, according to cor. 2 of the 
laws, compounded out of feveral forces), we fubduft (by the 
fame cor.) that whole accelerative force by which the other 
body is urged ; the whole remaining force by which the firft 
body is urged will tend to the other body 'T, as its centre. 

Cor. 2. And, if thefe areas are proportional to the times 
nearly, the remaining force will tend to the other body T 
nearly. 

Cor. 3. And vice verfa* if the remaining force tends nearly 
to the other body T, thofe areas will he nearly proportional 
to the times. 

Cor. 4. If the body L, by a radius drawn to the other body 
T, defcribes areas, which, compared with the times, are very 
unequal ; and that other body T be either at reft, or moves 
uniformly forward in a right line : the a6iion of the centri- 
petal force tending to that other body T is either none at all, 
or it is mixed and compounded with very powerful a&ions of 
other forces : and the whole force compounded of them all, 
if they are many, is directed to another (immovable or move- 
able) centre. The fame thing obtains, when the other body 
is moved by any motion whatfoever; provided that centri- 
petal force is taken, which remains after fubdufting that 
whole force adling upon that other body T. 

SCHOLIUM. • 

Becaufe the equable delcription of areas indicates that a 
centre is refpe£ted by that force with which the body is moft 
afte&ed, and by which it is draw n back from its reililinear 
motion, and retained in its orbit ; why may we not be allowed, 
in the following difeourfe, to ufe the equable defeription of 
areas as an indication of a centre, about which all circular 
motion is performed in free fpaces? 

PROPOSITION IV. THEOREM IV. 

The centripetal forces of bodies, zchich by equable motions 
defer ibc different circles, tend to the centres of the fame cir- 
cles ; and are one to the other as the fquares of the arcs 
deferibed in equal times applied to the radii of the circles. 
Thefe forces tend to the centres of the circles (by prop. % 
and cor 2, prop. 1), and are one to another as the verfed fines 
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of the leaft arcs defcribed in equal times (by cor. 4, prop. 1); 
that is, as the fquares of the fame arcs applied to the dia- 
meters of the circles (by lem. 7); and therefore fince thofe 
arcs are as arcs defcribed in any equal times, and the diameters 
are as the radii, the forces will be as the fquares of any arcs 
defcribed in the fame time applied to the radii of the cir- 
cles. Q.E.D. 

Cor. 1 . Therefore, fince thofe arcs are as the velocities of 
the bodies, the centripetal forces are in a ratio compounded 
of the duplicate ratio of the velocities dire&ly, and of the 
fimple ratio of the radii inverfely. 

Cor. 2. And fince the periodic times are in a ratio com- 
pounded of the ratio of the radii dire&ly, and the ratio of the 
velocities inverfely, the centripetal forces, are in a ratio com- 
pounded of the ratio of the radii diredtly, and the duplicate 
ratio of the periodic times inverfely. 

Cor. 3. Whence if the periodic times are equal, and the. 
velocities therefore as the radii, the centripetal forces will be 
alfo as the radii; and the contrary. 

Cor. 4. If the periodic times and the velocities are both 
in the fubduplicate ratio of the radii, . the centripetal forces 
will be equal among themfelves ; and tbe contrary. 

Cor. 3. If the periodic times are as the radii, and therefore 0 ^ 
the velocities equal, the centripetal forces will be reciprocally \ ^ 

as the radii; and the contrary. f 

Cor. 6* If the periodic times are in the fefquiplicate ratio 
of the radii, and therefore the velocities reciprocally in the 
fubduplicate ratio of the radii, the centripetal forces will be 
in the duplicate ratio of the radii inverfely; and the contrary. 

Cor. 7. And univerfally, if the periodic time is as any 
power R D of the radius R, and therefore the velocity recipro- 
cally as the power R n 1 of the radius, the centripetal force 
will be reciprocally as the power R an — 1 of the radius; and the 
contrary. 

Cor. 8. The fame things all hold concerning the times, 
the velocities, and forces by which bodies defcribe the fimi- 
lar parts of any fimilar figures that have their centres 
in a Similar pofition with thofe figures; as appears by 
f applying the demonftration of the preceding cafes to 
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thole. And the application is eafy, by only fubftituting the 
equable defcription of areas in the place of equable motion, 
and uling the diilances of the bodies from the centres iu- 
llead of the radii. 

Cor. 9 . From the fame demonftration it likewife follows, 
that the arc which a body, uniformly revolving in a cir- 
cle by means of a given centripetal force, defcribes in any time, 
is a mean proportional between the diameter of the circle, and 
the fpace which the fame body falling by the fame given 
| force would defcend through in the fame given time. 

SCHOLIUM. 

The cafe of the 6 th corollary obtains in the celeftial bodies 
(as Sir Chrijiopher Wren , Dr. Hooke , and Dr. Halley have 
leverally obferved); and therefore in what follows, I intend 
to treat more at large of thofe things which relate to centri- 
petal force decreafing in a duplicate ratio of the dillances 
from the centres. 

x Moreover, by means of the preceding ptopolition and its- 
corollaries, we may difcover the proportion of a centripetal 
force to any other known force, luch as that of gravity. 
For if a body by means of its gravity revolves in a circle 
concentric to the earth, this gravity is the centripetal 
force of that body. But, from the defcent of heavy bodies, 
the time of one entire revolution, as well as the arc defcribed 
in any given time, is given (by cor. 9 of this prop.). And by 
fnch proportions, Mr. fluygens , in is excellent book De Horo - 
logio Ofci/ldtorio , has compared the force of gravity with the 
centrifugal* forces of revolving bodies. 

The preceding proportion may be likewife demonftrated 
after this manner. In any circle fuppofe a polygon to be 
infcribed of any number of lides. And if a body, moved with 
a given velocity along the, fides of the polygon, is refle&ed 
from the circle at the leveral angular points, the force, with 
which at every refle&ion it ftrikes the circle, will be as its velo- 
city: and therefore the fum of the forces, in a given time, will 
be as that velocity and the number of refte&ions conjun&ly; 
fhat is (if the fpecies of the polygon be given), as the length 
defcribed in that given time, and increafed or dimiuiftied in 
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the ratio of the fame length to the radius of the circle ; that 
is, as the fquare of that length applied to the radius; and 
therefore the polygon, by having its fides dim iniflied ininfi~ 
bit urn, coincides with the circle, as the fquare of the arc defcrib- 
ed in a given time applied to the radius. This is the cen- 
trifugal force, with which the body impels the circle; and 
to which the contrary force, wherewith the circle continually 
repels the body towards the centre, is equal. 

PROPOSITION V. PROBLEM I. 

There being given, in any places, the velocity with which a 
body defcribes a given figure, by means of forces directed to 
fome cofnmon centre: to find that centre. (PI. 3. Fig. ].) 

Let the three right lines PT, TQV, VR touch the figure 
defcribed in as many points P, Q, R, and meet in T and 
V. Op the tangents ere& the perpendiculars PA, QB, RC, 
reciprocally proportional to the velocities of the body in the 
points R, Q, R, from which the perpendiculars were raifed; 
that is, fo that PA may be to QB as the velocity inQ to the * 
Telocity in P, and QB to RC as the velocity in R to the velo- 
city in Q. Through the ends A, B, C, of the perpendiculars 
draw AD, DBE, EQ, at right angles, meeting in D and E: 
and the right lines TD, VE produced, will meet in S, the cen- 
tre required. 

For the perpendiculars let fall from the centre S on the 
tangents PT, QT, are reciprocally as the velocities of the bodies 
in the points P and Q (by cor. 1, prop. 1), and therefore, by 
conftru&ion, as the perpendiculars AP, BQ direftly; that is, 
'as the perpendiculars let fall from the point D on the tangents. 
Whence it is eafy to infer that the points S, D, T, are in one 
right line. And by the like argument the points S, E, V are 
alfo in one right line; and therefore the centre S is in the 
point where the right lines TD, VE meet. Q.E.D. 

PROPOSITION VI. THEOREM V. 

In a fpace void of rejijlance, if a body revolves in any orbit 
about an immovable centre, and in the leaf time defcribes 
any arc juft then nafcent; and the v erf ed fine of that arc is 
fuppofed to be drawn l ife fl ing the chord, and produced 
pajfing through the centre offeree*, the centripetal force in 
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the middle of the arc will be as the verfed fine directly and 
the fquare of the time inversely. 

For the verfed fine in a given time is as the force (by cor. 
4, prop. ]); and augmenting the time in any ratio, be- 
caufe the arc will be augmented in the fame ratio* the verfed 
fine will be augmented in the duplicate of that ratio (by cor. 
2 and 3, lem. 1 1), and therefore is as the force and the fquare 
ol the time. Subdu6l on both tides the duplicate ratio of the 
time, and the force will be as the verfed fine dire&Iy, and the 
fquare of the time inverfely. Q.E.D, 

And the fame thing may alfo be eafily demonflrated by 
corol. 4, lem. 10. , 


Cor. 1 . If a body P revolving about the centre S (PI. 3, 
Fig\ 2) defcribcs a curve line APQ, which a right line ZPR 
touches in any point P; and from any other point Q of the 
curve QR is drawn parallel to the diftance SP, meeting the 
tangent in R;~and QT is drawn perpendicular to the diftance 
SP; the centripetal force will be reciprocally as the folid 


SP* x QT 


qj£ — if the folid be taken of that magnitude which it 


ultimately acquires when the points P and Q coincide. For 
QR is. equal to the verfed fine of double the arc QP, whofe 
middle is P : and double the triangle SQP, or SP x QT is 
proportional to the tipie in which that double arc is deferibed ; 
and therefore may be ufed for the exponent of the time. 

Cor. 2. By a like reafoning, the centripetal force is reci- 
SY* x QP* 

procally as the folid grjr ; if SY is a perpendicular 


from the centre of force on PR the tangent of the orbit. 
For the re&angles SY X QP and SP X QT are equal. 

Cor. 3. If the orbit is either a circle, or touches or cuts a 
circle concentrically, that is, contains with a circle the leafl 
angle of contact or fedtion, having the fame curvature and the 
fame radius of curvature at the point P; and if PV be a chord 
of this circle,drawn from the body through the centre of force; 
the centripetal force will be reciprocally as the folid SY* X 


QP* . 

PV. For py is "qr, . 

Cor. 4. The fame things being fuppofed, the centripetal 
force is as the fquare of the velocity directly, and that chord 
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inverfely. For the velocity is reciprocally as the perpendi- 
cular SY, by cor. 1. prop I . 

Cojt. 5. Hence if any curvilinear figure APQ is given, 
and therein a point & is alfo given, to which a centripetal force 
is perpetually directed, that law of centripetal force may be 
found, by which the body P will be continually drawn back from 
a reftilinearcourfe, and, being detained in the peri meter of that 
figure, will defcribe the fame by a perpetual revolution. That 

. , , ^ , SP 1 x QT* 

is, we are to find, by computation, either the folid 

or the folid SY* x PV, reciprocally proportional to this force. 
Examples of this we (hall give in the following problems. 

PROPOSITION VII. PROBLEM II. 

If a body revolves in the circumference of a circle ; it is pro* 
pofed to find the law of centripetal force directed to any 
given point . (PL 3. Fig. 3.) 

Let VQPA be the circumference of the circle ; S the given 
point to which as to a centre the force tends; P the body 
moving in the circumference ; Q the next place into which it 
is to move; and PRZ the tangent of the circle at the preced- 
ing place. Through the point S draw the chord PV, and 
the diameter VA of the circles join AP, and draw QT perpen- 
dicular to SP, which produced, may meet the tangent PR 
in Z; and laftly, through the point Q, draw LR parallel to 
SP, meeting the circle in L, and the tangent PZ in R. And, 
becanfe of the fimilar triangles ZQR, ZTP, VPA, we (hall 
have RP% that is, QRL to QT* as AV* to PV*. And there- 


fore 


QRL x PV* . 


AV* 


is equal to QT*. Multiply thofe equals by 


SP* - , . 

qjP and the points P and Q coinciding, for RL write PV ; 


then we (hall have 


SP* x PV 3 SP* x QT 1 


And therefore 


AV* ~ QR 
(by cor. 1 and 5, prop. 6) the centripetal force is reciprocally 
SP* X PV 3 

; that is (becaufe AV* is given), reciprocally as 


as 


AV* 


the fquare of the dillance or altitude SP, an4 the cujbe of the 
chord PV conjunftly. Q.E.I. 

Vol. I. E 
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The fame otherwife . 

On the tangent PR produced let fall the perpendicular SY ; 
ajid (becaufe of the fimilar triangles SYP, VPA) we lhall 

cp y py 

have AV to PV asSP to SY, and therefore — SY, 
SP* x PV 3 

and -^- y - ■■■ = SY* x PV, And therefore (by eorol. 3 

and 5, prop. 6 ,) the centripetal force is reciprocally . as 
SP* x PV 3 

- — -gyZ ; that is (becaufe AV is given), reciprocally as 

SP* x PV 3 . Q.E.I. 

Cor. 1. Hence if the given point S, to which the centri- 
petal force always tends, is placed in the circumference of the 
circle, as at V, the centripetal force will be reciprocally as the 
quadrato-cube (or fifth power) of the altitude SP. 

Cor. 2. The force by which the body P in the circle 
APTV (PI. 3, Fig. 4) revolves about the centre of force S is 
to the force by which the fame body P may revolve in the fame 
circle, and in the fame periodic time, about any other centre 
of force R, as RP* x SP to the cube of the right line SG, 
which from the firft centre of force S is drawn parallel to 
the diftance PR of the body from the fecond centre of force 
R, meeting y the tangent PG oF the orbit in G. For by the 
conftru&ion of this propofition, the former force is to the 
latter as RP* x PT J toSP* x PV 3 ; that is, as SP x RP*to. 
SP 3 x PV 3 

P p- - or (becaufe of the fimilar triangles PSG, TPV) to 

SGV 

Cor. 3. The force by which the body P in any orbit re- 
volves about the centre of force S, is to the force by which 
the lame body may revolve in the lame orbit, and the fame 
periodic time, about any other centre of force R, as the folid 
SP x RP*, contained under the diftance of the body from 
the firft centre of force S, and the fquare of its diftance from 
the fecond centre of force R, to the cube of the right line SG, 
drawn from the firft centre of force S, parallel to the diftance 
RP of the body from the fecond centre of force R, meeting 
the tangent PG of the orbit in G. For the force in this orbit 
at any point Pis the fame as in a circle of the fame curvature. 


/ 
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PROPOSITION VIII. PROBLEM III. 

If a body moves in the femi-circutnference PQA ; it is propos- 
ed to find the /aw of the centripetal force tending to a point 
S,fo remote, that all the lines PS, RS drawn thereto, may 
be taken for parallels. (PI. 3, Fig. 5.) 

From C, the centre of the femi-circle, let the femi-diameter 
CA be drawn, cutting the parallels at right angles in M and 
N, and join CP- Becanfe of the fnnilar triangles CPM, 
PZT, and RZQ, we fliall have CP* to PM* as PR 1 to QT*; 
and, from the nature of the circle, PR* is equal to the rect- 
angle QR x RN + QN, or, the points P, Q coinciding, to the 
rectangle QR x 2PM . Therefore CP* is to PM* as QR 

X 2PM to QT*; and ^ and tt 

2PM X SP* ^ ^nd therefore (by corol. 1 and 5, prop. 0) 


CP* 


that is 


SPM S X 

the centripetal force is reciprocally as ■ »■ ■■ * 

gSP* 

(negledting the given ratio reciprocally as PM 9 . Q.E.I. 

And the fame thing is likewife eafily inferred from the pre- 
ceding proportion. 

SCHOLIUM. 

And by a like reafoning, a body will be moved in an ellipfis, 
or even in an hyperbola, or parabola, by a centripetal force 
which is reciprocally as the cube of the ordinate directed 
to an infinitely remote centre of force. 

PROPOSITION IX. PROBLEM IV. 

If a body revolves in a Jpiral PQS, cutting all the radii SP, 
SQ, S;c. in a given angle; it is propofed to find the law of 
the centripetal force tending to the centre of that fpiral. (£j. 
S, Fig. 6.) 

Suppofe the indefinitely finall angle PSQ to be given ; bt» 
caufo, then, all the angles are given, the figure SPRQT wijl be 

OT 

given in fpecie. Therefore die ratio is alfo given, and 

QT*. - 

as Q.T, that is (becaufe the figure is gi ven ijt fpecie), a 4 

£2 
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SP. But if the angle PSQ is any way changed, the right line 
QR, fubtending the angle of contaft QPR (by lem. 11) will 
be changed in the duplicate ratio of PR or QT. Therefore 


QT 1 

the ratio r^rr- remains the fame as before, that is, as SP. And 


QT* x SP* . 


QR 


is as SP 3 , and therefore (by corol. 1 and 5, prop. 


6) the centripetal force is reciprocally as the cube of the 
diftanee SP. Q.E.I. 


The fame otherwifc. 

The perpendicular SY let fall upon the tangent, and the 
chord PV of the circle concentrically cutting the fpiral, are 
in given ratios to the height SP ; and therefore SP 3 is as SY 1 
X PV, that is (by corol. 3 and 5 , prop. 6), reciprocally as the 
centripetal force. 

LEMMA XII. 

All parallelograms circumfcribed about any Conjugate diame- 
ters of a given ellipjis or hyperbola are equal among them - 
/elves. 

This is demonftrated by the writers on the conic fedlions. 

PROPOSITION X. PROBLEM V. 

If a body revolves in an ellipjis; it is propofed to jind the law 
of the centripetal force tending to the centre of the ellipfis . 
(PI. 4, Fig. 1 .) . 

- Suppofe CA, CB to be feini-axes of the ellipfis GP, DK, 
conjugate diameters ; PF, QT perpendiculars to thofe diame- 
ters; Qv an ordinate to the diameter GP ; and if the parallelo- 
gram QvPR be completed, then (by the properties of the 
conic fedtions) the rectangle PvG will be to Qv* as PC* to 
CD 4 ; and (becaufe of the fimilar triangles QvT, PCF) Qv* to 
QT* as PC* to PF*; and, by compofition, the ratio of PvG to 
QT* is compounded of the ratio* of PC 1 to CD 1 , and of 

the ratio of PC* to PF*, that is, vG to as PC* to 

Pv 

■. Put QR for Pv, and (by lem. ]£) BC X CA 

for CD x PF; alfo (the points P and Q coinciding) 

Ibr vG; and multiplying the extremes and means together, 
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^ 11U QT*xPC* lx 2BC* x CA* ^ r 

we mall have ■ — equal to . lherefore 

(by cor. 5 , prop. 6) -the centripetal force is reciprocally as 
^BC x GA* 

^ ; that is (becaufe 2BC* X CA* is given), reci- 

1 1 ^ 


procally as 



; that is, dire&ly as the diftance PC. Q.E.I. 


The fame otherm fe. 

In the right line PG on the other fide of the point T, take 
the point n fo that Tu may be equal to Tv; then take nV, 
fuch as fliall be to vG as DC* to PC** And becaufe Qv* is 
to PvG as DC* to PC* (by the conic fe&ions), we fliall have 
Qv* =z Pv X uV. Add the rediangle uPv to both fides, and 
the fquare of the chord of the arc PQ will be equal to the 
rectangle VPv; and therefore a circle which touches the 
conic fedtion in P, and paffes through the point Q, will pafs 
alfo through the points V. Now let the points P and Q meet, 
and the ratio of uV to vG, which is the fame with the ratio 
of DC* to PC* , will become the ratio of PV to PG, or PV to 

2DC* 

2PC; and therefore PV will be equal to ““pQ*- And there- 
fore the force by which the body P revolves in the ellipfis 
gDC* 

will be reciprocally as x PF 2 (by cor. 3, prop. 6); that 


is (becaufe 2 DC* X PF 1 is given), diredtly as PC. Q.E.I* 
Cor. 1 . And therefore the force is as the diftance of the 
body from the centre of the ellipfis; and, vice verfa, if the 
force is as the diftance, the body will move in an ellipfis 
whofe centre coincides with the centre of force, or perhaps in 
a circle into which the ellipfis may degenerate. 

Cor. 2. And the periodic times of the revolutions made 
in all ellipfes whatfoever about the fame centre will be equal. 
For thofe times in fimilar ellipfes will be equal (by corol. 3 
and 8, prop. 4); but in ellipfes that have their greater axis 
common, they are one to another as the whole areas of the 
ellipfes diredtly, and the parts of the areas described in the 
fame time inverfely; that is, as the lefier axes direAly,. 
and the velocities of the bodies in their principal vertices 
inverfely; that is, as thofe lefier axes diredlly,' and tne 

E 3 
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ordinates to the fame point of the common axis inverfely; 
and therefore (becaufe of the equality of the diredl and inverfe 
ratios) in the ratio of equality. 

SCHOLIUM. 

If the ellipfis, by having its centre removed to an infinite 
diilance, degenerates into a parabola, the body will move 
in this parabola; and the force, now tending to a centre 
infinitely remote, will become equable. Which is Galileo's 
theorem. And if the parabolic fe&ion of the cone (by 
changing the inclination of the cutting plane to the cone) 
degenerates into an hyperbola, the body will move in the 
perimeter of this hyperbola, having its centripetal force 
changed into a centrifugal force. And in like manner as in 
the circle, or in the ellipfis, if the forces are directed to the 
centre of the figure placed in the abfciffa, thofe forces, by 
incrtafing or diminiftiing the ordinates in any given ra^ 
tio, or even by changing the angle of the inclination of 
the ordinates' to the abfciffa, are always augmented or di- 
minilhed m the ratio of the difiances from the centre; 
provided the periodic times remain equal: fo alfo in all 
figures wbatfoever, if the ordinates are augmented or di- 
minifhed in any given ratio, or their inclination is any way 
changed, the periodic time remaining the fame, the forces 
dire&ed to any centre placed in the abfciffa are in the 
feveral ordinates augmented or diminifhed in the ratio of the 
diftances from the centre. 

SECTION III. 

Of the motion of bodies in eccentric conic J'eflions. 
PROPOSITION XI. PROBLEM VI. ' 

If a body revolves in an ellipfis; it is required to find the law 

of the centripetal force tending to the focus of the ellipfis . 
(PI. 4, Fig. 2.) 

Let S be the focus of the ellipfis. Draw SP cutting the 
diameter DK of the ellipfis in E, and the ordinate Qv in x; 
and complete the parallelogram QxPR. It is evident that 
EP is equal to the greater femi-axis AC: for drawing HI from 
the other focus H of the ellipfis parallel to EC, becaufe CS, 
CH are equal ES, El will be alfo equal; fo that EP is the 
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half fum of PS, PI, thafr is (becaufe of the parallels HI, PR, 
and the equal angles IPR, HPZ), of PS, PH, which taken 
together are equal' to the whole axis 2AC. Draw QT per- 
pendicular to SP, and putting L for the principal latus re&nm 
qBC 1 

ofthe ellipfis (or for ■ we (hall have L x QR to L X Pv 

as QR to Pv, that is, as PE or AC to PC; and L X Pv 
to GvP as L to Gv; and GvP to Qv* as PC* to CD*; 
and (by corol. 2, lem. 7) the points Q and P coinciding, Qv* 
is to Qx* in the ratio of equality; and Qx* or Qv* is to QT* 
as EP* to PF*, that is, as CA* to PF*, or (by lem. 12) a 3 
CD* to CB*. And compounding all thofe ratios together, 
we (hall baye L X QR to QT* as AC x L x PC* x CD*, 
or 2CB* x PC* x CD* to PC x Gv x CD* x CB*, 
or as 2PC to Gv. But the points Q and P coinciding, 2PC 
and Gv are equal. And therefore the quantities L X QR 
and QT*, proportional to thefe, will be alfo equal. Let thofe 


SP* 

equals be drawn into 


apd L x SP* will become 'equal 


SP* x QT* 
*° QR 


And therefore (by corol. 1 and 5, prop. 0) 


ibe centripetal force is reciprocally as L x SP*, that is, reci- 
procally in the duplicate ratio of the diftance SP. Q.E.I. 

The fame otherwife. 

Seeing the force tending to the centre of the ellipiis, 
by which the body P may revolve in that ellipfis, is (by corol. 
l.prop. 10) as the diftance CP of the body from the centre 
C of the ellipfis; let CE be drawn parallel to the tangent PR 
of the ellipfis; and the force by which the fame body P may 
revolve about any other point S of the ellipfis, if CE and PS 
PE 3 

interfed in E, will be as (by Cor, 3, prop. 7); that is, 

if the point S is the focus of the ellipfis, and therefore PE be 
given, as SP* reciprocally. Q.E.I. 

With the fame brevity with which we reduced the fifth 
problem to the parabola and hyperbola, we might do the 
like here: but becaufe of the dignity of the problem and 
its ufe in what follows, I (hall confirm the other cafes by 
particular demonftrations. 

E 4 
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PROPOSITION XII. PROBLEM VII. 


Suppofe a body to move in an hyperbola; it is required to 
Jind the law of the centripetal force tending to the focus 
of that figure. (PI. 5, Fig. 1.) # 

Let CA, CB be the lemi-axes of the hyperbola; PG, KD 
other conjugate diameters; PF a perpendicular to thediame-* 
ter KD; and Qv an ordinate to the diameter GP. Draw 
SP cutting the diameter DK in E, and the ordinate Qv in x, 
and complete the parallelogram QRPx. It is evident that 
EP is equal to the femi-tranfverfe axis AC; for drawing HI, 
from the other focus H of the hyperbola, parallel to EC, 
becaufe CS, CH are equal, ES, El will be alfo equal; fo that 
EP is the half difference of PS, PI; that is (becaufe of the 
parallels 1H, PR, and the equal angles IPR, HPZ), of PS, PH, 
the difference of which is equal to the whole axis 2A& 
Draw QT perpendicular to SP; and putting L for the 

principal latus reftum of the hyperbola (that is, for 


we (hall have L x QR to L X Pv as QR to Pv, or Px to Pv, 
that is (becaufe of the (imilar triangles Pxv, PEC), as PE to 
PC, or AC to PC. And L x Pv will be to Gv x Pv as L 
to Gv; and (by the properties of the conic fedtions) the 
re&angle GvP is to Qv 1 as PC 1 to CD 1 ; and (by cor. 2, lem. 
7), Qv 1 to Qx 1 , the points Q and P coinciding, becomes a 
ratio of equality; and Qx 1 or Qv 7 is to QT 1 as EP 1 to PP, 
that is, as CA 1 to PF 1 , or (by lem. 12) as CD 1 to CB 1 : and, 
compounding all thofe ratios together, we fhall have L X QR 
to QT 1 as AC x L x PC X x CD 1 , or 2CB 1 x PC 1 x CD 1 
to PC x Gv x CD 1 x CB 1 , or as 2PC to Gv. But the 
points P and Q coinciding, 2PC and Gv are equal. And 
therefore the quantities L x QR and QT 1 , proportional to 
them, will be alfo equal. Let thofe equals be drawn into 


SF ^ „ 11 ^ 1 SP * * QT 1 

and we fhall have L X SP 1 equal to " " " — 


. And 


therefore (by cor. I Sa 5, prop. 6) the centripetal force is re- 
ciprocally as L X SP 1 , that is, reciprocally in the duplicate 
ratio of the diflance SP. Q.E.L 


Digitized by 


Google 



57 


III. OF natural philosophy. 

The fame otherwife . 

Find out the force tending from the centre C of the hyper-? 
bola. This will be proportional to the diftance CP. But 
from thence (by cor. 3, prop. 7) the force tending to the 
PE 3 

focus S will be as that is, becaufe PE is given, recipror 
cally as SP\ Q.E.I. 

And the lame way it may be demonftrated, that the body 
having its centripetal changed into a centrifugal force, will 
move in the conjugate hyperbola. 

LEMMA XIII. 

The latus redum of a parabola belonging to any vertex is qua - 
. druple the diftance of that vertex from the focus of the Jigure. 
This is demonftrated by the writers on the conic fe&ions. 
LEMMA XIV. 

The perpendicular let fall from the focus of a parabola on its 
tangent , is a mean proportional between the dijlances of the 
focus from the point of contad , and from the principal ver- 
tex of the Jigure . (PI. 5, Fig. 2.) 

For, let AP be the parabola, S its focus, A its principal ver- 
tex, P the point of conta&, PO an ordinate to the principal 
diameter, PM the tangent meeting the principal diameter 
in M, and SN the perpendicular from the focus on the tan- 
gent : join AN, and becaufe of the equal lines MS and SP, 
MN and NP, MA and AO, the right lines AN, OP, will 
be parallel; and thence the triangle SAN will be right angled 
at A, and iimilar to the equal triangles SNM, SNP; therefore 
PS is to SN as SN to SA- Q.E.D. 

Cor. 1 . PS Z is to SN a as PS to SA. 

Cor. 2. And becaufe SA is given, SN a will be as PS. 

Cor. 3. And the concourfe of any tangent PM, with the 
right line SN, drawn from the focus perpendicular on the 
tangent, falls in the right line AN, that touches the parabola 
in the principal vertex. 

PROPOSITION XIII., PROBLEM VIII. 

If a body moves in the perimeter of a parabola ; it is required 
to find the law of the centripetal force tending to the focus 
of that Jigure. (PI. 5, Fig. 3.) 
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Retaining the conftru&ion of the preceding lemma, let P 
be the body in the perimeter of the parabola; and from the 
place Q, into which it is next to fucceed, draw QR parallel 
and QT perpendicular to SP, as alfo Qv parallel to the tan* 
gent, and meeting the diameter PG in v, and the diftance 
SP in x. Now, becaufe of the fimilar triangles Pxv, SPM, 
and of the equal fides SP, SM of the one, the fides Px or QR 
add Pv of the other, will be alfo equal. But (by the conic 
fe&ions) the fquare of the ordinate Qv is equal to the rectan- 
gle under the latus re&um and the fegment Pv of the diame- 
ter; that is (by lem. 13), to the redangle 4PS X Pv, or 
4PS xQR; and the points P and Q coinciding, the ratio of 
Qv to Qx (by cor. 2, lem. 7) becomes a ratio of equality,. 
And therefore Qx z , in this cafe, becomes equal to the red>- 
angle 4PS x QR. But (becaufe of the fimilar triangles 
QxT, SPN) Qx 2 is to QT 1 as PS 1 to SN X , that is (by cor, 1, 
lem. 14), as PS to SA; that is, as 4PS X QR to 4SA X 
QR, and therefore (by prop. 9* lib. 5 , elem.) QT* and 4SA X 


QR are equal. Multiply thefe equals by and ^ 

will become equal to,SP x X4SA : and therefore (by cop. 1 and, 
5, prop. 6.), the centripetal force is reciprocally as SP 4 X4SA; 
that is, becaufe 4SA is given, reciprocally in the duplicate 
ratio of the diftance SP. Q E.I. 

Cor. 1 . From the three laft propofitions it follows, that if 
any body P goes from the place P with any velocity in the 
direction of any right line PR, and ht the fame time is urged 
by the aCiion of a centripetal force that is reciprocally pro- 
portional to the fquare of the diftance of the places from the 
centre, the body will move in one of the conic feCtions, hav- 
ing its focus in the centre of force ; and the contrary. For 
the focus, the point of contaCt, and the pofition of the tan- 
gent, being given, a conic fedion may be defcribed, which at 
that point ftiall have a given curvature. But the curvature is 
given from the centripetal force, and the bodies’ velocity 
given; and two orbits, mutually touching one the other, can- 
not be defcribed by tbe fame centripetal force and the fame 
velocity. # 
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Cob. 8 . If the velocity with which the body goes from 
its place P is fuch, that in any infinitely {mail moment of 
time the lined* PR may be thereby defcribed; and the cen«- 
tripetal force fuch as in the fame time to move that body 
through tbe fpace QR; the body will move in one of the 
conic fe&iens, whofe principal latos rebfcum is the quantity 


QT* 

in its ultimate ftate, when the lined* PR, QR are dimi- 

uHhed in infinitum. In thefe corollaries I confider the cir- 
cle as an ellipfis; and I except the cafe where the body de<* 
{beads to the centre in a right line. 


PROPOSITION XIV. THEOREM VI. 

If feveral bodies revolve about one common centre , and the 
centripetal force is reciprocally in the duplicate ratio of the 
difame of places from the centre ; I fay, that the principal 
latera reda of their orbits are in the duplicate ratio of the 
areas, which the bodies by radii drawn to the centre deferibe 
in the fame time. (PI. 6, Fig. 1.) 

For (by cor. 8, prop. 13) the latus re&um L is equal to the 
QT* 

quantity in its ultimate date when the points P and Q 

coincide. But the lined* QR in a given time is as the ge- 
nerating centripetal force ; that is (by fuppofition), reciprocal- 

QT 1 

ly as SP*. And therefore ‘^^is as QT* x SP 1 ; that is, the 

latus rebium L is in the duplicate ratio of the area QT x SP. 
Q.E.D. 

Cob. Hence the whole area of the ellipfis, and the redlangle 
under the axes, which is proportional to it, is in the ratio 
compounded of the fubduplicate ratio of the latus reblum, 
and the ratio of the periodic time. For the whole area is as 
the area QT X SP> defcribed in a given time, multiplied by 
the periodic time. 


PROPOSITION XV. THEOREM VII. 

The fame things being J'uppofed , I Jay, that the periodic times 
in ellipfes art in the fej'quiplicate ratio Of their greater 
axes. 


Digitized by LjOoq le 



MATHEMATICAL PRINCIPLES 


60 , 


Book I. 


For the leffer axis is a mean proportional between the 
greater axis and the lat&s re&um ; and, therefore, the rect- 
angle under the axes is in the ratio compounded of the fub- 
duplicate ratio of the latus reCtum and the fefquiplicate ratio 
of the greater axis. But this re&angle (by cor. 3, prop. 14) 
is in a ratio compounded of the fubduplicate ratio of the latus 
reCtum, apd the ratio of the periodic time. SubdpCt from 
both tides the fubduplicate ratio of the latus re&um, and 
there will remain the fefquiplicate ratio of the greater axis, 
equal to the ratio of the periodic 4 tiine. Q.E.D. 

Cor. Therefore the periodic times in ellipfes are the fame 
as in circles whofe diameters arc equal to the greater axes of 
the ellipfes. 


PROPOSITION XVI. THEOREM VIII. 

The fame things being fuppofed, and right lines being drawn 
to the bodies that Jhall touch the orbits, and perpendiculars 
being let fall on thofe tangents from the common focus ; I 
fay , that the velocities of the bodies are in a ratio compound- 
ed of the ratio of the perpendiculars inverfely , and the jub- 
duplicate ratio of the principal latera re£la dire&ly. (PI. 6. 
Fig. 2.) 


From the focus S draw SY perpendicular to the tangent 
PR, and the velocity of the body P will be reciprocally in 

SY 1 

the fubduplicate ratio of the quantity — j— • For that ve- 


locity is as the infinitely frnall arc PQ deferibed in a given 
moment of time, that is (by lem. 7), as the tangent PR; 
that is, (becaufe of the proportionals PR to QT, and SP to 
SP x OT 

SY), as * gY J or as SY reciprocally, and SP X QT 

direClly; but SP x QT is as the area deferibed in the given 
time, that is (by prop. 14), "'in the fubduplicate ratio of the 
latus reCtum. Q.E.D. 

Cor. 1 . The principal latera reCta are in a ratio com- 
pounded of the duplicate ratio of the perpendiculars and the 
duplicate ratio of the velocities. 

Cor. 2. The velocities of bodies, in their greateft and leaft' 
diftances from the common focus, are in the ratio compound- 
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ed of the ratio of the diftanees inverfely, and the fobdupli* 
cate ratio of the principal latera re&a directly* For thofe 
perpendiculars are no w the difiances. 

Cor- 3. And therefore the velocity in a conic fe&ion, at 
its greateft or lead diftance from the focus, is to the velocity 
in a circle, at the fame diftance from the centre, in the fob- 
duplicate ratio of the principal latus rectum to the double of 
that diftance. 

Cor. 4. The velocities of the bodies revolving in ellipfes, 
at their mean diftanees from the common focus, are the fame 
as thofe of bodies revolving in circles, at the fame diftanees ; 
that is (by cor. 6, prop. 4), reciprocally in the fobduplicate 
ratio of the diftanees. For the perpendiculars are now the 
lefler femi-axes, and thefe are as mean proportionals between 
the diftanees and the latera re&a. Let this ratio inverfely 
be compounded with the fobduplicate ratio of the latera re6ia 
dire&ly, aud we (hall have the fobduplicate ratio of the 
diftance inverfely. 

Cor. 5. In the fame figure, or even in different figures, 
whole principal latera ( re<fta are equal, the velocity of a body 
is reciprocally as the perpendicular let fall from the focus on 
the tangent. 

Cor. 6. In a parabola, the velocity is reciprocally in the 
fobduplicate ratio of the diftance of the body from the focus 
of the figure; it is more variable in the ellipfis, and lei’s in the 
hyperbola, than according to this ratio. For (by cor. 2, lem. 
14) the perpendicular let fall from the focus on the tangent 
of a parabola is in the fobduplicate ratio of the diftance. In 
the hyperbola the perpendicular is lefs variable ; in the ellipfis 
more. 

Cor. 7- In a parabola, the velocity of a body at any dift- 
ance from the focus is to the velocity of a body revolving 
in a circle, at the fame diftance from the centre, in the fobdu- 
plicate ratio of the number 2 to 1 ; in the ellipfis it is lefs, 
and in the hyperbola greater, thap according to this ratio. 
For (by cor. 2 of this prop.) the velocity at the vertex of a 
parabola is in this ratio, and (by cor. 6. of this prop, and prop. 
4) the fame proportion holds in all diftanees. And hence. 
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alfo, in a parabola, the velocity is every where equal to the 
velocity of a body revolving in a circle at half the diftance ; 
in the ellipfis it is lefs, and in the hyperbola greater. 

Cor. 8. The velocity of a body revolving in any conic 
fe&ion is to the velocity of a body revolving in a circle, at the 
diftance of half the principal latus re&um of the fe&ion, as 
that diftance to the perpendicular let fall from the focus oil 
the tangent of the fedfcion. This appears from cor. 5. 

Cor. 9 . Wherefore fince (by cor. 6 , prop. 4.) the velocity 
of a body revolving in this circle is to the velocity of another 
body revolving in any other circle reciprocally in the fubdu- 
plicate ratio of the diftances ; therefore, ex aquo , the velocity 
of a body revolving in a conic fe&ion will be to the velocity 
of a body revolving in a circle at the fame diftance as a 
mean proportional between that common diftance, and half 
the principal latus re 6 tum of the fe&ion, to the perpendicular 
.let fall from the common focus upon the tangent of the 
fe&ion. 

PROPOSITION XVII. PROBLEM IX. 

Suppojtng the centripetal force to he reciprocally proportional 
to the Jquares of the diftances of places from the centre , and 
that the abfolute quantity of that force is known; it is re * 
quirtd to determine the line which a body will defcribe that 
is let go from a given place with a given velocity in the di - 
region of a given right line. 

Let the centripetal force tending to the point S (PI. 6 , Fig. 
3 ) be fuch, as will make the body p revolve in any given or- 
bit pq ; and fuppofe the velocity of Ihis body in the place p is 
known. Then from the place P fuppofe the body P to be 
let go with a given velocity in the dire&ion of the line Pit; 
but by virtue of a centripetal force to be immediately turned 
afide from that right line into the conic fe&ion PQ. This, 
the right line PR will therefore touch in P. Suppofe likewife 
that the right line pr touches the orbit pq in p ; and if from S 
you fuppofe perpendiculars let fall on thofe tangents, theprinci- 
pal latus re61um of the conic fe&ion (by cor. l,prop. 1 6 ) will be 
to the principal latu 9 re&um of that orbit in a ratio compound* 
ed of the duplicate ratio of the perpendicular, and the dupli* 
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cate ratio of the velocities; and is therefore given. Let this 
latus redtum be L: the focus S of the conic fedikm is alfo 
given. Let the angle RPH be the complement of the angle 
RPS to two right; and the line PH, in which the other focus 
H is placed* is given by pofition. Let fall SK perpendicular 
on PH, and eredt the conjugate femi-axis BC; this done, we 
(hall have SP* — 2KPH + PH* == SH* = 4CH* = 4BH» 
— 4BC* =3 SP -f PH 4 — L x SP + PH a SP* + 2SPH 
+ PH* — Lx SP + PH. Add on both fides 2KPH — 
SP* — PH* + L X SP -fr PH, and we fhall have L x 
SP + PH =5 2SPH + 2KPH, or SP 4- PH to PH, as 
fiSP + 2KP to L. Whence PH is given both in length and 
pofition. That is, if the velocity of the body in P is fuch that 
the latus radium L is lefs than 2SP + 2KP, PH will lie on 
the fame fide of the tangent PR with the lineSP; and there* 
fore the figure will be an ellipfis, which from the given foci 
S, H, and the principal axis SP + PH, is given alfo. But if 
the velocity of the body is fo great, that the latus redtum L be-* 
comes equal to 2PS ft 2KP, the length PH will be infinite} 
and therefore, the figure will be a parabola, which .has its axis 
SH parallel to the line PK, and is thence given. But if the 
body goes from its place P with a yet greater velocity, the 
length PH is to betaken on the other fide the tangent ; and fo the 
tangent paifingbetween the foci, the figure will bean hyperbola 
having its principal axis equal to the difference of the lines 
SP and PH, and thence is given. For if the body, in thefe 
cafes, revolves in a conic fedtion fo found, it is demonftrated 
in prop. 11, 42, and IS, that the centripetal force will be re- 
ciprocally as the fquare of the diftance of the body from the 
centre of forceS; and therefore we have rightly determined 
the line PQ, which a body let go from a given place P with a 
given velocity, and in the diredtion of the right line PR given 
bypofition, would defcribe with fuch a force. Q.E.F. 

Cob. 1. Hence in every conic fedtion, from the principal 
vertex D, the latus redtum L, and the focus S given, the other 
focus H is given, by taking DH to DS as the latus redtum to 
the difference between the latus redtum and 4DS. For the 
proportion, SP + PH to PH as 2PS -f 2KP to L, becomes. 
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in the cbfe of this corollary, DS + DH to DH as 4DS to L, and 
by divifion DS to DH as 4DS — L to L. 

Cor. 2. Whence if the velocity of a body in the principal 
vertex D is given, the orbit may be readily found ; to wit, 
by taking its latdfs reCtiim to twice the diftance DS, in the 
duplicate ratio of this given velocity to the velocity of a body 
revolving in a circle at the diftance DS (by cor. 3, prop. 16 ), 
and then taking DH to DS as the latus reCtum to the differ- 
ence between the latus reftum and 4DS. 

Cor. 3. Hence alfo if a body move in any conic fe&ion, 
and is forced out of its orbit by any impulfe, you may difco- 
ver the orbit in which it will afterwards purfue its courfe* 
For bf compounding the proper motion of the body with that 
motion, which the impulfe alone would generate, you will 
have the motion with which the body will go off from a given 
placeof impulfe iu the dire&ionof a right linegiven in pofition. 

Cor. 4. And if that body is continually difturbed by the 
aCtion of fome foreign force, we may nearly know its courfe, 
by collecting the changes which that force introduces in fome 
points, and eftimating the continual changes it will undergo 
in the intermediate places, from the analogy that appears in 
the progrefs of the feries. 

SCHOLIUM. 

If a body P (PI. 6, Fig. 4), by means of a centripetal force 
tending to any given poiut R, move in the perimeter of any 
given conic fe&ion wliofe centre is C; and the law of the 
centripetal force is required : draw CG parallel to the radiu9 
RP, and meeting the tangent PG of the orbit in G; and the 
force required (by cor. 1, and fchol. prop. 10, and cor. S, prop. 
CG 3 

7) will be as 

SECTION IV. 

Of the f tiding of elliptic, parabolic, and hyperbolic orbits, from 
the focus given. 

LEMMA XV. 

If from the tiro foci S, H (PI. 7, Fig. 1), of any ellipfis or Ay- 
perbola , we draw to any third point V the right lines SVj 
HV, whereof one HV is equal to the principal axis of the 
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figure, that is, to the axis in which the foci are fituated, the 
other, SV, is bife&ed in T by the perpendicular TR let fall 
upon it; that perpendicular TR will fomewhere touch thcj 
conic Je&ion : and, vice verf a* if it does touch it, H V will be 
equal to the principal axis of the figure. 

For* let the perpendicular TR cut the right line HV, pro* 
duced, if need be* .in R; and join SR. Becaufe TS, TV are 
equal, therefore the right lines SR, VR, as well as the angles 
TRS, TRV, will be alfo equal. Whence the point R will 
be in the conic feCtion, and the perpendicular TR will touch 
the fame; and the contrary. Q.E.D. 

PROPOSITION XVIII. PROBLEM X. 

From a focus ahd the principal axes given, to deferibe elliptic 
and hyperbolic trajectories, which Jhall pafs through given 
points, and touch right lines given by pojition. (P1.7> fig* 2.) . 
Let S be the common focus of the figures; AB the length 
of the principal axis of any trajectory ; P a point through 
which the trajectory Ihould pafs ; and TR a right line which 
it fhould touch. About the centre P, with the interval AB — 
SP, if the orbit is an ellipfis, or AB + SP, if the orbit is ah 
hyperbola, deferibe the circle HG. On the tangent TR let 
fall the perpendicular ST, and produce the fame to V, fo that 
TV may be equal to ST; and about V as a centre with the in- 
terval AB deferibe the circle FH. In this manner, whether 
two points P, p, are given, or two tangents TR, tr, or a point 
P and a tangent TR, we are to deferibe two circles. Let H 
be their common in terfeClion, and from the foci S, H, with the 
given axis deferibe the trajectory: I fay, the thing is done. 
For (becaufe PH + SP in the ellipfis, and PH — SP in the 
hyperbola, is equal to the axis) the deferibed trajeCiory will 
pafs through the point P, and (by the preceding lemma) will 
touch the right line TR. And by the fame argument it will 
either pafs through the two points P, p, or touch the two right 
lines TR, tr. Q.E.F. 

PROPOSITION XIX. PROBLEM XI. 

About a given focus, to deferibe a parabolic trajectory, which 
Jhall pafs through given points, and touch right lines given 
by pojition . (PI. 7, Fig. 3.) 

Vol. I. F 
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Let S be the focus, P a point, and TR a tangent of the 
trajectory to be defcribed. About P as a centre, with the 
interval PS, defcribe the circle FG. From the focus let 
foil ST perpendicular on the tangent, and produce the 
fame to V, fo as TV may be equal to ST. After the fame 
manner another circle fg is to be defcribed, if another point 
p is given; or another point v is to be found, if another 
tangent tr is given; then draw the right line IF, which fhali 
touch the two circles FG, fg, if two points P, p are given; or 
pafs through the two points V ,v, if two tangents T R, tr are given : 
or touch the circle FG, and. pafs through the point V, if the 
point P and the tangent Til are given. On FI let fall the 
perpendicular SI, and.bife& the tome in K; and with 
the axis SK and principal vertex K defcribe a parabola : 
I fay the tiling is done. For this parabola (becaufe SK is 
equal to IK, and SP to FP) will pafs through the point 
P; and (by cor. 3, lem l4) becaufe ST is equal to TV, and 
STR a right angle, it will touch the right line TR. Q.E.F. 

PROPOSITION XX. PROBLEM XII. 

About a giveti focus to defcribe any trajedory given in fpedc 

which Jhatt pafs through given points, and touch right lines 

given hy pofition . 

Case 1. About the focus S (PI. 7, Fig. 4) it is required 
to defcribe a traje&ory ABC, paffing through two points 
B, C. Becaufe the traje&ory is given in fpecie, the ratio, of 
the principal axis to the diftance of the foci will be given. 
In that ratio take KB to BS, and LC to CS. About the 
centres B, C, with the intervals BK, CL, defcribe two circles ; 
and on the right line KL, that touches the tome in K and L, 
Jet toll the perpendicular SG; which cut in A and a, fo that 
GA may be to AS, and G* to aS, as KB to BS; and with the 
axis Aa, and vertices A, a, defcribe a traje&ory: I fay the 
*the tbmg is done. For let H be the other focusof the defcribed 
figure, and feeing G A is to AS as Ga to aS, then by divifion we 
(hall haveGa-*— GA,or AatoaS — AS, or SH ia the tome ratio, 
and therefore in the ratio which the principal axis of the figure 
to be defcribed has -toihe diftance of its foci ; and therefore 
the defcribed figure is of the fame fpecies with the figure 
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which was to be defcribed. And fince KB to BS, and LC to 
CS, are in the fame ratio, this figure will pafs through the 
points B, C, as is manifeft from the conic fedions. 

Case 2. About the focus S (PI. 7, Fig. 5) it is required 
to defcribe a traje&ory which fhalt fomewhere touch two 
right lines TR, tr. From the focus on thole tangents let 
fall the perpendiculars ST, St, which produce to V, v, fo 
that TV, tv may be equal to TS, tS. Bifedi Vv in O, and 
eredl the indefinite perpendicular OH, and cut the right line 
VS infinitely produced in K and k, fo that VK be to KS, and 
Vk to kS, as the principal axis of the trajedlory to be defcribed 
is to the diftance of its foci. On the diameter Kk defcribe 
a circle cutting OH in H ; and with the foci S, H, and prin- 
cipal axis equal to VH, defcribe a trajectory: I fay, the thing 
is done. For, bifedting Kk in X, and joining HX, HS, HV, 
Hv, becaufe VK is to KS as Vk to kS; and by compoiition, 
as VK + Vk to KS + kS; and by divifion, as Vk — VK to 
kS — KS, that is, as 2VX to 2KX, and 2KX to 2SX, ,and 
therefore as VX to HX and HX to SX, the triangles VXH, 
HXS will befinqlar; therefore VH will be to SH as 
VX to XH; arid therefore as VK to KS. Wherefore VH, 
the principal axis of the defcribed trajectory, has the fame 
ratio to SH, the diftance of the foci, as the principal axis of 
the trajectory which was to be defcribed has to the diftance 
of its foci ; and is therefore of the fame fpecies. And feeing 
VH, vH, are equal to the principal axis, and VS, vS are per- 
pendicularly bife&ed by the right lines TR, tr, it is evident (by 
lem. 15) that thofe right lines touch the defcribed trajectory. 
Q.E.F. 

Case 3 . About the focus S (PI. 7, Fig. 6) it is required 
to defcribe a tiaje&ory, which (hall touch a right line TR 
in a given point R. On the right line TR let fall the per- 
pendicular ST, which produce to V, fo that TV may be equal 
to ST; join VR, and cut the right line VS indefinitely produc- 
ed in K and k, fo that VK may be to SK, and Vk to Sk, as 
the principal axis of the ellipfis to be defcribed to tbe diftance 
of its foti; ani on the diameter Kk defcribing a circle, cut 
the right line VR produced in H; then with the foci S, H, 
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and principal axis equal to VH, defcribe a traje&ory: I fay/ 
the thing is done. For VH is to SH as VK-to SK, and 
therefore as the principal axis ofthe trqje&ory which was 
to be described to the diftance of its foci (as appears from 
what we have demonftrated in cafe 2); and therefore the 
defcribed traje&ory is of the fame fpecies with that which 
was to be defcribed ; but that the right line TR, by which the 
angle VRS is bife&ed, touches the traje&ory in the point R, 
is certain from the properties of the conic fe&ions. Q E.F. j 
Case 4. About the focus S (Plate 7, Fig. 7) it is required j 
to defcribe a trajectory APB that (hall touch a right line TR, 
and pafs through any given point P w ithout the # ^angent, and 
fhall be fimilar to the figure apb, defcribed w ith the principal 
axis ab, and foci s, h. On the tangent TR let fall the per- 
pendicular ST, which produce to V, fo that TV may be equal 
to ST ; and, making the angles fisq, shq equal to the angles 
VSP, SVP, about q as a centre, And with an interval which 
(hall be to ab as SP to VS, defcribe a circle cutting the figure 
apb in p : join sp, and draw SH fuch that it may be to sh as 
SP is to sp, and may make the angle PSH equal to the angle 
psh, and the angle VSH equal Jto the angle psq. Then with 
the foci S, H, and principal axis AB, equal to the diftance 
VH, defcribe a conic fe$ion : I fay, the thing is done; for if 
sv is drawn fo that it fhall be to sp as sh is to sq, and fhall 
make the angle vsp equal to the angle hsq, and the .angle vsh 
equal to the angle psq, the triangles svh, spq, will be fimilar, 
and therefore vh will be to pq as sh is* to sq ; that is (becaufe 
of the fimilar triangles VSP, hsq), as VS is to SP, or as ab to 
pq. Wherefore vh and ab are equal. But, becaufe of the 
fimilar triangles VSH, vsh, VH is to SH as vh to sh ; that is, 
the axis of the conic fe&ion now defcribed is to the diftance 
of its foci as the axis ab to the diftance of the foci sh; and 
therefore the figure now defcribed is fimilar to the figure apb. 
But, becaufe the triangle PSH is fimilar to the triangle psh, 
this figure pafles through the point P ; and becaufe VH is 
equal to its axis, and VS is perpendicularly bife&ed by the 
right* line TR, the faid figure touches the right fine TR. 
Q.E.F. 
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LEMMA XVI. 

From three given points to draw to a fourth point that is 
not given three right lines whofe differences Jhall be either 
given, or none at all . 

Case 1 . Let the given points be A, B, C (PI. 8, Fig. 1), 
and Z the fourth point which we are to find ; becaufe of the 
given difference of the lines AZ , BZ, the locus of the point 
Z will be an hyperbola whofe foci are A and B, and whofe 
principal axis is the given difference. Let that axis be MN. 
Taking PM to MA as MN is to AB, ereft PR perpendicular 
toAB, and let fall ZR perpendicular to PR; then, from the 
nature of the hyperbola, ZR will be to AZ as MN is to AB. 
And by the like argument, the locus of the point Z will be ano- 
ther hyperbola, whofe foci are A, C, and whofe principal axis 
is the difference between AZ and CZ; and QS a perpendicular 
on AC may be drawn, to which (QS) if from any point Z of this 
hyperbola a perpendicular ZSis let fall, this(ZS) fhall be to AZas 
the difference between AZand CZ is to AC. Wherefore the ratios 
of ZR andZS to AZ are given, and confequently the ratio of ZR 
to ZS one to the other; and therefore if the right'lines RP, 
SQ, meet in T, and TZ and TA are drawn, the figure TRZS 
will be given in fpecie, and the right line TZ, in which the 
point Z is fomewhere placed, will be given in pofition. There 
will be given alfo the right line TA, and the angle ATZ$ and 
becaufe the ratios of AZ and TZ to ZS are given, their ratio 
to each other is given alfo ; and thence will be given likewife 
the triangle ATZ, whofe vertex is the point Z. Q.E.I. 

Case 2. If two oftbe three lines, for example AZand BZ, 
are equal, draw the right line TZ fo as to bife6t the right line 
AB; then find the triangle ATZ as above. Q.E.I. 

Case 3. If all the three are equal, the point Z will be 
placed in the centre of a circle that paffes through the points 
A, B, C. Q.E.I. 

This problematic lemma is likewife folved in Apollonius 9 s 
Book of Ta&ions reftored by Vieta. 

PROPOSITION XXI. PROBLEM XIII. 

About a given focus to defcribe a trajectory thatffall pafs 
through given points and touch right tines given by pofition . 
♦ Let the focus S (PI. 8, Fig. 2), the point P and the tan- 
s’ 3 
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gentTR be given, and fuppofe that the other focus H is to be 
found. On the tangent let fall the perpendicular ST, which 
produce to Y, fo that TY may be equal to ST, and YH will 
be equal to the principal axis. Join SP, HP, and SP will 
be the difference between HP and the principal axis. After 
this manner, if more tangents Tit are given, or more points 
P, we fhall always determine as many lines YH, or PH, 
drawn from the faid points Y or P, to the focus H, which, 
either (hall be equal to the axes, or differ from the axes by 
given lengths SP; and therefoie which fhall either be equal 
among themfelves, or fhall have given differences; from 
whence (by the preceding lemma) that other fbcus H is. 
given. But having the foci and the length of the axis 
(which is either YH, or, if the. trajectory be an ellipfis, PH 
4- SP; or PH — SP, if it be an hyperbola), the trajectory is 
given. Q.E.I. 

SCHOLIUM. 

When the trajectory is an hyperbola, I do not compre- 
hend its conjugate hyperbola under the name of this trajec* 
tory. For a body going on with a continued motion can 
never pafs out of one hyperbola into its conjugate hyperbola. 

The cafe when three points are given is more readily 
folved thus. Let B, C, D (PI. 8, Fig. 3), be the given points. 
Join BC, CD, and produce them to E, F, fo as EB may be 
to EC as SB to SC; and FC to FD as SC to SD. On EF 
drawn and produced let fall the perpendiculars SG, BH, and 
in GS produced indefinitely take G A to AS, and Ga to aS, 
as HB is to BS ; then A will be the vertex, and Aa the prin- 
cipal axis of the trajectory : which, according as GA is greater 
than, equal to, or lefs than AS, will be either an ellipfis, a para- 
bola, or an hyperbola; the point a in the firft cafe falling on 
the fame fide of the line GF as the point A; in the fecond, 
going off to an infinite diftance; in the third, falling on the 
other fide of the line GF. For if on GF the perpendiculars 
Cl, DK are let fall, IC will be to HB as EC to EB; that is, 
as SC to SB; and by permutation, IC to SC as HB to SB, 
or as GA to SA. And, by the like argument, we may prove 
that KD is to SD in the fame ratio. Wherefore the po nts 
B, C, D lie in a conic fediion deferibed about the focus S, in 
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fuch mapper that all the right lines drawn from the focus S 
to the feveral points of the fedioo, and the perpendiculars 
let fall from the fame points on the right line GF, are in, that 
given ratio. 

That excellent geometer M. De la Hire has folvcd this 
problem mucli after the fame way, in his Conics, prop. 2$, 
lib, 8. 

SECTION V. 

How the orbits are to be found xvhen neither focus is given . 

LEMMA XVII. 

If from any point P of a given cojiic faction, to the four pro- 
duced fide* AB, CD, AC/DB of any trapezium AB DC inferr- 
ed in that fection, as many right lines PQ, PR, PS, PT arc 
drawu in given angles , each line to each fide ; the redangle 
PQ X PR of thofe on the oppofite fides AB, CD, will be 
to the redangle PS X PT of thofe on the other two oppofite 
fides AC, BD, in a given ratio . 

Case 1. Let us iuppofe, firft, that the lines dravyn tQ 
one pair of oppofite fides are parallel to either of the other 
fides; as PQ and PR (PI. 8, Fig, 4) to the fidq AC, and PS 
and PT to the fide AB. And farther, that one pair of the 
oppofite fides, as AC and BD, are parallel betwixt themfelves; 
then the right line which bifeds thofe parallel fides will be 
one of the diameters of the conic fedion, and will Jikewife 
bile# RQ. Let O be the point in which RQ is bifeded, 
and PO will be an ordinate to that diameter. Produce 
PO to K, fo that OK may be equal to PO, and OK 
will be an ordinate on the other fide of that diameter. Since, 
therefore, the points A, B, P, and K are placed in the conic 
fedion, and PK cuts AB in a given angle, the reclangle 
PQK (by prop. 17, 19 , 21, & 23, book 3, of Apollonius s 
Conics) will be to the rectangle AQB in a given ratio. But 
QK and PR are equal, as being the differences of the equal 
lines OK, OP, and OQ, OR; whence the rectangles PQK and 
PQ x PR are equal; and therefore the rectangle PQ X PI^ 
is to the redangle AQB, that is, to the redangle PS x PT 
in a given ratio. Q.E.D. 

Case 2. Let us next fuppofe that the oppofite fides AC 
and BD (PI. 8, Fig. 5) of the trapezium are not parallel 
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Draw Bd parallel to AC, and meeting as well the right line 
ST in t, as the conic fedion in d. Join Cd cutting PQ in r, 
and drawJDM parallel to PQ, cutting Cd in Mj and AB in N. 
Then (becaufe of the fimilar triangles BTt, DBN), Bt orPQ is 
to Tt as DN to NB. And fo Hr is to AQ or PS as DM to AN. 
Wherefore, by multiplying the antecedents by the antecedents, 
and the confequents by the consequents, as the redangle PQ 
X Rr is to the redangle PS x Tt, fo will the redangle NDM 
be to the redangle ANB; and (by cafe 1) fo is the redangle 
PQ X Pr to the redangle PS x Pt; and by divifion, fo is the 
redangle PQ x PR to the redangleP S x PT. Q.E.D. 

Case 3. Let us fuppofe, laftly, the four lines PQ, PR, PS, 
PT (PI. 8, Fig. 6), not to be parallel to the fides AC, AB, 
but any way inclined to them. In their place draw Pq, Pr 
parallel to AC; and Ps, Pt parallel to AB; and becaufe the 
angles of the triangles PQq, PRr, PSs, PTt are given, the ra- 
tios of PQ to Pq, PR to Pr, PS to Ps, PT to Pt will be alfo 
given; and therefore the compounded ratios PQ x.PR to 
Pq X Pr, and PS X PT to Ps x Pt are given. But from 
what we have demonflrated before, the ratio of Pq x Pr to 
Ps 'x Pt is given ; and therefore alfo the ratio of PQ x PR 
to PS x PT. Q.E.D 

LEMMA XVIII. 

The fame things fuppofed , if the rectangle PQ X PR of the 
lines drawn to the two oppofite fides of the trapezium is to 
the re&angle PS X PT of thofe drawn to the other two fides 
in a given ratio , the point P, from whence thofe lines are 
drawn , will be placed in a conic f eft ion defcribed about the 
trapezium. (PI. 8, Fig. 7.) 

Conceive a conic fedion to be defcribed palling through 
the points A, B, C, D, and any one of the infinite number of 
points P, as for example p ; I fay, the point P will be always 
placed in this fedion. If you deny the thing, join AP cutting 
this conic fedion fomewhere elfe,if poffible, than in P,as in b. 
Therefore if from thofe points p and b, in the given angles to 
the fides of the trapezium, we draw the right lines pq, pr, ps, 
pt, and bk, bn, bf, bd> we fhall have, as bk X bn to bf x bd, 
fo (by lem. 17) pq X pr to ps X pt; and fo (by fuppofition) 
PQ x PR to PS x PT. And becaufe of the fimilar trapezia 
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bkAf, PQAS, as bk to bf, fo PQ to PS. Wherefore by divid- 
ing the terms of the preceding proportion by the corre- 
fpondent terms of this, we {hall have bn to bd as PR to PT. 
And therefore the equiangular trapezia Dn bd, DRPT are 
fnnilar, and confequently their diagonals Db, DP do coincide. 
Wherefore b falls in the interfe&ion of the right lines AP, 
DP,' and confequently coincides with the point P. And 
therefore the point P, wherever it is taken, falls to be in the 
affigned conic fe&ion. Q.E.D. 

Cob. Hence if three right lines PQ, PR, PS, are drawn 
£rom a common point P, to as many other right lines given in 
pofition, AB, CD, AC, each to each, in as many angles re- 
fpeCtively given, and the re&angle PQ x PR under any two 
of the lines drawn be to the fquare PS 1 of the third in a given 
ratio; the point P, from which the right lines are drawn, will 
be placed in atonic fe&ion that touches the lines AB, CD in 
AandC; and the contrary. For the pofition of the three 
right lines AB, CD, AC remaining the fame, let the line BD 
approach to and coincide with the line^AC; then let the line 
PT come likewife to coincide with the line PS; and the reCl- 
angle PS x PT will become PS 1 , and the right lines AB, CD, 
which before did cut the curve in the points A and B, C and 
D, can no longer cut, but only touch, the curve in thofe coin- 
ciding points. 

SCHOLIUM. 

In this lemma, the name of conic fe&ion is to be un$lerllood 
in a large fenfe, comprehending as well the rectilinear fe&ion 
through the vertex of the cone, as the circular one parallel to 
the bafe. For if the point p happens to be in a right line, by 
which the points A and D, or C and B are joined, the conic 
fe&ion will be changed into tworight lines, one of which is that 
right line upon which tbepoint p falls, and the other is a right 
line that joins the other two of the four points. If the two 
oppofite angles of the trapezium taken together are equal to 
two right angles, and if the four lines PQ, PR, PS, PT are 
drawn to the fides thereof at right angles, or any other equal 
angles, and the reftangle PQ x PR under two of the lines 
drawn PQ and PR, is equal to the re&angle PS x PT under 
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the other two PS and PT, the conic fedion will become a 
circle. And the fame thing will happen if the four lines are 
drawn in any angles, and the, redangle PQ X PR, under one 
pair of the lines drawn, is to the redangle PS x PT under the 
other pair as the redangle under the fines of the angles S, T, 
in which the two laft, lines PS, PT are drawn to the redangle 
under the fines of the angles Q, R, in which the two firft PQ, 
PR are drawn. In all other cales the locus of the point P 
will be one of the three figures which pafs commonly by the 
name of the conic fedions. But in room of the trapezium 
ABCD, we may fubftitute a quadrilateral figure whofe two 
oppofite fides crofs one another like diagonals. And one or 
two of the four points A, B, C, D may be fuppofed to be re- 
moved to an infinite diftance, by which means the fides of the 
figure which converge to thole points, will become parallel: 
and in this cafe the conic fedion will pafs through the other 
points, and will go the fame way as the parallels in infinitum. 


LEMMA XIX. 

To find a point P (PI. 8, Fig. 8) from which if four right lines 
PQ, PR, PS, PT are drawn to as many other right lines AB, 
CD, AC, BD given by pofition , each to each , at given angles , 
the rectangle PQ X PR, under any tzco of the lipes drawn , 
Jhall be to the reftangle PS x PT, under the other two , in a 
given ratio . 

Suppofe the lines AB, CD, to which the two right lines 

PQ, PU, containing one of the redangles, are drawn to meet 
two other lines, given by pofition, in the points A, B, C, D. 
From one of thofe, as A, draw any right line AH, in which you 
would find the point P. Let this cut the oppofite lines BD, 
CD, in H and I; and, becaufe all the angles of the figure 
are given, the ratio of PQ to PA, and PA to PS, and there- 
fore of PQ to PS, will be alio given. Subduding this ratio 
from the given ratio of PQ x PR to PS x PT, the,ratioof 
PR to PT will be given; and adding the given ratios of PI to 

PR, and PT to PH, the ratio of PI to PH, and therefore the 
point P will be given. Q.E.I. 

Cor. 1. Hence alfo a tangent may be drawn to any point 
D of the locus of all the points P. For the chord PD, where 
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the points P and D meet, that is, where AH is drawn through 
the point D, becomes a tangent. In \which cafe the ultimate 
ratio of the evanefcent lines IP and PH will be found as above. 
Therefore draw CF parallel to AD, meeting BD in F, and cut 
it in E in the fame ultimate ratio, then DE will be the tan- 
gent; becaufe CF and the evanefcent IH are parallel, and 
fimilarly cut in E and P. 

Coa. 2. Hence alfo the locus of all the points P niay be 
determined. Through any of the points A, B, C,*D, as A, 
(PI. 9, Fig. 1), draw AE touching the locus, and through any 
other point B parallel to the tangeut, draw BF meeting the 
locus in F; and find the point F by this lemma. Bifed BF 
in G, and, drawing the indefinite line AG, this will be the pofi- 
tion of the diameter to which BG and FG are ordinates. 
Let this AG meet the locus in H, and AH will be its diameter 
or latus tranlverfum, to which the latus redum will be as BG* 
to AG x GH. If AG no where meets the locus, the line AH 
being infinite, the locus will be a parabola; and its latus rec- 


tum correfponding to the diameter AG will be 


BG 1 

AG* 


But if 


it does meet it any where, the locus will be an hyperbola, when 
the points A and H are placed on the famefide the point G ; 
and an ellipfis, if the point G falls between the points A and 
H; unlefs, perhaps, the angle AGB is a right angle, and at 
the fame time BG a equal to the redangle AGH, in which 
cafe the locus will be a circle. 

And fo we have given in this corollary a folution of that 
famous problem of the antients concerning four lines, begun 
by Euclid, and carried on by Apollonius ; and this not an 
analytical calculus, but a geometrical compofition, fuch as 
the antients required. 

LEMMA XX. 

If the two oppofite angular points A and P (PL 9, Fig. 2) of 
any parallelogram ASPQ touch any conic fed ion in the 
points A and P; and the (ides AQ, AS of one of tkofe an- 
gles, indefinitely produced, meet the fame conic fedion in B 
and C ; and from the points of concourfe B and C to any 
fifth point D of the come, fedion, two right lines BD, CD 
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are drawn meeting the two other fides PS, PQ of the pa- 
, rallelogram, indefinitely produced in T and R; the parts 
PR and PT, cut off' from the fides , will always be one to the 
other in a given ratio . And vice verfa, if thofe parts cut of 
are one to the other in a given ratio, the locus of the point D ^ 
will be a coiiic j'e&ion puffing through the four points 
A, B, C, P. 

Case 1 . Join BP, CP, and from the point D draw the 
,two right lines DG, DE, of which -the firft DG fhall be pa- 
rallel to AB, and meet PB, PQ, CA in H, I, G; and the 
other DE (hall be parallel to AC, and meet PC, PS, AB, in 
F, K, E; and (by lem. 17) the rectangle DE X DF will be 
to the redangle DG x DH in a given ratio. But PQ is to 
DE (or IQ) as PB to HB, and confequently as PT to DH; 
and by permutation PQ is to PT as DE to DH. Likewife 
PR is to D¥ as RC to DC, and therefore as (IG or) PS to 
DG; and by permutation PR is to PS as DF to DG; and, 
by compounding thofe ratios, the redangle PQ x PR will 
be to the redangle PS x PT as the redangle DE x DF is 
to the redangle DG x DH, and confequently in a given ra- 
tio. But PQ and PS are given, and therefore the ratio of 
PR to PT is given. Q.E.D. 

Case 2. But if PR and PT are fuppofed to be in a given 
ratio one to the other, then by going back again, by a like 
reafoning, it will follow that the redangle DE X DF is to 
the redangle DG x DH in a given ratio; and fo the point D 
(by lem. 18) will lie in a conic fedion paffing through the 
points A, B, C, P, as its locus. Q.E.D. 

Cor. 1. Hence if we draw BC cutting PQ in r, and in PT 
take Pt to Pr in the fame ratio which PT has to PR; then 
Bt will touch the conic fedion in the point B. For fuppofe 
the point D to coalelce with the point B, fo that the chord 
BD vanilhing, BT (hall become a tangent, and CD and BT 
will coincide with CB and Bt. 

Cor. 2. And, vice verfa, if Bt is a tangent, and the lines 
BD, CD meet in any point D of a conic fedion, PR will be 
to PT as Pr to Pt. And, bn the contraiy, if PR is to PT as 
Pr to Pt, then BD and CD will meet in fome point D of a 
• conic fedion. 
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Cor. 3. One conic fe&ion cannot cut another conic 
fe&ion in more than four points. For, if it is poflibie, let 
two conic fe&ions pafs through the five points A, B, C, P, O; 
and let the right line BD cut them in the points D, d, and 
the right line Cd cut the right line PQ in q. Therefore PR 
is to PT as Pq to PT: whence PR and'Pq are equal one to 
the other, againft the fuppoiition. 

LEMMA XXL 

If two moveable and indefinite right lines BM, CM drawn 
through given points B, C, as poles, do by their point of 
concourfe M defer ibe a third right line MN given by pofition; 
and other two indefinite right fines. BD, CD are drawn , 
making with the former two at thofe given points B, C, 
given angles, MBD, MCD : I fay, that thofe two right 
lines BD, CD will by their point of concourfe D deferibe 
a conic fe&ion pajjing through the points B, C. And, vice 
, verfa, if the right lines BD, CD do by their point of con- 
courfe D deferibe a conic fe&ion pafing through the given 
points B, C, A, and the angle DBM is alzvays equal to the 
, given angle ABC, as well as the^ angle DCM always equal 
v to the given angle ACB, the point M will lie in a right 
line given by pofition, as its locus. (PI. 9, Fig. 3.) 
v For in the right line MN let a point N be given, and when 
the moveable point M falls on the immovable point N, let 
the moveable point D fall on an immovable point P. Join 
CN, BN, CP, BP, and from the point P draw the right 
lines PT, PR meeting BD, CD in T and R, and making the 
angle BPT equal to the given angle BNM, and the angle 
CPR equal to the given angle CNM. Wherefore -fi nee (by 
fuppofition) the angles MBD, NBP are equal, as alfo the 
angles MCD, NCP, take away the angles NBD, and NCD 
that are common, and there will remain the angles NBM 
And PBT, NCM and PCR equal; and therefore the triangles 
NBM, PBT are fimilar, as alfo the triangles NCM, PCR. 
Wherefore PT is to NM as PB to NB; and PR to NM 
as PC to NC. But the points B, C, N, P are immovable: 
wherefore PT and PR have a given ratio to NM, aud con- 
sequently a given ratio between themfelves; and therefore, 
(by lemma 20) the point D wherein the moveable right 
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lines BT and CR perpetually concur, will be placed in 
a conic fe&ion palling through the points B, C, P. Q E.D. 

And, vice verfa , if the moveable point D (PI. 9> Pig* 4) 
lies in a coniclection palling through the given points B, C, A; 
and the angle DBM is always equal to the given angle ABC, 
and the angle DCM always equal to the given angle ACB, and 
when the point D falls fuccellively on any two immovable 
points p, P, of the conic fe&ion, the moveable point M falls 
fucceflively on two immovable points n, N. Through 
thefe points n, N, draw the right line nN : this line 
nN will be the perpetual locus of that moveable point M. 
For, if poflible, let the point M be placed in any curve line* 
Therefore the point D will be placed in a conic fe&ioti 
palling through the five points B, C, A, p, P, when the 
point M is perpetually placed in a curve line. But from 
what was demopftrated before, the point D will be alfo placed 
in a conic fedlion palling through the fame five points B, C, 
A, p, P, when the point M is perpetually placed in a right 
line. Wherefore the two conic fections will both pals 
through the fame five points, againft corol. 3, lem. SO. It is 
therefore abfurd to fuppofe that fhe point M is placed in a 
curve line. Q.E.D. 

PROPOSITION XXII. PROBLEM XIV. 

To defer ibe a trajectory that Jh all pafs through Jive given, 
points. (PI. 9, Fig. 5.) 

Let the five given points be A, B, C, P, D. From any 
one of them, as A, to any other two as B, C, which may 
be called the poles, draw the right lines AB, AC, and parallel 
to thofe the lines TPS, PRQ through the fourth point P. 
Then from the two poles B, C, draw through the fifth point 
D two indefinite lines BDT, CRD, meeting with tire laft 
drawn lines TPS, PRQ (the former with the former, and the 
latter with the latter) in T and R. Then drawing the right 
line tr parallel to TR, cutting off from the right lines PT, PR # 
any fegments Pt, Pr, proportional to PT, PR; and if through 
their extremities t, r, and the poles B, C, the right lines Bt, 
Cr are drawn, meeting in d, that point d will be placed in 
the trajeftory required. For (by 1cm. GO) that point d is 
placed ilia conic feAion palling through the four points A, B, 
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C, P; and the lines Rr, Tt vanifhing, the point d comes 
to coincide with the point D. Wherefore the conic fection 
paffes through the five points A, B, C, P, D. Q.E.D. 

The fame otherwife. (PI. 9> Fig* 6.) 

Of the given points join any three, as A, B, C; and about 
two of them B, C, as poles, making the angles ABC, ACB 
of a given magnitude to revolve, apply the legs BA, CA, firft 
to the point D, then to the point P, and mark the points M, 
N, m which the other legs BL, CL interfeCl each the other 
in both cafes. Draw the indefinite right line MN, and let 
thofe moveable angles revolve about their poles B, C, in 1‘uch, 
manner that the interfe&ion, which is now luppofed to be m, 
of the legs BL, CL, or BM, CM, may always fall in that in- 
definite right line MN ; and the interfe&ion, w hich is now flip- 
pofed to be d, of the legs BA,CA, orBD,CD, will defcribe the 
trajectory required, PADdB. For (by lem. 21) the point d 
will be placed in a conic feCiion palling through the points B, 
C; and when the point m comes to coincide with the points 
L, M, N, the point d will (by conftru&ion) come to coincide 
with the points A, D, P. Wherefore a conic fe&ion will be 
defcribed that {hall pafs through the five points A, B, C, P, D. 
Q.E.F. 

Cor. 1. Hence a right line may be readily drawn which 
{hall be a tangent to the trajectory in any given point B. Let' 
the point d come to coincide with the point B, and the right 
line Bd will become the tangent required. 

Cor. 2. Hence alfo maybe found the centres, diameters, 
and latera reCta of the trajectories, as in cor. 2, lem. 1 9. 
v SCHOLIUM. 

The former of thefe conftruCtions (Fig. 5) will become 
fomething more fimple by joining BP, and in that line, pro- 
duced, if need be, taking Bp to BP as PR is to PT; and 
through p draw the indefinite right line pe parallel to S P; 
and in that line pe taking always pe equal to Pr; and draw 
the right lines Be, Cr to meet in d. For fince Pr to Pt, PR 
to PT, pB to PB, pe to Pt, are all in the fameratio, pe and 
Pr will be always equal. After this manner the points of 
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the traje&ory are mod readily found, unlefs you would rather 
defcribe the curve mechanically, as in the fecondconfiru&ion. 

PROPOSITION XXIII. PROBLEM XV. 

To defcribe a trajectory that jhall pafs through four, given 
points , and touch a right line given by pojition . (PI. 10, 
Fig. *•)• 

Case 1 . Suppofe that HB is the given tangent* B the 
point of contad, and C, D, P, the three other given points. 
Join BC, and draw PS parallel to BH, and PQ parallel to 
BC; complete the parallelogram BSPQ. Draw BD cutting 
SP in T, and CD cutting PQ in R. Laftly, draw any line tr 
parallel to TR, cutting off from PQ, PS, the Segments Pr, Pt 
proportional to PR>PT refpedively; and draw Cr, Bt, their 
point of concourfe d will (by lem. 20) always fall on the tra- 
jectory to be defcribed. 

The fame otherwife . (PI. 10> Eig. 2.) 

Let the angle CBH of a given magnitude revolve about 
tlie pole B, as alfo the reClilinear radius DC, both ways pro- 
duced, about the pole C. Mark the points M, N, on which 
the leg BC of the angle cuts that radius when BH, the other 
leg thereof, meets the fame radius in the points P and D. 
Then drawing the indefinite line MN, let that radius CP or CD 
and the leg BC of the angle perpetually meet in this linej 
and the point of concourfe of the other leg BH with the ra* 
dius will delineate the traje&ory required. 

For if in the conftru&ions of the preceding problem the 
point A comes to a coincidence with the point B, the lines 
CA and CB will coincide, and the line AB, in its laft filia- 
tion, will become the tangent BH ; and therefore the con- 
ftru&ions there fet down will become the fame with the con- 
ftru&ions here defcribed. Wherefore the concourfe of the 
leg BH with the radius will defcribe a conic feClion palling 
through the points C, D, P, and touching the line BH in the 
point B. Q.E.F. 

Case 2. Suppofe the four points B, C, D, P (PI. 10, 
Fig. 3), given, being fituated without the tangent HI. Join 
each two hy the lines BD, CP, meeting in G, and cutting 
the tangent in H and I. Cut the tangent in A in fucb man- 
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Her that HA may be .to IA as the redangle under a mean 
proportional between CG and GP, and a mean proportional be- 
tween BH and HD is to a rectangle under a mean proportional 
between GD andGB,and a mean proportional between PI and 
IC, and A will be thepoint of contact. For if HX,a parallel to 
the right line PI, cuts the trqjedory in any points X and Y, the 
point A(by the properties of the conic fedions) will come to be lb 
placed,thatHA*will become toAPin aratio that is compounded 
Out of the ratio of the redangle XHY to the redangle BHD, 
or of the redangle CGP to the redangle DGB; and the ratio 
of the redangle BHD to the redangle PIC. But after the 
point of contad A is found, the trayedory will be described as 
in the firft cafe* Q.E.F. But the point A may be taken 
either between or without the points H and I; upon which 
account a twofold trqjedory may be deferibed. 

PROPOSITION XXIV. PROBLEM XVI. 

To describe a trajectory that Jhall pafs through three given 

points , and touch two right lines given by pojition. (PI. 10> 

Fig- 4.) 

Suppofe HI, KL to be the given tangents, and B, C, D, 
the given points. Through any two of thofe points, a9 B, D, 
draw the indefinite right line BD meeting the tangents in the 
points H, K. Then likewife through any other two of thefe 
points, as C, t), draw the indefinite right line CD meeting 
the tangents in the points I, L. Cut the lines drawn in R 
and S, fo that HR may be to KR as the mean proportional be- 
tween BH and HD js to the mean proportional between 
BK and KD; and IS to LS as the mean proportion* 
al between Cl and ID is to the mean proportional between 
CL and LD. But you may cut, at plbafure, either within or 
between the points K and H, I and L, or without them; 
then draw RS cutting the tangents in A and P, and A and P 
will be the points of contad. For if A and P are fuppofed to 
be the points of contad, fituated any where elfe in the tan- 
gents, and through any of the points H, I, K, L, as I, fituated 
in either tangent HI, a right fine IY is drawn parallel to the 
other tangent KL, and meeting the curve in X and Y, 
and in that right line there be taken IZ equal to a mean pro- 
portional between IX and IY, the redangle XIY or IZ X , 
Vox. I. G 
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will (by the properties of the conic fedions) be to LP X a$ the 
rectangle CID is to the redangle CLD, that is (by the con- 
ftrudion), as SI* is to SL 4 , and therefore IZ is to LP as SI to 
SL. Wherefore the points S, P, Z, are in one right line. 
Moreover, fince the tangents meet in G, the redangle XIY or 
IZ 1 will (by the properties of the conic, fedions) be to I A 1 as 
GP 1 is to GA Z , and confequently IZ will be to IA as GP to 
GA. Wherefore the points P, Z, A, lie in one right line, 
and therefore the points S, P, and A are in one right fine. 
And the fame argument will prove that the points It, P, and 
A are in one right line. Wherefore the [taints of contad A 
and P lie in the right line RS. Cut after thele {taltiti are 
found, the trajedory may be defcribed, as in the firft fcdfe 6f thk 
preceding problem. Q.E.F. 

In this proportion, and cafe 2 of the foregoihg, the tfofl- 
ftrudions are the fame, whether the right line X't' cut the 
trajedory in X and Y, or not; neither do they depehd upbn 
that fedion. But the conftrudions being dfetaonMdtfed inhere 
that right line does cut the trajedory, the copftrudiofis where 
it does not are alfo known ; and therefore, for brevity’s fake, 
I omit any farther demonftration of them. . 

LEMMA XXII. 

To transform figures into other figures of the fame kind. (PI. 10. 

Fig. 5.) 

Suppofe that any figure HGl is to be transformed. Draw, 
atpleafure, two parallel lines AO, BL, cutting any third line 
AB, given by pofition, in A and B, and from any point G of 
the figure, draw out any right line G D, parallel to OA, till it 
meet the right line AB. Then from any given point O in the 
line OA, draw to the point D the right line OD, meeting BL 
in d ; and from the point of cohcourfe raife the right line dg 
containing any given angle with the right line BL, and hav- 
ing fuch ratio to Od as DC has to OD ; and g will be the 
point in, the new figure hgi, correfponding to the point G. 
And in like manner the feveral points of the firft figure will 
give as many correfpondent points of the new figure. If we 
therefore conceive the point G to be carried along by a con- 
tinual motion through all the points of the firit figure, the 
' point g will be likevvife carried along by a continual motion 
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through all the points of the new figure, 
feme. Tor diftincftion’s, fake, let us call DG 


and defcribe the 
DG the firftorditiate, 
fig the new ordirtate^ AD the firft abfciffa, ad the new ab- 
icifla; O the polfcf OD the abfeinding radius, OA the firft 
ordinate radius, and Oa (by which the parallelogram OABa 
is completed) the new ordinate radius. 1 
I fayj then, that if the point G is placed in a right line 
given Tby portion, the point g will be alfo placed in a right 
line given by pofition. If the point G is placed in a conic 
le&ioo, tfre point g will be likewife placed in a conic 
jte&ion. And here I Wderftand the circle as oiie of the conic 
fe&ions. But farther, if the point G is placed in a line of thfe 
third analytical order, the point g will alfo be placed in a line 
of the third order, and fo on in curve lines of higher orderd. 
The two lines in which the points G, g, are placed, will be ah* 
ways olf the fame analytical order. For as ad is to OA, fo aife 
od to 6D, dg to DG, and AB to A'D ; and therefore AD is 

\ i OAxAB j ^ w OAxder XT 
equal to " * **££' an d equal to ^ Now if the 

point G is placed in a right line, and therefore, in any equa- 
tion by which the relation between the abfciffa AD and the 
ordinate DG is exprelfed, thofe‘indetermined lines' A 1) and 
ifc rife no higher than to one dimenfion, by writing this 

.OAxAB. AT v ,OAxdg. ‘ ‘ ' 

equation — >— j — in place of APj and — acl ' 1U P* ace °* 


ad 


DG, a new equation wiffbe produced, in which the new ab*. 
fciffa ad and new ordinate dg rife only to one dimenfion ; and 
Which therefore muft denote a right line. But if AD and DG 
(or either of them) had rifen to two dimenfions in the firft 
equation, ad and dg would likewife have rifen to two dimeri- 
lions in the fecond equation. And fo on in three or more di- 
menfions. The indetermined lines, ad, dg in the' fecond equa- 
tion, and AD, DG, in the firft, will always rife to the fanie 
number of dimenfions; and therefore the lines in which the 
.points G, g, are placed are of the fame analytical order, 
t fay farther, that if any right line touches the curve line in 
the firft figure, the fame right line transferred the fame way 
with the curve into the new figure will touch that curve line 
in the new figure, and vice verfa. For if any two points of thf 
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curve in the firft figure are fuppofed to approach one the 
other till they come to coincide, the fame points transferred 
will approach one the other till they come to coincide in the 
new figure ; and therefore the right lines with which thole 
points are joined will become together tangents of the curves 
in both figures. I might have given demonftrations of thefe 
affertions in a more geometrical form; but I ftudy to be 
brief. 

Wherefore if one re&ilinear figure is to be transformed into 
another, we need only transfer the interfe&ions of the right 
lines of which the firft figure eonfifts, and through the tranf- 
ferred interfe&ions to draw right lines in the new figure. But 
if a curvilinear figure is to be transformed, we mull transfer the 
points, the tangents, and other right lines, by means of which 
the curve line is defined. This lemma is of ufe in the folution. 
of the more difficult problems ; for thereby we may tranf- 
form thepropofed figures, if they are intricate, into others that 
are more fimple. Thus any right lines converging to a point 
are transformed into parallels, by taking for the firft ordinate 
radius any right line that paffes through the point of concourfe 
of the converging lines, and that becaufe their point of con- 
courfe is by this means made to go off in infinitum ; and pa- 
rallel lines are fuch as tend to a point infinitely remote. And 
after the problem is folved in the new figure, if by the inverfe 
operations we transform the ne\ff|jj£ the firft figure, we Ihall 
have the folution required. 

This lemma is alfo of ufe in the folution of folid problems. 
For as often as two conic fections occur, by the interfedlion of 
which a problem may be folved, any one of them may be 
transformed,.# it is an hyperbola or a parabola, into an ellipfis, 
and then this ellipfis may be eafily changed into a circle. So 
alfo a right line and a conic fedlion, in the conftru&ion of plane 
problems, may be transformed into a right line and a circle. 

PROPOSITION XXV. PROBLEM XVII. 

To defcribe a trajectory that fiiall pafs through two given 
points, and touch three right lines given by pojition . (PI. 
,10, Fig. 6.) 
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*' Tlirough the concourfe of any two of the tangents one with 
the other, and the concourfe of the third tangent with the 
right line which paffes through the two given points, draw an 
indefinite right line; and, taking this line for the firft ordinate 
radius, transform the figure by the preceding lemma into a 
new figure. In this figure thofe two tangents will become 
parallel to each other, and the third tangent will be parallel 
to the right line that paffes through the two given points. 
Suppofe hi, kl to be thofe two parallel tangents, ik the third 
tangent, and hi a right line parallel thereto, paffing through 
thofe points a, b, through which the conic fedlion ought to 
pafs in this new figure; and completing the parallelogram 
hikl, let the right lines hi, ik, kl be fo cut in c, d, e, that he 
may be to the fquare root of the redlangle ahb, ic to id, and 
ke to kd, as the fum of the right lines hi and kl is to the fum 
of the three lines, the firft whereof is the right line ik, and the 
other two are the . fquare roots of the re&angles ahb and alb; 
and c, d, e, will be the points of contadl. For by the pro- 
perties of the conic fe&ions, he* to the redtangle ahb, and ic* 
to id 2 , and ke 2 to kd 2 , and el 2 to the re&angle alb, are all in 
the fame ratio; and therefore he to the fquare root of ahb> ic 
to id, ke to kd, and el to the fquare root of alb, are in the 
fubduplicate of that ratio; and by compofition, in the given 
ratio of the fum of all the antecedents hi + kl, to the fum of 
all the confequents y'ahb+ik+ y'alb. Wherefore from that 
given ratio we have the points of contadl c, d, e, in the new 
figure. By the inverted operations of the laft lemma, let 
thofe points be transferred into the firft figure, and the tra- 
jectory will be theTe deferibed by prob. 14. &E.F. But ac- 
cording as the points a, b, fall between the points h, 1, dr 
without them, the points c, d, e, muft be taken either between 
the points, h, i, lr, 1, or without them. If one of the points 
a, b, falls between the points h, 1, and the other without the 
points h, 1, the problem is impoffible. 

PROPOSITION XXVI. PROBLEM. XVIII. . 

To deferibe a trajectory that Jhall pafs through a given point , 
and touch four right lines given bypofition. (PI. 11, Fig. 1.) 

G 3 
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From the common interactions of any two of the tangents 
to.the common interfedtion of the pther two, dra^v an indefinite 
right line; and taking this line for the firft ordinate radius, 
transform the figure (by lem. 22) into a new figure, and the 
two pairs of tangents, each of which before concurred in the 
firft ordinate radius, will now become parallel. Let hi and kl, 
jk and hi, be thole pairs of parallels completing the paraU 
Jelogram hikl, And let p bp the point in this new figure cor- 
jrefponding to the given point in the firft figure. Through 0 
tfip centrp pf the figure draw pq ; and Oq being equal to Op, 
q will be the other point through which the conic fe6tion 
niuft pals in this new figure. Let this point be transferred, by 
Jhe inverfe operation of lem. 22 into the firft figure, and there 
we lhall have the, two points through which the traje&ory is 
to be del’cribed. But through thole points that trajectory may 
be defcribed by prob, 17* Q.E.F. , 

- . . , i LEMMA XXIII, . , 

Jftwo tight lines, as AC, BD given by portion, and terminating 
in given points A, B, are in a given ratio one to the other , 
and the right line CD,, by which the indetermined points 
C, D are joined, is cut in K in a given ratio ; I fay, that the 
point K will be placed in a right line given bypofition • (PI. 
11, Fig. 2.) 

.For let the right lines AC, BD meet in E, and in BE take 
BG to AE as BD .is to AC, and let FD be always equal to the 
given fine EG; and, by conftruClion, EC will be to GD, that 
is, to EF, as AC to BD, and therefore in a given ratio ; and 
therefore the triangle EFC will be given in kind. pet CF be 
cut in L fp as CL may be to CF in the ratio of Cl£ to CD; 
and becaufe that is a given ratio, the triangle EFL will be 
given ip kind, and therefore the point I* will be placed in the 
fight line EL given by pofitiqn. Join LK, and the triangles 
CLK, CFD will be fimilar ; and becaufe FD is a given fine, 
and pKj is to FP in a given ratio, LK will be alfo given. To 
ffiis let EP be taken equal and ELKH will be always a paral- 
Iplpgrpm.. And therefore the point K is always placed in the 
fide IJK (given by pofilion) of that parallelogram, Q.E*D f 
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Cor. B^caufe the figure EFLC is given in kind, the three 
right JjnesEF, EL, and EC, that is, GD, 1JK, atidEC, will 
have given ratios to each other. 

LEMMA XXIV. 

, Jf three right lines, two whereof are, parallel , arid given by 
pofition, touch any conic f'e&ion ; Ifay,thattheJ'emi-dia- 
rnettr of the fe&tion which is parallel to thofe two is a mean 
proportional between the Jegtnents of thofe two that are in- 
tercepted between the points of contact and the third tangent , 
(PI. 11, Fig. 3.) 

Let AF, GB be the two parallels touching the conic fe&ion 
.ADB in A and B ; EF the third right line touching the conic 
lection in I, and meeting the two former tangents in F and 
. G, and let CD be the femi-diameter of the figure parallel 
. to thofe tangents ; I lay, that AF, CD, ? BG are continually 
proportional. 

JFor if the conjugate diameters AB, DM meet the tangent 
FG in E and H, and cut one the other in C, and the paral- 
. lelogram IKCLbe completed ; from the nature of the conic 
fections, EC will be to CA as CA to CL ; and fo by divilion, 
, EC — r CA to CA — CL, or EA to AL ; and by compofition, 
EA to EA + AL or EL, as EC to EC + CA orEB ; and there- 
fore (becaule of the limilitude of the triangles EAF, ELI, 
ECU, EBG) AF is to LI as CH to BG. Likewife, from the 
, nature of the conic feAions, LI (or CK) is to CD as CD to 
_ CH; and therefore (ex aequo perturbate) AF is to CD as 
. CD to EG. Q.E.D. 

C % or. 1. Hence, if two tangents FG, PQ meet two parallel 
. tangents AF, JJG in F and G, P and Q, and cut one the 
. other in O; AF (ex aequo perturbate) will be to BQ as AP 
. to BG, and by divilion, as FP to GQ, and therefore as FO 
to OG. 

Cor. 2. Whence alfo the two right lines PG, FQ drawn 
. through the points P and G, F and Q, will meet in the right 
line ACB palling through the centre of the figure and the 
points of contact A, B. 

G 4 
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LEMMA XXV. 

If four fides of a parallelogram indefinitely produced touch 
any conic fedion, and are cut by a fifth tangent ; I fay, 
that, taking thofe fegments of any two conterminous fides that 
terminate in oppofite angles of the parallelogram, either 
fegment is to the fide from which it is cut off as that part 
of the other conterminous fide which is intercepted between 
the point of contad and the third fide is to the other feg- 
ment. (PI. 11 , Fig. 4.) 

Let the four fides ML, IK, KL, MI of the parallelogram 
MLIK touch the conic fedion in A, B, C, D; and let the 
fifth tangent FQ cut thofe fides in F, Q, H, and E ; and tak- 
ing the fegments ME, KQ of the fides MI, KI, or the feg- 
ments KH, MF of the fides KL, ML, I lay, that ME is to 
MI as BK to KQ ; and KH to KL as AM to MF. For, by 
cor. 1 of the preceding lemma, ME is to El as (AM or) 
BK to BQ; and, by compofition, ME is to MI as BK to 
KQ. Q.E D. Alfo KH is to HL as (BK or) AM to AF; 
and by divifion, KH to KL as AM to MF. Q.E.D. 

Cor. 1 . Hence if a parallelogram IKLM defcribed about a 
given conic fedion is given, the redangle KQxME, as alfo 
the redangle KH xMF equal thereto, will be given. For, 
by reafon of the fimilar triangles KQH, MFE, thofe redan- 
gles are equal. 

Cor. 2. And if a fixth tangent eq is drawn meeting the 
tangents KI, MI in q and e, the redangle KQxME will be 
equal to the redangle KqXMe, and KQ will be to Me as 
Kq to ME, and by divifion as Qq to Ee. 

Cor. 3. Hence, alfo, if Eq, eQ, are joined and bifeded, 
and a right line is drawn through the points of bifedion, this 
right line will pafs through the centre of the conic fedion. 
For fince Qq is to Ee as KQ to Me, the fame right line 
will pafs through the middle of all the lines Eq, eQ, MK (by 
lem. 22), and the middle point of the right line MK is the 
centre of the fedion. 

PROPOSITION XXVII. PROBLEM XIX. 

To defcribe a trajedory that may touch five right lines given 
by pofition. (PL 1 1, Fig. 5.) 


Digitized by 


Google 



Digitized by LjOoq le 



IHale XI. Toll. 







1Se£l. V. OF NATURAL PHILOSOPHY. 89 

Snppofing ABG, BCF, GCD, FDE, EA to be the tangents 
given by pofition. Bifedl in M and N, AF, BE, the diagonals 
of the quadrilateral figure ABFE contained under any four 
of them; and (by cor. 3, lem. 25) the right line MN drawn 
through the points of bifedlion will pafs through the centre 
of the trajediory. Again, bifedl in P and Q the diagonals (if £ 
may fo call them) JJD, GF of the quadrilateral figure BGDF 
contained under any other four tangents, and the right line 
PQ drawn through the points of bifedlion will pafs through 
the centre of the trajediory ; and therefore the centre 
will be given in the concourfe of the bifedling lines. Suppofe 
it to be O. Parallel to any tangent BC draw KL at fuch 
diftance that the centre O may be placed in the middle be- 
tween the parallels; this KL will touch the trajediory to be 
defcribed. Let this cut any other two tangents GCD, FDE, 
in L and K. Through the points C and K, F and L, where 
the tangents not parallel, CL, FK meet the parallel tangents 
CF, KL, draw CK, FL meeting in R; and the right line 
OR drawn and produced, will cut the parallel tangents CF, 
KL, in the points of contadl. This appears from cor. 3, lem. 
24. And by the fame method the other points of contadl 
may Be found, and then the trajediory may be defcribed by 
prob. 14. Q.E.F. 

SCHOLIUM. 

Under the preceding propofitions are comprehended thofe 
problems wherein either the centres or afymptotes of the tra- 
jedtories are given. For when points and tangents and the 
centre are given, as many other points and as many other 
tangents are given at an equal diftance on the other fide of 
the centre. And an afymptote is to be confidered as a tan- 
gent, and its infinitely remote extremity (if we may fay fo) is 
a point of contadl. Conceive the point of contadl of any 
tangent removed in irifinitum, and the tangent will degenerate 
into an afymptote, and the conftrudlions of the preceding 
problems will be changed into the conftrudlions of thofe pro- 
blems wherein the afymptote is given. 

After the trajediory is defcribed, we may find its axes and 
foci in this manner. In the conftrudlion and figure of lem. 
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Cl, (PI. 12,Eg.l), let thofe legs BP, CP, of the moveable 
wangles PBN, PCN, by the eoncpurfe of whjch the traje&ory 
Duas defcribed, he made parallel one to the other; and retain- 
ing* that pofition, let them revolve aboqt their poles B, C, in 
that figure. In the mean while let the other legs CN, , BN, 
jof thofe angles, by* their concQMrfe JK fj pr>k, defcribe the circle 
UKGC. .Let O . be the centre of this qircle ; apd from this 
centre upon iber ruler. MN, wherein tbofe legs CN, BN d\d 
:concurwhile the trajectory was defcribed, let fqtt the perpen- 
dicular OH meeting the cirde in K and L. And when thole 
other Legs CK, BK meet, in the. point K that is nqareft to the 
ruler, thedrft legs CP, BP will be parallel to the greater axis, 
-arid perpendicular on the lelfer •>; and the contrary will happen 
nf thofe legs meet in tbe remotpft point L. Whence if the 
.centre of the trajectory is given, the axes will be given ; and 
' thofe being given, the foci will be readily found. 

• But the (Squares of the axes are one to the other as KH 40 
' LH, and tbencedt is eafy to 4 defcribe . a trajectory . given jn 

* kind through four given points., For if two of the givcQj poults 

are made the poles C, B, the third will give the moveable an- 
gles PCK, PBK; but thofe being given, the circlef BGKC 
may bedefcribed. Then, becaufe the, traje&ory is given jn 
kind, the ratio of OH to OK, and therefore QH itfelf,, will 
be given. About the centre O, with the interval OH, defcribe 
another nnd the right, line that touches this circle, and 

* pallet through the concourfe ofthe Jegs CK, B|K, 0 when the 

* firftlegs CP, BPrmeetin the fourth given point, will be the 
ruler 'MN, by means of which .the, trajectory m ay, be defqribed . 
Whence alfo. on the* other hand a trapezium given, in kipd 
(excepting a few cafes that are impoffible) ipay be* infcribpd 
in a given conic fe&ian. 

There are alfo other lemmas, by the help of wb^h trajecto- 
ries given in kind may be defcribed through given. points, apd 
touching given lines. Of fuch a fort is this, that if a right 
line is draw n through any point given by politLon, that may 
cut a given conic fe&ion in two points, and the distance of 
the interfe&ions is bife&ed, the point of bifedion yfiVL touch 
another conio fe&ion of the.femcfeind with the former^ and 
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having its axes parallel to the aie$ of the former, ©fit V feidi&n 
to things of greater ufe. 

LEMMA XXVI. 

To place the three angles of a triangle , given both in kind and 
magnitude, in refpeft of as many right lines given by po- 
fition, provided they art not all parallel among themfelvcs p 
in fuck manner that the f&veral angles may touch the fetttal 
lines . (PI. 12, Ffg. 2.) 

Three indefinite right lines AB, AC, BC, are giVen by po- 
sition, and it is required fo to place the triangle DBF th&trits 
angle I) may touch the line AB, its angle E the line AC, arid 
its angle F the line BC. Upon DE, DF, andEF, defcribe 
three fegments of circles DEE, DGF, EMF, capable 6f An- 
gles equal to the angles BAC, ABC, ACB refpeiftively. Bit 
tliofe legments are to be deferibed towards fnch' tides of "the 
"links 1 DE, DF, EF, that the letters DRED niay ttirn ^durid 
1 about in the fame order with the letters BAGB; theletters 
|)GFDiu the fame order with the letters ABCA ; And the 
fetters EMFE in the fame order with the letters ACBA ; then, 
completing thole fegments into entire circles, let the two 
former circles cut one the other in G, and fuppbfe P and Q 
to be their centres. Then joining GP, PQ,' take Ga to AB 
' as GP is to PQ; aod about the centre G, with the interval 
Gha^ defcribe a circle that may cut the firft circle DGE in a. 
Join aD cutting the fecond circle DFG in b, as well as aE 
cutting the third circle EMF in c. Gbmplele the figure 
AfeCdef fimilar and equal to the figure abcDEF : I fay, the 
thing is done. 

1 For drawing Fc meeting aD in n, and joining aG, bG, 
QG, QD, PP, by conftnnftion the angle EaD is equal to 
r the angle CAB, and the angle acF equal to the angle ACB ; 
*/iihd' therefore the triangle anc equiangular to the triangle 
'ABC. Wherefore the angle anc or FnD is equal to the an- 
* gle AfeC, and confequently to the angle FbD; and therefore 
the point n fells on the point b. Moreover the angle GpQ, 
which is half the angle GPDfet the centre, is equal to the 
v )vrjgle GaD nt thfe circumference; and thk atigte GiQP, Which 
"j&'balf .thfe angteGQD aVthe centre, is Cqual to the eonbple- 
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ment to two right angles of the angle GbD at the circum- 
ference, and therefore equal to the angle Qab. Upon which 
- account the triangles GPQ, Gab, are fimilar, and Ga is to 
ab as GP to PQ ; that is (by conftruCtion), as Ga to AB. 
Wherefore ab and AB are equal ; and consequently the tri- 
t angles abc, ABC, which we have now proved to be fimilar, 
are alfo equal. And therefore fince the angles D, E, F, of the 
triangle DEF do refpeCtively touch the fides ab, ac, be of the 
triangle abc, the figure ABCdef may be completed fimilar 
and equal to the figure abcDEF, and by completing it the 
problem will be Solved. Q.E.F. v 

Cor. Hence a right line may be drawn whofe parts given 
in length may be intercepted . between three right lines given 
by pofition. Suppofe the triangle DEF, by the aecefsspf its 
point D to the fide EF, and by having the fides DE, DF placed 
in direCtum to be changed into a right line whofe given part 
DE is to be interpofed between the right lines AB, AC given 
by pofition ; and its given part DF is to be interpofed be- 
tween the right lines AB, BC, given by pofition ; then, by ap- 
plying the preceding conftruCtion to this cafe, the problem 
will be Solved., 

PROPOSITION XXVIII. PROBLEM XX. 

To deferibe a trajectory given both in kind and magnitude , 
given parts of which Jhall be interpofed between three right 
lines given by pofition, (PL 12, Fig 3.) 

Suppofe a trajectory is to be defcribed that may be fimilar 
and equal to the curve line DEF, and may be cut by three 
right lines AB, AC, BC, given by pofition, into parts DE 
and EF* fimilar and equal to the given parts of this curve 
lipe. 

Draw the right lines DE, EF, DF ; and place the angles 
D, E, F, of this triangle DEF, fo as to touch thofe right lines 
given by pofition (by lem. 26). Then about the triangle de- 
feribe the trajectory, fimilar and equal to the curve DEF. 
Q.E.F. 

LEMMA XXVII. 

To deferibe a trapezium given in kind , the angles whereof may 
be fo placed , in refpeCt of four right lines given by pofition , 
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that are neither all parallel among themfelves , nor converge 
to one common point , that the feveral angle s may touch the 
feveral lines . (PI. 13, Fig. 1.) 

Let the four right lines ABC, AD, BD, CE, be given by 
pofition ; the firft cutting the fecond in A, the third in B, and 
the fourth in C ; and fuppofe a trapezium fghi is to be de- 
fcribed that may be fimilar to the trapezium FGHI, and 
whofe angle f, equal to the given angle F, may touch the 
right line ABC ; and the other angles g, h, i, equal to the 
other given angles, G, H, I, may touch the other lines AD, 
BD, CE, refpedtiyely. Join FH, and upon FG, FH, FI 
defcribe as many fegments of circles FSG, FTH, FVI, the 
firft of which FSG may be capable of an angle equal to the 
angle BAD ; the fecond FTH capable of an angle equal to 
the angle CBD ; and the third FV I of an angle equal to the 
angle ACE. But the fegments are to be delcribed towards 
thofe fides of the lines FG, FH, FI, that the circular order 
of the letters FSGF may be the fame as of the letters BADB, 
and that the letters FTHF may turn about in the fame order 
as the letters CBDC, and the letters FVIF in the fame order 
as the letters ACEA. Complete the fegments into entire cir- 
cles, and let P be the centre of the firft circle FSG, Q the 
centre of the fecond FTH. Join and produce both ways the 
line PQ, and in it take QR in the fame ratio to PQ as BC 
has to AB. But QR is to be taken towards that fide of the 
point Q, that the order of the letters P, Q, R, may be the 
fame as of the letters A, B, C ; and about the centre R with 
the interval RF defcribe a fourth circle FNc cutting the third 
circle FVI in c. Join Fc cutting the firft circle iiva, and the 
fecond jui). Draw aG, bH, cl, and let the figure ABCfghi 
be made fimilar to the figure abcFGHI; and the trapezium 
fghi will be that which was required to be defcribed. 

For let the two firft circles FSG, FTH cut one the other 
in K; join PK, QK, RK, aK, bK, cK, and produce QP 
to L. The angles FaK, FbK, FcK at the circumferences 
are tjie halves of the angles FPK, FQK, FRK, at the cen- 
tres, and therefore equal to LPK, LQK, LRK, the halves of 
thofe angles. Wherefore the figure PQRK is equiangular 
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and fimilap tp the figure abpl£, apd confequently ab is to be 
as PQ to QR,. tbati^, as AB to BC. But by conftru&jpp, the 
angles fAg, fBh, fCi are equal to the angles FaG, Fb^ Fcl. 
And therefore the %ure ABCfghj may be completed fimilar 
to the figure abcFGHI. Which done, a trapezium fgbij 
will be conftru&ed funilar to the trapeziupa FGHJ, and whic^ 
by its angles f, g, b, i will toqch thq right lings AjBC, AB, 
BD, CE. Q.E.F. 

Cob. Hence a right line may be drawn whofe parts inter- 
cepted in a given order, between four right lines given by po- 
fition, (hall have a given proportion among themfolves. Le^ 
the angles FGH, GHI, be fo far increafed that tbp rigb$ 
lines FG, GH, HI, may lie in diredum ; and by copftru&ing 
. the problem in this cafe, a right line fghi will be drawn, 
whofe parts fg, gh, hi, intercepted between the foqr rigty 
lines given by pofition, AB and AB, AD and BD, BD an4 
CE, will be one to another as the lines FG, GH, HI, an<} 
will obferve the fame order among tbemfelvps. But the famg 
thing may be more readily done in this planner. 

Produce AB to K (PI. 13, Fig. 2), and BD to L, fo as RK 
may be to AB as HI to GH ; and DL to BD as GI to FG j 
and join KL meeting the right line CE in i. Produce iL 
M, fo as LM may be to iL as GH to HI ; then drpw MQ 
parallel to LB, and meeting the right line AD in g, and joip 
gi cutting AB, BD in f, h : I fay, the thing is done. 

For let Mg cut the right line AB in Q, and AD tbp right 
line KL in S, and draw AP parallel to BD, and meeting iL 
in P, and gM to Lh (gi to hi. Mi to Li, GI to HI, AK to 
BK) and AP to BL, will be in the fame ratio. Cut DL in 
fo as DL to RL may be in that fame ratio ; and bepaufe gS 
to gM, AS to AP, and DS to DL are proportional ; therefeuff 
(ex aquo ) as gS to Lh,. fo will AS be to BL, and JJ)S to JRL^ 
and mix tly, BL — RL to Lh — BL, as AS — DS to gS — AS. 
That is, BR is to Bh a? AD is to Ag, and therefore as BJj> 
to gQ. And alternately BR is to BD as Bh to gQ, or as fti 
to fg. But by cppftrwftion the line BL wps cut in X) pud R 
in 'the lame, ratio as the line FI in G and H ; and -therefore 
BRJs to ^RDasi^to F Q. Wberefpje fh is tofg as FHto 
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FG. Since, therefore, gi to hi likewife is as Mi to Li, that is, 
as GI to HI, it is maaifeft that the lines FI* f i, are fimilarly 
cut ia G and H, g arid h. Q.E.F. 

In the conftritotion of this corollary, after tire line LK is 
drawn cutting CE in i, we may produce iE to V, lb as EV 
may he to Ei as FH to HI, and then draw Vf parallel to BD. 
It will come to the fame, if about the centre i, with an inters 
val IH, we defcribe a circle cutting BD in X, and produce 
iX to Y fo asiY may be equal to IF, and then draw Yf pa- 
rallel to BD. 

Sir Chriftoplbet Wren and Dr. Wallis have long ago given 
other folutions of this problem. 

PROPOSITION XXIX. PROBLEM XXI. 

T6 defcribe a trajectory given in hind , that may be cut by four 
right lines given by pofition , into parts given in order , kind, 
and proportion . 

Suppofe a trajectory is to be described that may be fimilar 
to the curve line FGHI (PI. 15, Fig. 3), and whofe parts, 
fimilar And proportiohal to the parts FG, GH, HI of the 
other, may be intercepted between the right lines AB and 
AD, AD and BD, BD and GE given by pofition, viz. the 
firft between the firii pair of thofe lines, the fecond between 
the lecond, and the third between the third. Draw the right 
lines FG, GH, HI, FI; and (by lem. 27) defcribe a trape- 
zium fghi that may be fimilar to the trapezium FGHI, and 
whofe angles f, g, h, i, may touch the right lines given by po- 
fition, AB, AD, BD, CE, feverally according to their order. 
And then about this trapezium defcribe a trajectory, that tra- 
jectory will be fimilar to the curve line FGHI. 

SCHOLIUM. 

This problem may be likewife conftru&ed in the following 
manner. Joining FG, GH, HI, FI (PI. 13, Fig. 4), pro- 
duce GF to V, and join FH, IG, and make the angles CAK, 
DAL equal to the angles FGH, VFH. . Let AK, AL meet 
the right line BD in K and L, and thence draw KM, LN, of 
which let KM make the angle AKM equal to the angle GHI, 
and be itfelf to AK as HI is to GH ; and let LN make the 
angle ALN equal to the angle FHI, and be itfelf to AL as 
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HI to FH. But AK, KM, AL, LN are to be drawn to- 
wards thole lidesof the lines AD, AK, AL, that the letters 
CAKMC, ALKA, DALND may be carried round in the 
fame order as the letters FGHIF ; and draw MN meeting the 
right line CE in i. Make the angle iEP equal to the angle 
IGF, and let PE be to Ei as FG to GI ; and through P 
draw PQf that may with the right line ADE contain an angle 
PQE equal to the angle FIG, and may meet the right line 
AB in f, and join fi. But PE And PQ are to be drawn to-* 
wards thofe fides of the lines CE, PE, that the circular order 
of the letters PEiP and PEQP may be the fame as of the 
letters FGHIF; and if upon the line fi, in the fame order of 
letters, and fimilar to the trapezium FGHI, a trapezium fghi 
is conftru&ed, and atr^je&ory given in kind is circumfcribed 
about it, the problem will be folved. 

So far concerning the finding of the orbits. It remains 
that we determine the motions of bodies in the orbits fo found. 
SECTION VI. 

How the motions are to be found in given orbits . 

PROPOSITION XXX. PROBLEM XXII. 

To find at any ajfigned time the place of a body moving in a 
given parabolic trajectory. 

Let S (PI. 14, Fig. 1) be the focus, and A the principal 
vertex of the parabola ; and fuppofe 4AS X M equal to the pa- 
rabolic area to be cut off APS, which either was defcribed by 
the radius SP, fince the body’s departure from the vertex* or 
is to be defcribed thereby before its arrival there. Now the 
quantity of that area to be cut off is known from the time 
which is proportional to it. Bife6l AS in G, and ere& the 
perpendicular GH equal to 3M, and a circle defcribed about 
the centre H, with the interval HS, will cut the parabola in 
the place P required. For letting fall PO perpendicular on 
the axis, and drawing PH, there will be AG 4 -f GH* (ztHP* 
= AO — AG| 4 + PO — GH| 4 ) = AO 4 + PO 4 — 2GAO — 
QGU + PO -f AG 4 + GH 4 . Whence 2GH X PO( = AO* 
+ PO 4 — r- 2GAO) = AO 4 -f | PO 4 . For AO 4 write AO * 
PO* 

; then dividing all the terms by 3PO, and multiplying 
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them by fiAS, we (hall have $GH x AS (= |AO x PO 


+ JAS x PO = 


AO jbSAS 
6 


x PO = 


4AO — 3SO 

T 


xPO= 


to the area APO — SPO)l = to the area APS. But GH was 
SM, and therefore |GH x AS is 4AS x M. Wherefore the 
area cut off APS is equal to the area that was to be cut off 
4AS x M. Q.E.D. 

Cor. 1 . Hence GH is to AS as the time in which the 
body defcribed the arc AP to the time in which the body 
defcribed the arc between the vertex A and the perpendicular 
ereflecbfrom the focus S upon the axis. 

Cor. 2. And fuppoling a circle ASP perpetually to pals 
through the moving body P, the velocity of the point H is 
to the velocity which the body had in the vertex A as 3 to 8 ; 
and therefore in the fame ratio is the line GH to the right 
line which the body, in the time of its moving from A to P, 
would defcribe with that velocity which it had in the vertex A. 

Cor. 3. Hence alfo, on the other hand, the time may be 
found in which the body has defcribed any affigned arc AP. 
Join AP, and on its middle point eredl a perpendicular meet* 
ing the right line GH in H. 


LEMMA XXVIII. 

There is no oval figure whofe area, cut off by right lines at 
pleafure , can be univerfally found by means of equations of 
any number of finite terms and dimenjions. 

Suppofe that within the oval any point is given, about 
which as a pole aright line is perpetually revolving with an 
uniform motion, while in that right line a moveable point go- 
ing out from the pole moves always forward with a velocity 
proportional to the fquare of that right line within the oval. 
By this motion that point will defcribe a fpiral with infinite 
circumgyrations. Now if a portion of the area of the oval 
cut off by that right line could be found by a finite equation, 
the diflance of the point from the pole, which is proportional 
to this area, might be found by the fame equation, and there- 
fore all the points of the fpiral might be found by a finite 
equation alfo; and therefore the interfe&ion of a right line 
given in pofition with the fpiral might alfo be found by a 
VOL. I. II 
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finite equation. But every right line infinitely produced cuts 
a fpiral in an infinite number of points $ and the equation by 
which any one interfetflion of two lines is found at the fame 
time exhibits all their interfe&ions by as many roots, and 
therefore rifes to as many dimenlions as there are interfec- 
tions. Becaufe two circles mutually cut one another in two 
points, one of thofe interfe&ions is not to be found but by an. 
equation of two dimenfion3, by which the other interfe&ion 
may be alfo found. Becaufe there may be four interfeftions 
of two conic fe&ions, any one of them is not to be found uni- 
verfally, but by an equatipn of four dimenfions, by which they 
may be all found together. For if thofe interfedlions are fe- 
verally fought, becaufe the law and condition of all is the 
fame, the calculus will be the fame in every cafe, and there- 
fore the conclufion always the fame, which mull therefore 
comprehend all thofe interfe&ions at once within itfelf, and 
exhibit them all indifferently. Hence it is that the inter- 
fe&ions of the conic l’edlions with the curves of the third order* 
becaufe they may amount to fix, come out together by equa- 
tions of fix dimenfions ; and the interfedlions of two curves of 
the third order, becaufe they may amount to nine, come out 
together by equations of nine dimenfions. If this did not 
neceffarily happen, we might reduce all folid to plane pro- 
blems, and thofe higher than folid to folid problems. But 
here I fpeak of curves irreducible id power. For if the equa- 
tion by which the curve is defined may be reduced to a lower 
power, the curve will not be one fingle curve, but Compofed 
of two, or more, whofe interfedlions may be leverally found 
by different calculuffes. After the fame manner the two inter- 
fe&ions of right lines with the conic fe&ions come out al- 
ways by equations of two dimenfions ; the three interfe&ions 
of right lines with the irreducible curves of the third order by 
equations of three dimenfions ; the four interfe&ions of right 
lines with the irreducible curves of the fourth order, by equa- 
tions of four dimenfions; and fo on in infinitum . Wherefore 
the innumerable interfe&ions of a right line with a fpiral* 
fince this is but one fimple curve, and not reducible to more 
curves, require equations idfinite in number of dimenfions and 
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roots, by which they may be all exhibited together For the 
law and calculus of all is the fame. For if a perpendicular is 
let fall from the pole upon that interfering right line, and 
that perpendicular together with the interfering line revolves 
about the pole, the interfedlions of the fpiral will mutually 
* pafs the one into the other ; and that which was firft or 
neareft, after one revolution, will be the fecond ; after two, 
the third; and fo on : nor will the equation in the mean time 
be changed but as the magnitudes of thofe quantities are 
changed, by wliich the polition of the interfering line is de* 
termined. Wherefore fince thofe quantities after every re* 
volution return to their firft magnitudes, the equation will re* 
turn to its firft form; and confequently one and the fame equa* 
tion will exhibit all the interferions, and will therefore have 
an infinite number of roots, by which they may be all exhi* 
bited. And therefore the interferion of a right line with a 
fpiral cannot be univerfally found by any finite equation ; and 
of confequence there is no oval figure whofe area, cut off by 
right lines at pleafure> can be univerfally exhibited by any 
fuch equation. 

By the feme argument, if the interval of the pole and point 
by which the fpiral is defcribed is taken proportional to that 
part of the perimeter of the oval which is cut off, it may be 
proved that the length of the perimeter cannot be univerfally 
exhibited by any finite equation. But here I fpeak of ovals 
that are not touched by conjugate figures running out in in* 
finitum . 

Colt. Hence the area of an ellipfis, defcribed by a radiua 
drawn from the focus to the moving body, is not to be fpund 
from the time given by a finite equation; and therefore can- 
not be determined by the defcription of Curves geometrically 
rational. Thofe curves 1 call geometrically rational, all the 
points whereof may be determined by lengths that are de- 
finable by equations ; that is, by the complicated ratios of 
lengths. Other curves (fuch as fpirals, quadratrixes, and cy- 
cloids) 1 call geometrically irrational. For the lengths which 
are or are hot as number to number (according to the tenth 
book of elements) are arithmetically rational or irrational. 
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And therefore I cut off an area of an ellipfis proportional to 
the time in which it is defcribed by a curve geometrically ir- 
rational, in the following manner. 

PROPOSITION XXXI. PROBLEM XXIII. 

To find the place of a body moving in a given elliptic trajectory 
at any ajfigned time . 

Suppofe A (Pl. 14, Fig. 2) to be the principal vertex, S- 
the focus, and O the centre of the ellipfis APB; and let P 
be the place of the body to be found. Produce OA to G fo 
as OG nfiay be to OA as OA to OS. Ere<5l the perpendicular 
GH ; and about the centre O, with the interval OG, defcribe 
the circle GEF; and on the ruler GH, asabafe, fuppofe 
the wheel GEF to move forwards, revolving about its axis, 
and in the mean time by its point A defcribing the cycloid 
ALI. Which done, take GK to the perimeter GEFG of the 
wheel, in the ratio of the time in which the body proceeding 
from A defcribed the arc AP, to the time of a whole revo- 
lution in the ellipfis. Ere& the perpendicular KL meeting 
the cycloid in L ; then LP drawn parallel to KG will meet 
the ellipfis in P, the required place of the body. 

For about the centre O with the interval OA defcribe the 
femi-circle AQB, and let LP, produced, if need be, meet the 
arc AQ in Q, and join SQ, OQ. LetOQ meet the arc EFG 
in F, and upon OQ let fall the perpendicular SR. The area 
APS is as the area AQS, that is, as the difference between 
the feftor OQA and the triangle OQS, or as the difference of 
the re&angles £OQ X AQ, and -§OQ X SR, that is, be* 
caufe £OQ is given, as the difference between the arc AQ 
-and the right line SR ; and therefore (becaufe of the equality 
of the given ratios SR to the fine of the arc AQ, OS to OA, 
OA to OG, AQ to GF ; and by divilion, AQ — SR to GF — 
line of the arc AQ) as GK, the difference between the arc GF 
and the fine of the arc AQ. Q.E.D. 

SCHOLIUM. 

But fince the defcription of this curve is difficult, a folution 
by approximation will be preferable. Firft, then, let there be 
found a certain angle B which may be to an angle of 57,29578 
degrees, which an arc equal to the radius fubtends, as £H 
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(PI. 14, Fig. 3), the diftance of the foci, to AB, the diameter 
of the ellipfis. Secondly, a certain length L, which may be 
to the radius in the fame ratio inversely. And thefe being 
found, the problem may be folved by the following analyfis. 
By any conftruClion (or even by conjecture), fuppofe we know 
P the place of the body near its true place p. Then letting 
fall on the axis of the ellipfis the ordinate PR from the pro- 
portion of the diameters of the ellipfis, the ordinate RQ of the 
circumfcribed circle AQB will be given; which ordinate is the 
fine of the angle AOQ, fuppofing AO to be the radius, and 
alfo cuts the ellipfis in P. It will be fufficient if that angle 
is found by a rude calculus in numbers near the truth. Sup- 
pofe we alfo know the angle proportional to the time, that is, 
which is to four right angles as the time in which the body 
defcribed the arc Ap, to the time of one revolution in the el- 
lipfis. Let this angle be N. Then take an angle D, which 
may be to the angle B as the fine of the angle AOQ to the ra- 
dius ; and an angle E which may be to the angle N — AOQ 
+ D as the length L to the fame length L diminilhed by the 
cofine of the angle AOQ, when that angle is lefs than a right 
angle, or increafed thereby when greater. In the next place, 
take an angle F that may be to the angle B as the fine of the 
angle AOQ + E to the radius, and an angle G, that may be 
to the angle N — AOQ — E + F as the length L to the 
fame length L diminilhed by the cofine of the angle AOQ 
+ E, when that angle is lefs than a right angle, or increafed 
thereby when greater. For the third time take an angle H, 
that may be to the angle B as the fine of the angle AOQ + 
E + G to the radius; and an angle I to the angle N — AOQ 
— E — G + H, as the length L is to the fame length L dimi- 
niflied by the cofine of the angle AOQ + E + G, when that 
angle is lefs than a right angle, or increafed thereby when 
greater. And fo we may proceed in infinitum . Laftly, take 
the angle AOq equal to the angle AOQ -f- E + G -f- 1 &c. 

and from its cofine Or and the ordinate pr, which is to its line 
qr as the leffer axis of the ellipfis to the greater, we (hall have 
p the correCl place of the body. When the angle N — AOQ 
4- D happens to be negative, the fign -{- of the angle E mull 
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be every where changed into — , and the fign — into +. 
And the fame thing is to be underftood of the figns of the an- 
gles G and I, when the angles N — - AOQ — E + F, and N 
— AOQ -r- E — ■ G + H come out negative. But the infi- 
nite feries AOQ -f E + G + I -J-, &c. converges fo very 
faft, that it will be fcarcely ever needful to proceed beyond 
the fecond term E. And the calculus is founded upon this 
theorem, that the area APS is as the difference between the 
arc AQ and the right line let fall from the focus S perpendi- 
' cularly upon the radius OQ. 

And by a calculus not unlike, the problem is folved in the 
hyperbola. Let its centre be O (PI. 14, Fig. 4), its vertex 
A, its focus S, and afymptote OK; and fuppofe the quan- 
tity of the area to be cut off is known, as being proportional 
to the time. Let that be A, and by conje&ure fuppofe we 
know the pofition of a right line SP, that cuts off an area 
APS near the truth. Join OP, and from A and P to the 
afymptote draw AI, PK parallel to the other afymptote; 
and by the table of logarithms the area AIKP will be given, 
and equal thereto the area OPA, which fubduded from the 
triangle OPS, will leave the area cut off APS. And by ap- 
plying 2APS — 2A, or 2A — 2APS, the double difference 
of the area A that was to be cut off, and the area APS that 
is cut off, to the line SN that is let fall from the focus S, per- 
pendicular upon the tangent TI, we (hall have the length of 
the chord PQ. Which chord PQ is to be infcribed between 
A and P, if the area APS that is cut off be greater than the 
area A that was to be cut off, bat towards the contrary fide 
of the point P, if otherwife: and the point Q will be the place 
of the body more accurately. And by repeating the com- 
putation the place may be found perpetually to greater and 
greater accuracy. 

And by fuch computations we have a general analytical 
refolution of the problem. But the particular calculus that 
follows is better fitted for aftronomical purpofes. Suppofing 
AO, OB, OD (PI. 14, Fig. 5), to be the femi-axes of the el- 
lipfis, and L its latus re&um, and D the difference betwixt the 
leffer femi-axis OD, and |.L the half of the latus re<Sum: let 
an angle Y be found, whofe fine may be to the radius as the re<ftan- 
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. gle under thatdifference D, and AO + OD the half fum of the axes 
to thefquareof the greater ax is AB. Find alfo an angle Z,whofe 
line may be to the radius as thedouble rectangle under the diftance 
of thefociSHandthatdifferenceDto triple thefquareof half the 
greater femieaxis AO. Thofe angles being once found, the 
place of the bpdy may be thus determined. Take the angle 
T proportional to the time in which the arc BP was defcribed, 
or equal to what is called the mean motion; and an angle V, 
the firft equation of the mean motion to the angle Y, the 
greateft firft equation, as the fine of double the angle T is to 
the radius; and an angle X, the fecond equation, to the an- 
gle Z, the fecond greateft equation, as the cube of the line of 
the angle T is to the cube of the radius. Then take the an- 
gle BHP the mean motion equated equal to T + X + V, the 
fum of the angles T, V, X, if the angle T is lefs than a right 
angle ; or equal to T + X — V, the difference of the fame, if 
that angle T is greater than one and lefs than two right angles; 
and if HP meets the ellipfts in P, draw SP, and it will cut oft 
the area BSP nearly proportional to the time. 

This pra&ice feems to be expeditious enough, becaufe the 
angles V and X, taken in fecond minutes, if you pleafe, being 
very fmall, it will be fufficient to find two or three of their 
firft figures. But it is likewife fufficiently accurate to anfwer 
to the theory of the planets’ motions. For even in the orbit 
of Mars, where the greateft equation of the centre amounts 
to ten degrees, the error will fcarcely exceed one fecond. 
But when the angle of the mean motion equated BHP is 
found, the angle of the true motion BSP, and the diftance 
SP, are readily had by the known methods. 

And fo far concerning the motion of bodies in curve lines. 
But it may alfo come to pals that a moving body fhall afcend 
or defcend in a right line; and I fhall now go on to explain 
what belongs to fueh kind of motions. 

SECTION VII. 

Concerning the reili linear afcent and defcent of bodies, 

PROPOSITION XXXII. PROBLEM XXIV. 
Suppojing that the centripetal force is reciprocally propor- 
tional to the fquare of the diftance of the places from the 
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centre ; it is required to define the j paces which a body, fall- 
ing direSly, deferibes in given times. 

Case 1 . If the body does not fall perpendicularly, it will 
(by cor. 1, prop. IS) deferibe fome conic fe&ion whole focus 
is placed in the centre of force. Suppofe that conic fe&ion 
to be ARPB (PI. 15, Fig. 1), and its focus S. And, firft, if 
the figure be an ellipfis, upon the greater axis thereof AB 
deferibe the femi-circk ADB, and let the right line DPC 
pafs through the falling body, making right angles with the 
axis ; and drawing DS, PS, the area ASD will be proportional 
to the area ASP, and therefore alfo to the time. The axis 
AB ftill remaining the fame, let the breadth of the ellipfis be 
perpetually diminilhed, and the area ASD will always remain 
proportional to the time. Suppofe that breadth to be 
diminilhed in infinitum; and the orbit APB in that cafe 
coinciding with the axis AB, and the focus S with the ex- 
treme point of the axis B* the body will defeend in the right 
line AC, and the area ABD will become proportional to the 
time. Wherefore the fpace AC will be given which the body 
defcjribes in a given time by its perpendicular fall from the 
place A, if the area ABD is taken proportional to the time, 
and from the point D the right line DC is let fall perpendi- 
cularly on the right line AB. Q.E.I. 

Case 2. If the figure RPB is an hyperbola (Fig. 2), on 
the fame principal diameter AB deferibe the redlangular 
hyperbola BED; and becaufe the areas CSP, CBfP, SPfB, 
are feverally to the feveral areas CSD, CBED, SDEB, 
in the given ratio of the heights CP, CD, and the 
area SPfB is proportional to the time in which the body P 
will move through the arc PfB, the area SDEB will be alfo 
proportional to that time. Let the latus re&urn of the hyper- 
bola RPB be diminilhed in infinitum , the latus tranfverfum 
remaining the fame; and the arc PB will come to coincide 
with the right line CB, and the focus S with the vertex B, 
and the right line SD with the right line BD. And therefore 
the area BDEB will be proportional to the time in which the 
body C, by its perpendicular defeeut, deferibes the line CB. 
Q.E.I. 
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Case 3. And by the like argument, if the figure RPB is a 
parabola (Fig, 3), and to the fame principal vertex B another 
parabola BED is defcribed, that may always remain given 
while the former parabola in whofe perimeter the body P 
moves, by having its latus re&um diminifhed and reduced to 
nothing, comes to coincide with the line CB, the parabolic 
fegment BDEB will be proportional to the time in which 
that body P or C will defcend to the centre S or B. Q.E.I. 

PROPOSITION XXXIII. THEOREM IX. 

The things above found being fuppofed, I fay, that the velocity 
of a falling body in any place C is to the velocity of a body , 
defcribing a circle about the centre B at the diftance BC, in 
the fubduplicate ratio of AC, the diftance of the body from 
the remoter vertex A of the circle or red angular hyperbola, 
to {AB, the principal fern-diameter of the figure. (PL 15, 
Fig. 4.) 

Let AB, the common diameter of both figures RPB, DEB, 
be bife&ed in O; and draw the right line PT that may touch 
the figure RPB in P, and likewife cut that common diameter 
AB (produced, if need be) in T ; and let SY be perpendicular 
to this line, and BQ to this diameter, and fuppofe the latus 
re&um of the figure RPB to be L. From cor. 9, prop. 16, it 
is manifeft that the velocity of a body, moving in the line 
RPB about the centre S, in any place P, is to the velocity of 
a body defcribing a circle about the fame centre, at the dif- 
tance SP, in the fubduplicate ratio of the rectangle |.L X SP 
to SY\ For by the properties of the conic fe&ions ACB is 


2 CP* x AO 

to CP 1 as SAO to L, and therefore is ec J ua l to 

L. Therefore thofe velocities are to each other in the fubdu- 

r * a . f CP l x AO x SP A „ t f 

plicate ratio of A CB ^ ' Moreover, by the 


properties of the conic fe&ions, CO is to BO as BO to TO, 
and (by compofition or divifion) as CB to BT. Whence (by 
divifion or compofition) BO — or + CO will be to BO as 
CT to BT, that is, AC will be to AO c is CP to BQ; and 


therefore 


CP* x AO x SP . , BQ* X AC X SP 

ACB “ 'I" 81 “ — AOlTBE — 
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Now fuppofe CP, the breadth of the figure RPB, to be dimi- 
niftied in infinitum, fo as the point P may come to coincide 
with the point C, and the point S with the point B, and the 
line SP with the line BC, and the line SY with the line BQ ; 
tmd the velocity of the body now defcending perpendicularly 
in the line CB will be to the velocity of a body defcribing a 
circle about the centre B, at the diftance BC, in the fubdu- 

i* r BQ z x AC x SP . 0 . r , . , _ _ 

plicate ratio or XO ~ x lSC t0 S ** * B ( ne g* e< ^ ln g 

the ratios of equality of SP to BC, and BQ 1 to SY*), in the 
fubduplicate ratio of AC to AO, or £AB. Q.E.D. 

Cor. 1. When the points B and S come to coincide, TC 
will become to TS as AC to AO. 

Cor. 2. A body revolving in any circle at a given diftance 
from the centre, by its motion converted upwards, will afcend 
to double its diftance from the centre. 

PROPOSITION XXXIV. THEOREM X. 

If the figure BED is a parabola, I fay, that the velocity of a 
falling body in any place C is equal to the velocity by which 
a body may uniformly defcribe a circle about the centre B 
at half the interval BC. (PI. 15, Fig. 5.) 

For (by cor. 7, prop. 16 ) the velocity of a body defcribing 
a parabola RPB about the centre S, in any place P, is equal 
to the velocity of a body uniformly defcribing a circle about 
the fame centre S at half the interval SP. Let the breadth 
CP of the parabola be diminiftied in infinitum, fo as the pa- 
rabolic arc PfB may come to coincide with the right line 
CB, the centre S with the vertex B, and the interval SP 
with the interval BC, and the propofition will be manifeft. 
Q.E.D. 

, PROPOSITION XXXV. THEOREM XI. 

The fame things fuppofed, I fay, that the area of the figure 
DES, deferibed by the indefinite radius SD, is equal to the 
area which a body z&ith a radius equal to half the latus rec- 
tum of the figure DES, by uniformly revolving about the 
centre S, may defcribe in the fame time . (PI. J6, Fig. 1 .) 
For fuppofe a body C in the fmalleft moment of time de- 
feribes in falling the infinitely little line Cc, while another 
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body K, uniformly revolving about the centre S in the circle 
OKk, defcribes the arc Kk. Ere<ft the perpendiculars CD, 
cd, meeting the figure DES in D,d. Join SD, Sd, SK, Sk, 
and draw Dd meeting the axis AS in T, and thereon let fall 
the perpendicular SY. 

Case 1. If the figure DES is a circle, or a rectangular hy- 
perbola, bifed; its tranfverfe diameter AS in O, and SO will 
be half the latus reChmi. And becaufe TC is to TD as Cc to 
Dd, and TD toTS as CD to SY ; ex aequo TC, will be to TS 
as CD x Cc to SY x Dd. But (by cor. 1, prop. S3) TCis 
to TS as AC to AO; to wit, if in the coalefcence of the points 
D, d, the ultimate ratios of the lines are taken. Wherefore 
AC is to AO or SK as CD x Cc to SY x Dd. Farther, the 
velocity of the defcending body in C is to the velocity of a 
body defcribing a circle about the centre S, at the interval 
SC, in the fubduplicate ratio of AC to AO or SK (by prop. 
33) ; and this velocity is to the velocity of a body defcribing 
the circle OKk in the fubduplicate ratio of SK to SC (by cor. 
6, prop. 4); and, ex aequo y the firft velocity to the laft, that is, 
the little line Cc to the arc Kk, in the fubduplicate ratio of 
AC to SC, that is, in the ratio of AC to CD. Wherefore 
CD X Cc is equal to AC x Kky. and consequently AC to SK 
as AC x Kk to SY x Dd, and thence SK x Kk equal to 
SY x Dd, and £SK x Kk equal to £SY X Dd, that is, the 
area KSk equal to the area SDd. Therefore in every mo- 
ment of time two equal particles, KSk and SDd, of areas are 
generated, which, if their magnitude is diminilhed, and their 
number increafed in infinitum , obtain the ratio of equality, 
and confequently (by cor. lem. 4), the whole areas together 
generated are always equal. Q.E.D. 

Case 2. But if the figure DES (Fig. 2) is a parabola, we 
fliall find, as above, CD x Cc to SY X Dd as TC to TS, that 
is, as 2 to 1; and that therefore ^CD x Cc is equal to 
JSY x Dd. But the velocity of the falling body in C is 
equaHo the velocity with which a circle may be uniformly 
defcribed at the interval £SC (by prop. 34). And this velo- 
city to the velocity with which a circle may be defcribed with 
the radius SK, that is, the little line Cc to the arc Kk, Is (by 
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cor. 5, prop. 4) in the fubduplicate ratio of SK to £SC ; 
that is, in the ratio of SK to 4-CD, Wherefore £SK x Kk 
is equal to *CD x Cc, and therefore equal to $6Y x Dd ; 
that is, the area KSk is equal to the area SDd, as above. 
Q.E.D. 

PROPOSITION XXXVI. PROBLEM XXV. 

To determine the times of the defeent of a body falling from a 
given place A. (PI. 16, Fig. 3.) 

Upon the diameter AS, the diftance of the body from the 
centre at the beginning, deferibe the femi-circle ADS, as 
likewife the femi-circle OKH equal thereto, about the centre 
S. From any place C of the body eretfl the ordinate CD. 
Join SD, and make the feftor OSK equal to the area ASD. 
It is evident (by prop. 35) that the body in falling will de- 
feribe the fpace AC in the fame time in which another body, 
uniformly revolving about the centre S, may deferibe the arc 
OK. Q.E.F* 

PROPOSITION XXXVII. PROBLEM XXVI. 

To define the times of the afeent or defeent of a body projeSled 
upwards or downwards from a given place . (PI. 16, Fig. 4.) 

Suppofe the body to go off from the given place G, in the 
dire&ion of the line GS, with any velocity. In the dupli- 
cate ratio of this velocity to the uniform velocity in a circle, 
with which the body may revolve about the centre S at the 
given interval SG, take GA to *AS. If that ratio is the 
fame as of the number 2 to 1, the point A is infinitely remote; 
in which cafe a parabola is to be defesibed with any latus 
le&um to the vertex S, and axis SG; as appears by prop. 
34* But if that ratio is lefs or greater than the ratio of 2 to 
1, in the former cafe a circle* in the latter a re&angular hy- 
perbola, is to be deferibed on the diameter SA; as appears by 
prop. 33. Then about the centre S, with an interval equal to 
half the latus re&um, deferibe the circle HkK ; and at the 
place G of the afeending or defeending body, and at any 
other place C, ere& the perpendiculars GI, CD, meeting the 
conic fe&ion or circle in I and D. Then joining SI, SD, let 
the fe&ors HSK, HSk be made equal to the fegments SEIS, 
BEDS, and (by prop. 35) the body G will deferibe the fpace 
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GC in the fame time in which the body K may defcribe the 
arc Kk. Q.E.F. 

PROPOSITION XXXVIII. THEOREM XII. 
Suppofing that the centripetal force is proportional to the alti- 
tude or diftance of places from the centre, I fay, that the 
times and velocities of falling bodies, and the fpaces which 
they defcribe , are rcfpe&ively proportional to the arcs, and 
the right and verfed fines of the arcs . (PI. 17, Fig. 1.) 
Suppofe the body to fall from any place A in the right line 
AS ; and about the centre of force S, with the interval AS, 
defcribe the quadrant of a circle AE ; and let CD be the right 
fine of any arc AD ; and the body A will in the time AD in 
falling defcribe the fpace AC, and in the place C will acquire 
the velocity CD. 

This is demonftrated the fame way from prop. 10, as prop. 
32 was demonftrated from prop. 1 1 . 

Cor. 1 . Hence the times are equal in which one body falling 
from the place A arrives at the centre S, and another body 
revolving defcribes the quadrantal arc ADE. 

Cor. 2. Wherefore all the times are equal in which bodies 
falling from whatfoever places arrive at the centre. For all 
the periodic times of revolving bodies are equal (by cor. 3, 
prop. 4). 

PROPOSITION XXXIX. PROBLEM XXVII. 
Suppofing a centripetal force of any kind, and granting the 
quadratures of curvilinear figures ; it is required to find 
the velocity of a body, afcending or defcending in a right 
line, in the feveral places through which it pajfes; as alfo the 
time in which it will arrive at any place : and vice verfa. 
Suppofe the body E (PI. 17, Fig. 2) to fall from anyplace 
A in the right line ADEC ; and from its place E imagine a. 
perpendicular EG always ere&ed proportional to the centri- 
petal force in that place tending to the centre C; and let 
BFG be a curve line, the locus of the point G. And in the 
beginning of the motion fuppofe EG to coincide with the per- 
pendicular AB ; and the velocity of the body in any place E 
will be as a right line whofe power is the curvilinear area 
*ABGE. Q.E.I. 
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In EG take EM reciprocally proportional to a right line 
'whofe power is the area £ABGE, and let VLM be a curve 
line wherein the point M is always placed, and to which the 
right line AB produced is an afymptote ; and the time in 
which the body in falling defcribes the line AE, will be as the 
curvilinear area ABTVME. Q.E.I. 

For in the right line AE let there be taken the very final! 
line DE of a given length, and let DLF be the place of the 
line EMG, when the body wa9 in D ; and if the centripetal 
force befuch, that a right line, whofe power is the arehJABGE, 
is as the velocity of the defcending body, the area itfelf will 
be as the fquare of that velocity ; that is, if for the velocities 
in D and E we write V and V + I, the area ABFD will be as 
VV, and the area ^ABGE as VV -f- 2VI -J- II ; and by divi- 


fion, the area DFGE as 2VI -J- II, and therefore 


DFGE 

“DE" 


will be as 


2VI+II. 
DE * 


that is, if we take the firft ratios of 


thofe quantities when juft nafcent, the length DF is as the 
2VI 

quantity -^£-3 and therefore alfo as half that quantity 


I x-V 

But the time in which^the body in falling defcribes 

the very fmall line DE, is as that line dire&ly and the velocity 
V inversely ; and the force will be as the increment I of the 
velocity dire&ly and the time inverfely; and therefore if we 
take the firft ratios when thofe quantities are juft nafcent, as 
I x V 

"DE ~* ls > ** DF. Therefore a force propor- 


tional to DF or EG will caufe the body to defcend with a ve- 
locity that is as the right line whofe power is the area 
*ABGE. Q.E.D. 

Moreover, fince the time in which a very fmall line DE of 
a given length may be defcribed is as the velocity inverfely, 
and therefore alfo inverfely as a right line whofe fquare is equal 
to the area ABFD ; and fince the line DL, and by coufe- 
quence the nafcent area DLME, will be as the fame right 
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line inverfely, the time will be as the area DLME, and the 
fum of all the times will be as the fuin of alljthe areas ; that 
is (by cor. lem. 4), the whole time in which the line AE is 
defcribed will be as the whole area ATVME. Q.E.D. 

Cor I. Let P be the place from whence a body ought to 
fall, fo as that, when urged by any known uniform centripetal 
force (fuch as gravity is vulgarly fuppofed to be), it may ac- 
quire in the place D a velocity equal to the velocity which 
another body, falling by any force whatever, hath acquired in 
that place D. In the perpendicular DF let there be taken 
DR, which may be to DF as that uniform force to the other 
force in the place D. Complete the re&angle PDRQ, and 
cut off the area ABFD equal to that rectangle. Then A will 
be the place from whence the other body fell. For complet- 
ing the rectangle DRSE, fmce the area ABFD is to the area 
DFGEasVV to$VI, and therefore as|V to I, that is, as 
half the whole velocity to the increment of the velocity of the 
body falling by the unequable force; and in like manner the 
area PQRD to the area DRSE as half the whole velocity to 
the increment of the velocity of the body falling by the uni- 
form force ; and fince thofe increments (by reafon of the equa- 
lity of the nafcent times) are as the generating forces, that is, 
as the ordinates DF, DR, and confequently as the nafcent 
areas DFGE, DRSE ; therefore, ex aquo, the whole areas 
ABFD, PQRD will be to one another as the halves of the 
whole velocities; and therefore, becaufe the velocities are 
equal, they become equal alfo. * 

Cor. 2. Whence if any body be proje&ed either upwards 
or downwards with a given velocity from any place D, and 
there be given the law of centripetal force acting on it, its Ve- 
locity will be found in any other place, as e, by ere&ing the 
ordinate eg, and taking that velocity to the velocity in the 
place D as a Tight line whofe fquare is equal to the re&angle 
PQRD, either increafed by the curvilinear area DFge, if the 
place e is below the place D, or diminilhed by the fame area 
DFge, if it be higher, is to the right line whofe fquare is equal 
to the re&angle PQRD alone. - . 
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Cor. 3. The time is alfo known by ere&ing the ordinate 
em reciprocally.proportional to the fquare root of PQRD + or 
— DFge, and taking the time ki which the body has defcrib- 
ed the line De to the time in which another body has fallen 
Mfith an uniform force from P, and in falling arrived at D 
in the proportion of the curvilinear area DLme to the 
re&angle 2PD X DL. For the time in which a body 
falling with an uniform force hath defcribed the line PD, is 
to the time in which the fame body has defcribed the line 
PE in the fubduplicate ratio of PD to PE; that is (the very 
finall line DE being juft nafcent), in the ratio of PD to PD 
-f- -§DE, or 2PD to 2PD -f DE, and, by diviiion, to the 
time in which the body hath defpribed the fmall line DE, as 
2PD to DE, and therefore as the re&angle 2PD x DL to 
the area DLME; and r the time in which both the bodies 
defcribed the very fmall line DE is to the time in which the 
body moving unequably hath defcribed the line De as the 
area DLME to the area DLme; and, ex eequo, the firft men- 
tioned of thefe times is to the laft as the rectangle 2PD x DL 
to the area DLme. 

SECTION VIII. 

Of the invention of orbits wherein bodies will revolve , being 
aded upon by any fort of centripetal force . 

PROPOSITION XL. THEOREM XIII. 

If a body, aded upon by any centripetal force, is any how moved, 
and another body afcends or defcends in a right line, and 
their velocities be equal in any one cafe of equal altitudes, 
their velocities will be alfo equal at all equal altitudes . 

Let a body defcend from A (PI. M, Fig. 3) through D 
and E, to the centre C; and let another body move from V 
in the curve line VIKk. From the centre C, with any 
diftances, defcribe the concentric circles DI, EK, meeting 
the right line* AC in D and E, and the curve VIK in I and K. 
Draw IC meeting KE in N, and on IK let fall the perpen- 
dicular NT; and let the interval DE or IN between the cir- 
cumferences of the circles be very fmall ; and imagine the 
bodies in D and I to have equal velocities. Then becaufe 
the diftances C D and Cl are equal, the centripetal forces in 
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D and I will be alfo equal. Let thofe forces be expreffed 
by the equal lineolae DE and IN; aud let the force IN (by 
cor. 2 of the laws of motion) be refolved into two others, NT 
and IT. Then the force NT acting in the diredlion of the 
line NT perpendicular to the path ITK of the body will not 
at all affedl or change the velocity of the body in that path, 
but only draw it afide from a redlilinear courfe, and make It 
defledt perpetually from the tangent of the orbit, and proceed 
in the curvilinear path lTKk. That whole force, therefore, 
will be fpent in producing this effedt; but the other force 
IT, adiing in the direction of the courfe of the body, will be 
all employed in accelerating it, and in the leaft given time 
will produce an acceleration proportional to itfelf. There- 
fore the accelerations of the bodies in D and I, produced in 
equal times, are as the lines DE, IT (if we take the firft ratios 
of the nafcent lines DE, IN, IK, IT, NT); and in unequal 
times as thofe lines and the times conjundily. , But the times 
in which DE and IK are defcribed, are, by reafon of the 
equal velocities (in D and I) as the fpaces defcribed DE and 
IK, and therefore the accelerations in the courfe of the bodies 
through the lines DE and IK are as DE and IT, and DE and 
IK conjundily; that is, as the fquare of DE to the rediangle 
IT into IK. But the redtangle IT x IK is equal to the 
fquare of IN, that is, equal to the fquare of DE ; and there- 
fore the accelerations generated in the pafiage of the bodies 
from D and I to E and K are equal. Therefore the velocities 
of the bodies in E and K are alfo equal: and by the fame 
reafoning they will always be found equal in any fubfequent 
equal diftances. Q.E.D. 

By the fame reafoning, bodies of equal velocities and equal 
diftances from the centre will be equally retarded in their 
afcent to equal diftances. Q.E.D. 

Cor. 1 . Therefore if a body either ofcillates by hanging 
to a firing, or by any polifhed and perfedily fmooth impedi- 
ment is forced to move in a curve line; and. another body 
afcends or defcends in a right line, and their velocities 
be equal at any one equal altitude, their velocities will 
be alfo equal at all other equal altitudes. For, by the 
firing of the pendulous body, or by the inpediment of a veffel 
VOL. I. I 
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perfectly fmooth, the fame thing will be effe&ed as by the 
tranfverfe force NT. The body is neither accelerated no* 
retarded by it, but only is obliged to quit its rectilinear courfe* 
Cor. 2. Suppofe the quantity P to be the greateft diftance 
from the centre to which a body can afeend, whether it be 
ofcillating, or revolving in a trajectory, and fo the fame pro- 
jected upwards from any point of a trajectory with the velo- 
locity it has in that point. Let the quantity A be the diftance 
of the body from the centre in any other point of the orbit; 
and let the centripetal force be always as the power A 0 — 1 
of the quantity A, the index of which power n — 1 is any 
number n diminifhed by unity. Then the velocity in every 
altitude A will be as v' p» — A n , and therefore will be given. 
For by prop. 39, the velocity of a body afeending and defcend- 
ing in a right line is in that very jatio. 

PROPOSITION XLI. PROBLEM XXVIII. 
Suppojing a centripetal force of any kind , and granting the 
quadratures of curvilinear figures, it is required to find as 
well the trajectories in which bodies will move , as the times 
of their motions in the trajectories found . 

Let any centripetal force tend to the centre C (PI. 17, Fig. 
4), and let it be required to find the trajectory VIKk. Let 
there be given the circle VR, deferibed from the centre C 
with any interval CV ; and from the fame centre deferibe any 
Other circles ID, KE cutting the trajectory in I and K, and 
the right line CV in D and E. Then draw the right line 
CNIX cutting the circles KE, VR in N and X, and 
the right line CKY meeting the circle VR in Y. Let 
the points I and K, be indefinitely near; and let the body 
go on from V through I and K to k ; and let the point A be 
the place from whence another body is to fall, fo as in the 
place D to acquire a velocity equal to the velocity of* the 
firft body in T. And things remaining as in prop. 39, the 
lined® IK, deferibed in the leaft given time, will be as the 
velocity, and therefore as the right lipe whofe fquare is equal 
to the area |ABFD, and the triangle ICK proportional to the 
time will be given, and therefore KN will be reciprocally as 
the altitude IC; that is (if there be given any quantity Q, 
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and the altitude IC be called A), as Thisquantity-~call 
v A A 


Z, and fuppofe the magnitude of Q to be fuch that in fome 
cafe v'ABFD may be to Z as IK to KN, and then in all 
cafe* V ABFD trill be to Z as IK to KN, and ABFD 
to ZZ as IK* to KN*, and by divifion ABFD — ZZ to 
ZZ as IN* to $N*, and therefore */ABFD — ZZ to Z, or 
Q 

t- as IN ; and therefore A x KN will be equal to 


X S . Therefore fince YX x XC is to 

✓ ABFD TS ZZ 

A X KN-sjp.jfcX*' to AA, the rectangle XY x XC will be 

i X IN X CX 1 rru r ■ .1 

equal to - » ■ — ■■ ■ . 1 herefore in the perpendi- 

IfcA V ABFD — ZZ 

cular DF*let there be taken continually Db, Dc equal to 
Jq ' Q X CX* . 

aBJ'D — Tl’ 2AA v/ ABFD — ZZ ref P e<aiv ely, 
and let the curve lines ab, ac, the foci of the points b and c, 
be defenpbed : and from the point V let the perpendicular 
Va be erected to the line AC, cutting off the curvilinear areas 
VDba, VDca, and let the ordinates Ez, Ex, be ereded alfo. 
Then becaufe the re&angle Db x IN or DbzE is equal to 
half the.re<ftangle A X KN, or to the triangle ICK ; and the 
rerftangte Dc X IN or DcxE is equal to half the re&angle 
YX X XC, of to the triangle XCY ; that is, becaufe the nafcent 
particles DbzE, ICK of the areasVDba,VIC are always equal; 
and the nafcent particles DcxE, XCY of the areas VDca, 
VCX are always equal; therefore the generated area VDba 
will be equal to the generated area VIC, and therefore pro-, 
portional to the time; and the generated area VDca is equal 
to the generated fe&or VCX. If, therefore, any time be 
given daring which the body has been moving from V, 
there will be alfo given the area porportional to it VDba; and 
thence will be given the altitude of the body CD or Cl; and 
the area VDca, and the feeftor VCX. equal thereto, together 
with its angle VCI. But the angle VCI, and the altitude Cl 
being given, there is alfo given the place I, in which the 
body will be found at the end of that time. Q.E.I. 

I 2 
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Cor. 1 . Hence the greateft and lead altitudes of the 
bodies, that is, the apfidesof the trajectories, may be found very 
readily. For the apfides are thofe points in which a right 
line IC drawn through the centre falls perpendicularly upon the 
trajectory V1K; which comes to pafs when the right lines* 
IK and NK become equal; that is, when the area ABFD isr 
equal to ZZ. 

Cor. 2. So alfo the angle KIN, in which the trajectory 
at any place cuts the line IC ; may be readily found by the 
given altitude IC of the body : to wit, by making the fine of 
that angle to radius as KN to IK ; that is, as Z to the fquare 
root of the area ABFD. 

Cor. 3. If to the centre C (PI. J7> Fig. 5), and the prin- 
cipal vertex V, there be deferibed a conic feCtion VRS; and 
from any point thereof, as R, there be drawn the tangent RT 
meeting the axi9 CV indefinitely produced in the point T ; 
and then joining CR there be drawn the right line CP, 
equal to the abfeiffa CT, making an angle VCP proportional 
to the feCtor VCR ; and if a centripetal force, reciprocally pro* 
portional to the cubes of the difiances of the .places fjrom the 
centre, tends to the centre C; and from the place V there 
fets out a body with a juft velocity in the direction of a line 
perpendicular to the right line CV ; that body will proceed in 
a trajeClory VPQ, which the point P will always touch; and 
therefore if the conic feCtion VRS be an hyperbola, the body 
will defeend to the centre; but if it be an ellipfis, it will afeend 
perpetually, aud go farther and farther off an infinitum . And, 
on the contrary, if a body endued with any velocity goes off 
from the place V, and according as it begins either to defeend 
obliquely to the centre, or afeends obliquely from it, the figure 
VRS be either an hyperbola or an ellipfis, the trajectory may 
be found by increafing or diminifhing the angle VCP in a 
given ratio. And the centripetal force becoming centrifugal, 
the body will afeend obliquely in the trajectory VPQ, which 
is found by taking the angle VCP proportional to the elliptic 
feCtor VRC, and the length CP equal to the length CT, as 
before. All thefe things follow from the foregoing propofition, 
by the quadrature of a certain curve, the invention of which, as 
being eafy enough, for brevity’s lake, I omit. 
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PROPOSITION XLII. PROBLEM XXIX. 

The law of centripetal force being given , it is required to find 
the motion of a body fetting out from a given place , with 
a given velocity , in the direction of a given right line . 
Suppofe the fame things as in the three preceding propo- 
rtions; and let the body go off from the place I (PI. 17* Fig. 
6) in the direction of the little line IK, with the fame velo- 
city as another body, by falling with an uniform centripetal 
force from the place P, may acquire in D; and let this uni- 
form force be to the force with which the body is at firft 
urged in I, as DR to DF. Let the body go on towards k ; 
and about the centre C, with the interval Ck, defcribe the 
circle kfe, tneeting the right line PD in e, and let there 
be eredied the lines eg, ev, ew, ordinately applied to 
the curves RFg, abv, acw. From the given redtangle PDRQ 
and the given law of centripetal force, by which the firft 
body is adted on, the curve line BFg is alfo given, by the 
conftrudlion of prop. 27, and its cor. 1. Then from the 
given angle CIK is given the proportion of the nafcent lines 
IK, KN; and thence, by the conftrudfion of prob. 28, there 
is given the quantity Q, with the curve lines abv, acw; and 
therefore, at the end of any time Dbve, there is given both 
the altitude of the body Ce or Ck, and the area Dcwe, with 
the fedfor equal to it XCy, the angle ICk, and the place k, in 
which the body will then be found. Q.E.I. 

We fuppofe in thefe proportions the centripetal force to 
vary in its recefs from the centre according to fome law, 
which any one may imagine at pleafure; but at equal dis- 
tances from the centre to be every where the fame. 

I have hitherto confidered the motions of bodies in im- 
movable orbits. It remains now to add fomething concern- 
Tig their motions in orbits which revolve round the centres 
of force. 

SECTION IX * 

Of the motion of bodies in moveable orbits ; and of the motion 
of the apfides. 


• On the fubject of the ninth Section the reader may confult an excellent M Memoir 
on the Inverfe Method of Central Forces,** by that profoundly great and juilly cele 
brated Mathematician, Dr. Dawfon, of Sedbergh, in Yorkibire. r ( / / *e > • 7 j [J* 
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PROPOSITION XLIII. PROBLEM XXX. 

It is required to make a body move in a trajedory that re- 
volves about the centre of force in the fame manner as ano- 
tker body in the fame trajedory at ref. 

In the orbit VPK (PL 18, Fig. 1), given by pofition, let 
the body P revolve, proceeding from V towards K. From 
the centre C let there be continually drawn Cp, equal to CP, 
making the angle VCp proportional to the angle VCP; and 
the area which the line Cp deferibes will be to the area 
VCP, which the line CP deferibesat the fame time, as the 
velocity of the deferibing line Cp to the velocity of the de- 
scribing line CP; that is, as the angle VCp to the angle VCP, 
therefore in a given ratio, and therefore proportional to the 
time. Since, then, the area deforibed by the line Cp in an 
immovable plane is proportional to the time, it is manifeft 
that a body, being a&ed upon by a juft quantity of centripetal 
force, may revolve with the point p in the curve line which 
the fame point p, by the method juft now explained, may be 
madeto deferibe in an immovable plane. Make the angle 
VCu equal to the angle PCp, and the line Cu equal to CV, 
and the figure uCp equal to the figure VCP, and the body 
being always in the point p, will move in the perimeter of the 
revolving figure uCp, and will deferibe its (revolving) arc 
up in the fame time that the other body P deferibes 
the fimilar and equal arc VP in the quiefeent figure 
VPK. Find, then, by cor. 5, prop. 6, the centripetal force 
by which the body may be made to revolve in the curve line 
which the point p deferibes in an immovable plane, and the 
problem will be folved. Q.E.F. 

PROPOSITION XLIV. THEOREM XIV. 

The difference of the forces, by zchich two bodies may be made 
to move equally , one in a quiefeent , the other in the fame or* 
bit revolving , is in d triplicate ratio of their common alti- 
tudes inverfely. 

Let the parts of the quiefeent orbit VP, PK (PI. 18, Fig. 
2), be fimilar and equal to the parts of the revolving orbit up, 
pk ; and let the diftance of the points P and K be fuppofedof 
the utmoft fmallnefs. Let fall a perpendicular kr from the 
point k to the right line pC, and produce it to m, fo that mr 


Digitized by CjOOQ le 







Digitized by LjOOQle 



StS. IX. or NATURAL PHILOSOPHY. 119 

may be to kr as the angle VCp to the angle VCP. Becaufe 
the altitudes of the bodies PC and pC, KC and kC, are al- 
ways equal, it is manifeft that the increments or decrements 
of the lines PC and pC are always equal ; and therefore if 
each of the feveral motions of the bodies in the places P and 
p be refolved into two (by cor. £ of the laws of motion), one 
of which is directed towards the centre, or according to the 
lines PC, pC, and the other, tranfverfe to the former, hath 
a direction perpendicular to the lines PC and pC ; the mo- 
tions towards the centre will be equal, and the tranfverfe mo- 
tion of the body p will be to the tranfverfe motion of the body 
P as the angular motion of the line pC to the angular mo- 
tion of the line PC; that is, as the angle VCp to the angle 
VCP. Therefore, at the fame time that the body P, by both 
its motions, comes to the point K, the body p, having an equal 
motion towards the centre, will be equally moved from p to- 
wards C ; and therefore that time being expired, it will be 
found fomewherc in the line mkr, which, palling through the 
point k, is perpendicular to the line pC ; ^nd by its tranfverfe 
motion will acquire a dillance from the line pC, that will be 
to the diftaace which the other body P acquires from the line 
PC as the tranfverfe motion of the body p to the tranfverfe 
motion of the other body P. Therefore lince kr is equal to 
the dillance which the body P acquires from the line PC, and 
mr is to kr as the angle VCp to the angle VCP, that is, as the 
tranfverfe motion of the body p to the tranfverfe motion of 
the body P, it is manifeft that the body p, at the expiration 
of that time, will be found in the place m. Thefe things will 
be fo, if the bodies p and P are equally moved in the di- 
rections of the lines pC and PC, and are therefore urged with 
equal forces in thofe directions. But if we take an angle pCn 
that is to the angle pCk as the angle VCp to the angle VCP, 
and nC be equal to kC, in that cafe the body p at the expi- 
ration of the time will really be in n ; and is therefore urged 
with a greater force than the body P, if the angle nCp is 
greater than the angle kCp, that is, if the orbit upk move 
either in confequcniiu > or in antecedentia , with a celerity greater 
than the double of that with which the line CP moves in con - 
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fequentia ; and with a lefs force if the orbit moves flower in 

antecedentia . And the difference of the forces will be as the 

interval mn of the places through which the body would be 

carried by the a&ion of that difference in that given fpace of 

time. About the centre C with the interval Cn or Ck fup- 

pofe a circle defcribed cutting the lines mr, mn produced in 

s and t, and the rectangle mn X mt will be equal to the 

re&angle mk X ms, and therefore mn will be equal to 

ink x ms _ _ . ^ 

— — • But fince the triangles pCk, pCn, in a given 

time, are of a given magnitude, kr and mr, and their differ- 
ence mk, and their fum ms, are reciprocally as the altitude 
pC, and therefore the re<ftangle mk x ins is reciprocally as 
the fquare of the altitude pC. But, moreover, mt is dire&ly 
as £mt, that is, as the altitude pC. Thefe are the firfl ratios 

of the nafcent lines ; and hence — that is, the na- 
. mt 

fcent lineolae mn/and the difference of the forces proportional 
thereto, are reciprocally as the cube of the altitude pC. 
Q.E.D. 

* Cor. 1 . Hence the difference of the forces in the places 
P and p, or K and k, is to the force with which a body may 
revolve with a circular motion from R to K, in the fame time 
that the body P in an immovable orb defcribes the arc PK y 
as the nafcent line mn to the verfed fine of the nafcent arc 


RK, that is, as 


mk x ms rk 


mt 


to~ 77 ^j or as mk X ms to the 
2kC 


fquare of rk; that is, if w£ take given quantities F and G in 
the fame ratio to one another as the angle VCP bears to the 
angle VCp, as GG — FF to FF. And, therefore, if from the 
centre C, with any diltance CP or Cp, there be defcribed a cir- 
cular fe&or equa) to the whole area VPC, which the body re- 
volving in an immovable orbit has by a radius drawn to the 
centre defcribed in any certain time, the difference of the 
forces, with which the body P revolves in an immovable or- 
bit, and the body p in a moveable orbit, will be to the centri- 
petal force, with which another body by a radius drawn to 
the centre can uniformly defcribe that fe&or in the fame time 
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as the area VPC is defcribed, as GG — FF to FF. For that 
fedtor and the area pCk are to one another as t.he times in- 
which they are defcribed. 

Cor. 2. If the orbit VPK be an ellipfis^ having its focus C, 
and its higheft apfis V, and we fuppofe the ellipfis upk fimilar 
and equal to it, fo that pC may be always equal to PC, and 
the angle VCp be to the angle VCP in the given ratio of G 
to F ; and for the altitude PC or pC we put A, and &R for the' 
latus redtum of the ellipfis, the force with which a body may 

FF 

be made to revolve in a moveable elliplis will be as + 


RGG — RFF 
A 3 


, and vice verfa . Let the force with which a 

body may revolve in an immovable elliplis be expreffed by 

FF FF 

the quantity and the force in V will be But the 

force with which a body may revolve in a circle at the dis- 
tance CV, with the fame velocity as a body revolving in an 
ellipfis has in V, is to the force with which a body revolving in 
an ellipfis is adled upon in the apfis V, as half the latus tedium 
of the ellipfis to the femi-diameter CV of the circle, and 
RFF 

therefore is as “^yT J and the force which is to this, as GG 

T7T7 * TM7 * RGG RFF - ,. r , 

— FF to rb, is as ^5 j and this force (by cor. 1 

of this prop.) is the difference of the forces in V, with which 
the body Prevolves in theimmovableellipfisVPK,and the body 
p in the moveable ellipfis upk. Therefore fince by this prop, 
that difference at any other altitude A is to itfelf at the altitude 

CV as -ij to g—;* the fame difference in every altitude A will 


RGG — RFF 


FF 


be as — 7 -t — — • Therefore to the force -r-r* by which 

A 3 AA J 

the body may revolve in an immovable ellipfis VPK, add the 


excefs 

FF 
AA + 


RGG — RFF 
A 3 

RGG — RFF 


and the fum will be the whole force 


A 3 


by which a body may revolve in the 


fame time in the moveable ellipfis upk. 
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Cob* 3 . In the lame manner it will be found, that, if the 
immovable orbit VPK be an elliptic having its centre in the 
centre of the forces C, and there be fuppofed a moveable el- 
lipfis upk, fimilar, equal, and concentrical to it; and 2R be 
die principal latus return of that ellipfis, and 2T the latus 
tranfverfum, or greater axis; and the angle VCp be continually 
to the angle VCP as G to F; the forces with which bodies 
may revolve in the immovable and moveable ellipfis, in equal 


times, will be as 


FFA _ FFA 

rp aDC * r p 


RGG — RFF , 

+ 71 refpec- 


tively. 

Cob. 4. And univerfally, if the greateft altitude CV of the 
body be called T, and the radius of the curvature which the 
orbit VPK has in V, that is, the radius of a circle equally curve, 
be called R, and the centripetal force with which a body may 
revolve in any immovable traje&ory VPK at the place V be 
VFF 

called "rpjT* and in other places P be indefinitely ftyled X; 


and the altitude CP be called A, and G be taken to F in the 
given ratio of the angle VCp to the angle VCP; the centripe- 
tal force with which the fame body will perform the fame mo- 
tions in the fame time in the fame traje&ory upk revolving 
with a circular motion, will be as the fum of the forces X + 
VRGG — VRFF 
A 3 


Cor. 5. Therefore the motion of a body in an immovable 
orbit being given, its angular motion round the centre of the 
forces may be increafed or diminifbed in a given ratio; and 
thence new immovable orbits may be found in which bodies 
may revolve with new centripetal forces. 

Cor. 6. Therefore if there be ere6led (PI. 18, Fig. 3) the 
line V P of an indeterminate length, perpendicular to the line 
CV given by pofition, and CP be drawn, and Cp equal to it, 
making the angle VCp having a given ratio to the angle V CP, 
the force with which a body may revolve in the curve line 
Vpk, which the point p is continually defcribing, will be reci- 
procally as the cube of the altitude Cp. For the body P, by 
its vis inertia alone, no other force impelling it, will proceed 
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uniformly in the right line VP. * Add, then, a force tending to 
the centre C reciprocally as the cube of the altitude CP or Cp, 
and (by what was juft demonftrated) the body will deflect from 
the re&ilinear motion into the curve line Vpk. But this 
curve Vpk is the fame with the curve VPQ found in cor. 3 f 
prop, 41, in which, 1 faid, bodies attra&ed with fueh forces 
would afcend obliquely. 


PROPOSITION XLV. PROBLEM XXXI. 

To find the motion of the apjides in orbits approaching very 
near to circles. 

This problem is folved arithmetically by reducing the orbit, 
which a body revolving in a moveable ellipfis (as in cor. 2 and 
3 of the above prop.) defcribes in an immovable plane, to the 
figure of the orbit whole apfides are required; and then feed- 
ing the apfides of the orbit which that body defcribes in 
an immovable plane. But orbits acquire the fame figure, if 
the centripetal forces with which they are described, compar- 
ed between themfelves, are made proportional at equal alti- 
tudes. Let the point V be the higheft apfis, and write T for 
the greateft altitude CV, A for any other altitude CP or Cp f 
and X for the difference of the altitudes CV — CP,* and the 
force with which a body moves in an ellipfis revolving about 


FF 


its focus C (as in cor. 2), and which in cor. 2 was as jj- + 


RGG — RFF 
A 3 * 


that is, as 


FFA + RGG— RFF 


A 3 


■3 by fubftitut- 


- m RGG— RFF + TFF— FFX 

ing T — X for A, will become as — • 

In like manner any other centripetal force is to be reduced to 
, a fraction whofe denominator is A 3 , and the numerators are 
to be made analogous by collating together the homologous 
terms. This will be made plainer by examples. 

Example 1. Let us fuppofe the centripetal force to 

^A 3 

be uniform, and therefore as or, writing T — X 

r * • •« T 3 — 3TTX + 3TXX — X 3 

for A in the numerator, as ■ -> ■ 1 ■ - v- — - ■ 
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T» — 3TTX +^TXX — X 3 t Then col]ating together the , 

correfpondent terms of the numerators, that is, thofe that 
conffift of given quantities' with thofe of given quantities, 
and thofe of quantities not given with thofe of quantities not 
given, it will become RGG — RFF + TFF to T 3 as — FFX 
to — STTX + 3TXX — X 3 , or as — FF to — STT + 3TX 
— XX. Now fince the orbit is fuppofed extremely near to 
a circle, let it coincide with a circle ; and becaufe in that cafe 
It and T become equal, and X is infinitely diminifhed, the 
laft ratios will be, as RGG to T 3 , fo — FF to — 3TT, or as 
GG to TT, fo FF to STT ; and again, as GG to FF, fo TT to 
STT, that is, as 1 to 3; and therefore G is to F, that is, the 
angle VCp to th& angle VCP, as 1 to \/3. Therefore fince 
the body, in an immovable ellipfis, in defcending from the 
upper to jthe lower apfis, defcribes an angle, if I may fo fpeak, 
of 180 deg., the other body in a moveable ellipfis, and there* 
fore in the immovable orbit we are treating of, will, in its de- 
fcent from the upper to the lower apfis, defcribe an angle 
1 80 

VCp of — - deg. And this comes to pafs by reafon of the 

Jikenefs of this orbit which a body a&ed upon by an uniform 
centripetal force defcribes, and of that orbit which a body 
performing it? circuits in a revolving ellipfis will defcribe in a 
quiefcent plane. By this collation of the terms, thefe orbit$ 
are made fimilar; not univerfally, indeed, but then only when 
they approach very near to a circular figure. A body, there- 
fore, revolving with an uniform centripetal force in an orbit 

180 

nearly circular, will always defcribe an angle of deg., or 

103 deg., 55 m., 23 fee., at the centre; moving from the'upper 
apfis to the lower apfis when it has once deferibed that angle, 
and thence returning to the upper apfis when it has deferibed 
that angle again; and fo on in infinitum . 

Exam. 2. Suppofe the centripetal force to be as any power 

A n 

of the altitude A, as, for example, A 0 — 1 , or where n — 3 
and n fignify any indices of powers whatever, whether inte* 
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gers or fractions, rational or furd, affirmative or negative. 
That numerator A n or T — -X| n being reduced to an indeter- 
minate feries by my method of converging feries, will become 

T" — nXT“— « + nn ~ n XXT—\ &c. And conferring, 

thefe terms with the terms of the other numerator RGG — 
RFF + TFF — FFX, it becomes as RGG — RFF + TFF 


-to TV fo — FF to — nT"- 1 + ^ XT"-*, &c. And' 

2 

taking the laft ratios where the orbits approach to circles, it 

becomes as RGG to T n , fo — FF to — n T ft — *, or as GG to 

T n — *>fo FFto nT** — 1 ; and again, GG to FF, fo T° — 1 to 

nT“ — *, that is, as 1 to n; and therefore G is to F, that is, the 

angle VCp to the angle VCP, as 1 to \/n. Therefore fince 

the angle VCP, defcribed in the defcent of the body from the* 

upper apfis to the lower apfis in an ellipfis, is of 180 deg., the 

angle VCp, defcribed in the defcent of the body from the op^ 1 

per apfis to the lower apfis in an orbit’ nearly circular which 

a body deferibes^with a centripetal force proportional t6 the 

— ; 1 80 
j^wet;A p -=H^ -wiU be equal to an, angle of deg., and this 

angle being repeated* the body will return from the lower to 
the upper apfis, and fo*>n in infinitum . Ai if the centripetal 
force be #sthe diftance of the body from the centre, that is, 

as A, or -j-p n will be equal to 4, and v'n equal to 2; and 

fhcreforfe the angle between the upper and the lower apfis 

will, be equal to deg., or 00 deg. Therefore the body 


having performed a fourth part of one revolution, will arrive at 
the lower apfis, aiuOiaviug performed another fourth part, 
will arrive at the upper apfis, and fo on by turns in infinitum! 
This appears alfo from pi dp. 101 For a body a&ed on by 
this (ftRtripetal ifoi^ce will revolve m an iriuhovabld ellipfis^ 
whpfe centre is the centre, of force. If the centripetal force 


■ • • ■ a 1 A* 3 

is reciprocally as the diltance, that is, dire<5tly as — or — > 
. . A • A * 


n will be equal to 2 ; and therefore the angle between the up- 
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180 

per and lower apfis will be deg., or 127 deg., 16 min., 

v *• 

45 fee. ; and therefore a body revolving with fueh a force, will, 
•by a perpetual repetition of this angle, move alternately from 
the upper to the lower, and from the lower to the upper apfis 
forever. So, alfo, if the centripetal force be reciprocally as the 1 
biquadrate root of the eleventh power of the altitude, that is, 

reciprocally as A and, therefore, dire&ly as or ap 

A 1 1 80 

n will be equal to and deg. will be equal to $60 

deg. ; and therefore the body parting from the upper apfis, and 
from thence perpetually defeending, will arrive at the lower 
apfis when it has completed one entire revolution ; and thence 
afeending perpetually* when it has Completed another entire 
revolution, it will arrive again at the upper apfis; and fo alter- 
nately for ever. 

Exam. 3. Taking m and n, for any lindioes -of the; 
powers of the altitude, and b and c for any given hum-* 

bA m + cA n 

bers, fuppofethe eentripetal force to be as — a ■» , that is. 


b into T— *-X|*c into T — Xj a _ , , , c 

as -jg 1 or^by the method ot converg- 


ing feries above-men tioned^as 


bT m * cT°— mbXT »— 1 neXT®—* 


A 5 


mm 


— bXXT ®— 1 + nn 


2 


cXXT &c r and com- 


paring the terms of the numerators, there will arife RGG — 
'ItFF + TFF to bT™ + cT n as— FF to — mbT *- 1 — 

ncT ®- 1 + S . P . rr - 5? bXT m — * 4 cXT a "~ a , 8 cc. And 

taking the laft ratios that arife when the orbits come to a cir- 
cular form, there will come forth GG to bT m — * * 4- c3J*— 1 as 
FF tombT m — , +ncT n — *; andagain, GG toFFa^WP 
4 - cT* — 1 to mbT n -*• 1 + ncT® — *. This proportkm^ by ex- 
prefiing the greateft altitude CV or T arithmetically by unity, 
becomes, GG to FF as b 4 c to mb + nc, and therefore as 1 
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to Whence G becomes to F, that is, the angle 

b + c 

VCp to the angle VCP, as l to And therefore 

fince the angle VCP between the upper and the lower apfis, 
in an immovable ellipfis, is of 180 deg., the angle VCp be- 
tween the fame apfides in an orbit which a body defcribes with 
_ bA m + cA n 

a centripetal force, that is, as , will be equal to an 


b + c 


angle of 180 ✓ - deg. And by the fame reafoning, if 


the centripetal force be as 


bA m — cA“ 

A*~ 


, the angle between the 


b c 

apfides will be found equal to 180 V — ^ —~ deg. After the 

fame manner the problem is folved in more difficult cafes* 
The quantity to which the centripetal force is proportional 
muft always be refolded into a converging feries whofe deno- 
minator is A*. Their the given part of the numerator arifing 
from that operation is to be fuppofed in the fame ratio to that 
part of it which is not given, 1 as the given part of this nume- 
rator RGG — RFF + TFF — FFX is to that part of the 
fame numerator which is not given. And taking away the 
fuperfluous quantities, and writing unity for T, the proportion 
of G to F is obtained. 

Cor. 1 . Hence if the centripetal force be as any power of 
the altitude, that power may be found from the motion of 
the apfides ; and fo con trari wife. That is, if the whole an- 
gular motion, with which the body returns to the fame apfis, 
be to the angular motion of one revolution, or 360 deg., as 
any number as m to another as n, and the altitude called A ; 

nn 

the force will be as the power A — — 3 of the altitude A ; 


the index of which power is — 3. This appears by the fe- 

cond example. Hence it is plain that the force in its recefs 
from the centre cannot decreafe in a greater than a triplicate 
ratio of the altitude. A body revolving with fuch a force, and 
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parting from the apfis, if it once begins to defcend, can never 
arrive at the lower apfis or Jeaft altitude, but will defcend to 
the centre, describing the curve line treated of in cor. 3, prop, 
41 . But if it fhould, at its parting from the lower apfis, begin 
to afcend never fo little, it will afcend in infinitum, and never 
come lo the upper apfis; but will defcribe the curve line 
fpoken of in the fame cor., and cor. 6, prop. 44. So that 
where the force in its recefs from the centre decreafes in a 
greater than a triplicate ratio of the altitude, the body, at its 
parting from the apfis, will either defcend to the centre, or 
afcend in infinitum, according as it defcends or afcends at the 
beginning of its motion. But if the force in its recefs from 
the centre either decreafes in a lefs than a triplicate ratio of 
the altitude, or iflcreafes in any ratio of the altitude whatfo- 
ever, the body will never defcend to the centre, but will at 
fome time arrive at the lower apfis; and, on the, contrary, if 
jthe body alternately afcending and defcending from one apfis , 
to another never comes to the centre, then either the force 
increases in the recefs from the centre, or it decreafes in a lef9 
than q triplicate ratio of the altitude; and the fooner the 
body returns from one apfis to another, the farther is the ratio 
of the forces from the triplicate ratio. As if the body fhould 
.return to mid from the upper apfis by an alternate defcent 
and afcent in 8 revolutions, or in 4, or 2, or i £; that is, if m 
fhould be to n as 8, or 4, or 2, or to 1, and therefore 

— — 3 be Jx — 3 , or ^ — 3 , or 4 — 3, or 3; then 
mm . 

the force will be as A ■*** — 3, or A^ r — 3, or A ^ — 3, or 
3; that i9, it will be reciprocally as A 3 — ***, or 
A* -rr T V> or A 3 — or A 3 — If the body after each 
revolution returns to the fame apfis, and the apfis remains un- 
moved, then m will be to n as 1 to 1, and therefore A — 3 

* mux 

will be equal to A — 2 , or • and therefore the decreafe 

of the forces 'will be in a duplicate ratio of the altitude ; as 
was demonftrated above. If the body in three fourth parts. 
Or two thirds, or one third, or one fourth part of an eutire 
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revolution return to the fame apiis; m will be to n as $■ or 

i nn l — * 3 

| or j- or i to 1, and therefore A — * — 3 is equal to A f 


9 _ 3 9_3 I6_3 

or A T , or A , or A . and therefore the force is 

14 I 6 *J 

either reciprocally as A r or A % or dire&ly as A or A • 
Laftly, if the body in its progrefs from the upper apfis to the. 
fame upper apfis again, goes over one entire revolution and 
three deg. more, and therefore that apfis in each revolution of 
the body moves three deg. in confequentia ; then m will be to 
n as 363 deg. to 360 deg., or as 121 to 120, and therefore 

an —111 1? 

A 3 will be equal to A , and therefore the cen- 


2 9* » ? 

tripetal force will be reciprocally as A > orrecipro- 

cally as A * TT3 Ve ry nearly. Therefore the centripetal force 
decreafes in a ratio fomething greater than the duplicate ; but 
approaching 59! times nearer to the duplicate than the tri- 


plicate. 

Cor. 2. Hence alfo if a body, urged by a centripetal force 
which is reciprocally as the fquare of the altitude, revolves in 
an ellipfis whofe focus is in the centre of the forces ; and a 
new and foreign force fhould be added to or fubdu&ed from 
this centripetal force, the motion of the *apfides arifing from 
that foreign force may (by the third example) be known; 
and fo on the contrary. As if the force with which the body 


revolves in the ellipfis be us ^ ; and the foreign force fub- 


dufted as cA, and therefore the remaining force as 


A — cA 4 
A 3 


9 


then (by the third exam.) b will be equal to 1, m equal to 1, 
and n equal to 4 ; and therefore the angle of revolution be- 

1 c 

tween the apfides is equal to 180^- — - deg. Suppofethat 

1 ‘ 4C 


foreign force to be S57.45 parts lefs than the other force with 
which the body revolves in the ellipiis ; that is, c to be -j$TTr • 

A or T being equal to 1 ; and then 180*/ - — will be 180 

I 1 1 * t:C 

. You I. K 
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orl 80.7623, that is, 180 deg., 45 min.,44 fee. There- 
fore the body, parting from the upper apfis, will arrive at the 
lower apfis with an angular motion of' 180 deg., 45 min., 44 
fee. and this angular motion being repeated will return to the 
upper apfis ; and therefore the upper apfis in each revolution 
will go forward 1 deg., 31 m., 28 fee. The apfis of the moon 
is about twice as ftvift. 

So much for the motion of bodies in orbits whofe planes 
pafs through the centre of force. It now remains to deter- 
mine thofe motions in eccentrical planes. For thole authors 
who treat of the motion of heavy bodies ufed to confider the 
afeent and defcent of fuch bodies, not only in a perpendicular 
dire6lion, but at all degrees of obliquity upon any given 
planes ; and for the fame reafon we are to confider in this 
place the motions of bodies tending to centres by means of 
any forces whatfoever, when thofe bodies move in eccentrical 
planes. Thefe planes are fuppofed to be perfectly fmooth 
and polilhed, fo as not to retard the motion of the bodies in 
the leaft. Moreover, in thefe demonftrations, infteadof the 
planes upon which thofe bodies roll or Hide, and which are 
therefore tangent planes to the bodies, I (hall ufe planes pa- 
rallel to them, in which the centres of the bodies move, and 
by that motion deferibe orbits. And by the fame method I 
afterwards determine the motions of bodies performed in 
curve fuperficies. 

SECTION X. 

Of the motion of bodies in given fuperficies, and of the reci- 
procal motion of funependulouS bodies . 

PROPOSITION XLVI. PROBLEM XXXII. 

Any hind of centripetal force being fuppofed, and the centre 
of force , and any plane whatfoever in which the body re- 
volves, being given, and the quadratures of curvilinear 
figures being allowed; it is required to determine the motion 
f of a body going off from a given place , with a given velo- 
city, in the direct ion of a given right line in that plane. 

Let S (PL 18, Fig. 4) be the centre of force, SC the leaft 
diftance of that centre from the given plane, P a body iifuing 
from the place P in the direction of the right line PZ, Q the 
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fame body revolving in its traje&ory, and PQR the traje&ory 
itfelf which is required to be found, defcribed in that given 
plane. Join CQ, QS, and if in QS we take SV proportional 
to the centripetal force with which the body is attracted jto- 
' wards the centre S, and draw VT parallel to CQ, and meet- 
ing SQ4n T ; then will the fotce S V be refolved into two (by 
cor. &, of the laws of motion), the force ST, and the force 
TV ; of which ST attra&ing the body in the* dire&ion of a 
line perpendicular to that plane, does not at all change its 
motion in that plane. But the a<5lion of the other force TV, 
coinciding with the pofition of the plane itfelf, attracts the 
body dire&ly towards the given point C in that plane ; and 
therefore caufes the body to move in this plane in the fame 
manner as if the force ST were taken away, and the body 
were to revolve in free fpace about the centre C by means of 
the force TV alone. But there being given the centripetal 
force TV with which the body Q revolves in free fpace about 
the given centre C, there is given (by prop. 42) the trajectory 
PQR which the body defcribes ; the place Q, in which the 
body will be found at any given time; and, laftly, the velocity 
of the body in that place Q. And fo l contra . Q.E.L 

PROPOSITION XLVI1. THEOREM XV* 
Suppofing the centripetal force to be proportional to the difiance 
of the body from the centre; all bodies revolving in 
any planes whatfoever will deftribe ellipfes> and complete 
their revolutions in equal times ; and thofe which move in 
right lints , running backwards and forwards alternately , 
will complete their fever al periods of going and returning in 
the fame times. 

For letting all things Hand as in the foregoing propofition, 
the force SV, with which the body Q revolving in any plane 
PQR is attracted towards the centre S, is as the diftance SQ; 
and therefore becaufe SV and SQ, TV and CQ are propor- 
tional, the force TV with which the body is attracted towards 
the given point C in the plane of the orbit is as the diftance 
CQ. Therefore the forces with which bodies found in the 
plane PQR are attracted towards the point £!, are in propor- 
tion to the diftances equal to the forces with which the fame 

K2 
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bodies are attra&ed every way towards the centre S ; and 
therefore the bodies will move in the fame times, and in the 
fame figures, in any plane PQR about the point C, as they 
would do in free fpaces about the centre S ; and therefore (by 
cor. 2, prop. 10, and cor. 2, prop. 38) they will in equal 
times either defcribe ellipfes in that plane about the centre 
C, or move to and fro in right lines palling through the cen- 
tre C in that plane ; completing the fame periods of time in 
all cafes. Q.E.D. 

SCHOLIUM. 

The afcent and defcent of bodies in curve fuperficies has a 
near relation to thefe motions we have been fpeaking of. 
Imagine curve lines to be described on any plane, and to re- 
volve about any given axes palling through the centre of force, 
and by that revolution to defcribe curve fuperficies ; and that 
the bodies move in fuch fort that their centres may be always 
found in thofe fuperficies. If thofe bodies reciprocate to and 
fro with an obliq.ue afcent and defcent, their motions will be 
performed in planes palling through the axis, and therefore 
in the curve lines, by whofe revolution thofe curve fuperficies 
were generated. In thofe cafes, therefore, it will be fufficient 
to confider the motion in thofe curve lines. 

PROPOSITION XLVIII. THEOREM XVI. 

If a wheel fiands upon the outfide of a globe at right angles 
thereto, and revolving about its own axis goes forward in a 
great circle, the length of the curvilinear path which any 
point , given in the perimeter of the wheel, hath defcribcd 
Jince the time that it touched the globe (which curvilinear 
path we may call the cycloid or epicycloid ), will be to dou- 
ble the verfed fine of half the arc which Jince that time has 
touched the globe in pajjing over it ^ as the fum of the dia- 
meters of the globe and the wheel to the femi-diameter of 
the globe . 

PROPOSITION XLIX. THEOREM XVII. 

If a wheel jtand upon the injide of a concave globe at right an - 
gles thereto, and revolving about its own axis go forward in 
one of the great circles of the globe, the length of the curvi- 
linear path which any point, given in the perimeter of the 


Digitized by LjOoq le 



ScB. X. OP NATURAL PHILOSOPHY. 133 

wheel, hath defcribed jince it touched the globe, will be to 
the double of the verfed fine of half the arc which in all that 
time has touched the globe inpaffingover it, as the difference 
of the diameters of the globe and the wheel to the femi-dia- y 
meter of the globe. 

LetABL(Pl. 19, Fig. I, Q,) be the globe, C its centre, 
BPV the wheel infilling thereon, E the centre of the wheel, £ 
B,the point of contact, and P the given point in the perimeter 
of the wheel. Imagine this wheel to proceed in the great 
circle ABL from A through B towards L, and in its progrefe 
to revolve in fuch a manner that the arcs AB, PB may be al- 
ways equal the one to the other, and the given point P in tbfe 
perimeter of the wheel may deferibe in the mean time the cur- 
vilinear path AP. Let AP be the whole curvilinear path de- 
scribed fince the wheel touched the globe in A, and the length 
of this path AP will be to twice the verfed fine of the arc 
|PB a$ 2CE to GB. For let the right line CE (produced 
if need be) mefet the wheel in V, and join CP, BP, EP, VP; 
produce CP, and let fall thereon the perpendicular VF. Let 
PH, VH, meeting in H, touch the circle in P and V, and 
let PH cut VF in G, and to VP let fall the perpendiculars 
GI, HK. From the centre C with any interval let^there be 
defcribed the circle nom, cutting the right line CP in n, the 
perimeter of the wheel BP in o, and the curvilinear path AP 
in m ; and from the centre V with the interval Vo let there 
be defcribed a circle cutting VP produced in q. 

Becaufe the wheel in its progrefs always revolves about the 
^oint of contact B, it is manifeft that the right line BP is 
perpendicular to that curve line AP which the point P of the 
wheel describes, and therefore that the right line VP will 
touch this curve in the point P. Let the radius of the circle 
nom be gradually increafed dr diminilhed fo that at laft it 
become equal to the dillance CP ; and by reafon of the fimi- 
litude of the evanelfcent figure Pnomq, and the figure PFGVI, 
the ultimate ratio of the evanefeent fineofae Pm, Pn, Po, Pq, 
that is, the ratio of the momentary mutations of the curve 
AP, the right line CP, the circular arc BP, and the right 
line VP, will be the fame as of the hues PV, PF, PG, PI, 
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refpe&ively. But fince VF is perpendicular to CF, and VH 
to CV, and therefore the angles HVG, VCF equal; and the 
angle VHG (becaufe the angles of the quadrilateral figure 
HVEP are right in V and P) is equal to the angle CEP, the 
triangles VHG, CEP will be fimilar ; and thence it will come 
to pafs that as EP is to CE fo is HG to HV or HP, and fo 
KI to KP, and by compofitiou or divifion as CB to CE fo is 
PI to PK, and doubling the confequents as CB to 2CE fo 
PI to PV, and fo is Pq to Pm. Therefore the decrement of 
the line VP, that is, the increment of the line BV — VP to 
the increment of the curve line AP is in a given ratio of CB 
to2CE, and therefore (by cor. lem. 4) the lengths BV — VP 
and AP, generated by thofe increments, are in the fame ratio. 
But if BV be radius, VP is the cofine of the angle BVP or 
{BEI, and therefore BV — VP is the verfed fine of the fame 
angle, and therefore in this wheel, whofe radius is 4BV, BV 
— VP will be double the verfed fine of the arc £BP. There- 
fore AP is to double the verfed fine of the arc {BP as 2CE to 
CB. Q.E.D. 

The line AP in the former of thefe propofitions we (hall 
name the cycloid without the globe, the other in the latter 
propofition the cycloid within the globe, for diftin&ion fake. 

Cor. 1 . Hence if there be defcribed the entire cycloid ASL, 
and the fame be bife&ed in S, the length of the part PS will 
be to the length PV (which is the double of the fine of the 
angle VBP, when EB is radius) as 2CE to CB, and therefore 
in a given ratio. 

Cor. 2. And the length of the femi-perimeter of the cycloid 
AS will be equal to a right lin^ which is to the diameter of 
the wheel BV as 2CE to CB. 

PROPOSITION L. PROBLEM XXXIII. 

To caufe a pendulous body to of dilate in a given cycloid . 

Let there be given within the globe QVS (PI. 19, Fig. 3), 
defcribed with the centre C, the cycloid QRS, bife&ed in R, 
and meeting the fuperficies of the globe with its extreme 
points Q and S on either hand. Let there be drawn CR hi* 
feeling the arc QS in O, and let it be produced to A in fuch 
fort that CA may be to CO as CO to CR. About the centre 
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C, with the interval CA, let there be defcribed an exterior 
globe DAF ; and within this globe, by a wheel whofe dia- 
meter is AO, let there be defcribed two femi-cycloids AQ, 
AS, touching the interior globe in Q and S, and meeting the 
exterior globe in A. From that point A, with a thread APT 
in length equal to the line AR, let the body T depend, and 
ofcillate in fuch manner between the two femi-cyloids AQ, AS, 
that, as. often as the pendulum parts from the perpendicular 
AR, the upper part of the thread AP may be applied to that 
femi-cycloid APS towards which the motion tends, and fold 
itfelf round that curve line, as if it were fome folid obftacle, 
the remaining part of the fame thread PT which has not yet 
touched the femi-cycloid continuing ftraight. Then will the 
weight T ofcillate in the given cycloid QRS. Q.E.F. 

For let the thread PT meet the cycloid QRS in T, and the 
circle QOS in V, and let CV be drawn ; and to the re&ilinear 
part of the thread PT from the extreme points P and T let 
there be ere&ed the perpendiculars BP, TW, meeting the 
right line CV in B and W. It is evident, from the conftruc- 
tion and generation of the fimilar figures AS, SR, that thofe 
perpendiculars PB, TW, cut off from CV the lengths VB, 
VW equal the diameters of the wheels O A, OR. There- 
fore TP is to VP (which is double the fine of the angle VBP 
when 2 BV is radius) as BW to BV, or AO -}- OR to AO, that 
is (fince CA and CO, CO and CR, and by divifion AO and 
OR are proportional), as CA' ? + CO to CA, or, ifBV be bi- 
fe 6 ied in E, as 2 CE to CB. Therefore (by cor. 1 , prop. 49 ), 
the length of the rectilinear part of the thread PT is always 
equal to the arc of the cycloid PS, and the whole thread APT 
is always equal to the half of the cycloid. APS, that is (by cor. 
% prop. 49), to the length AR. And therefore contrariwife, 
if the firing remain always equal to the length AR, the point 
T will always move in the given cycloid QRS. Q.E.D. 

Cor. The firing AR is equal to the femi-cycloid AS, and 
therefore has the fame ratio to AC the femi-diameter of the 
exterior globe as the like femii-cycloid' SR has to CO the 
femi-diameter of the interior globe. 
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PROPOSITION LI. THEOREM XVIII. 

If a centripetal force tending on all fide s to the centre C of a 
globe' (PI. 19> Fig* 4), be in all places as the diflance of the 
place from the centre > and by this force alone a&ing upon 
it, the body T of dilate (in the manner above defer ibed) in 
the perimeter of the cycloid QRS ; I fay , that all the of di- 
lations, how unequal foever in themfelves, will be performed in 
equal times . 

For upon the tangent TW infinitely produced let fall the 
perpendicular CX, and join CT. Becaufe the centripetal 
force with which the body T is impelled towards C is as the 
diftance CT, let this (by cor. 2, of the laws) be refolved into 
the parts CX, TX, of which CX impelling the body direftly 
from P ftretches the thread PT, and by the refiftance the 
thread makes to it is totally employed, producing no other 
effe6l; but the other part TX, impelling the body tranfverfely 
or towards X, dire&ly accelerates the motion in the cycloid. 
Then it is plain that the acceleration of the body, propor- 
tional to this accelerating force, will be every moment as the 
length TX, that is (becaufe CV, WV, and TX, TW pro- 
portional to them are given), as the length TW, that is (by 
cor. 1, prop. 49), as the length of the arc of the cycloid TR. 
If therefore two pendulums APT, Apt, be unequally drawn 
afide from the perpendicular AR, and let fall together, their 
accelerations will be always as the arcs to be deferibed TR, 
tR. But the parts deferibed at the beginning of the motion 
are as the accelerations, that is, as the wholes that are to be 
deferibed at the beginning, and therefore the parts which re- 
main to he deferibed, and the fubfequent accelerations pro- 
portional to thofe parts, are alfo as the wholes, and fo on. 
Therefore the accelerations, and consequently the velocities 
generated, and the parts deferibed with thofe velocities, and 
the parts to he deferibed, are always as the wholes ; and there- 
fore the parts to be deferibed preferving a given ratio to each 
other will vanifli together, that is, the two b&dies ofcillating 
will arrive together at the perpendicular AR. And fince on 
the other hand the afeent of the pendulums from the lowed; 
place R through the fame cycloidal arcs with a retrograde 
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motion, is retarded in the feveral places they pafs through by 
the fame forces by which their defcent was accelerated; it is 
plain that the velocities of their afcent and defcent through 
the fame arcs are equal, and confequently performed in equal 
times; and, therefore, fince the two parts of the cycloid RS 
and RQ lying on either fide of the perpendicular ar? fimilar 
and equal, the two pendulums will perform as we)l the 
wholes as the halves of their ofcillations in the fame times. 
Q.E.D. 

Cor. The force with which the body T is accelerated or 
retarded in any place T of the cycloid, is to the whole weight 
of the fame body in the higheft place S or Q as the arc of 
the cycloid TR is to the arc SR or QR. 

PROPOSITION LII. PROBLEM XXXIV. 

To define the velocities of the pendulums in the feveral places , 

and the times in zvhich both the entire ofcillations , and the 

feveral parts of them are performed. 

About any centre G (PI. 20, Fig. 1), with the interval GH 
equal to the arc of the cycloid RS, defcribe a femi-circle 
HKM bife<fted by the femi-diameter GK. And if a centri- 
petal force proportional to the diftance of the places from the 
centre, tend to the centre G, and it be in the perimeter HIK 
equal to the centripetal force in the perimeter of the globe 
QOS tending towards its centre, and at the fame time that 
the pendulum T is let fall from the higheft place S, a body, 
as L, is let fall from H to G; then becaufe the forces which 
a6t upon the bodies are equal at the beginning, and 
always proportional to the fpaces to be defcribed TR, LG, 
and therefore if TR and LG are equal, are alfo equal in the 
places T and L, it is plain that thofe bodies defcribe at the 
beginning equal fpaces ST, HL, and therefore are ftill adled 
upon equally, and continue to defcribe equal fpaces. There- 
fore by prop. 38, the time in which the body defcribes the 
arc ST is to the time of one ofcillation, as the arc HI the 
time in which the body H arrives at L, to the femi-periphery 
HKM, the time in which the body H will come to M. And 
the velocity of the pendulous body in the place T is to its 
velocity in the loweft place R, that is, the velocity of the 
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body H in the place L to its velocity in the place G, 
or the momentary increment of the line HL to the 
momentary increment of the line HG (the arcs HI, HK 
increafing with an equable flux) as the ordinate LI to the 
radius GK, or as SR X — TR 2, to SR'. Hence, fince in 
unequal ofcillations there are defcribed in equal time arcs pro- 
portional to the entire arcs of the ofcillations, there are 
obtained from the times given, both the velocities and the 
arcs defcribed in all the ofcillations univerfally. Which was 
firft required. 

Let now any pendulous bodies ofcillate in different cycloids 
defcribed within different globes, whofe abfolute forces are 
alfo different; and if the abfolute force of any globe QOS 
be called V, the accelerative force with which the pendulum 
is adted on in the circumference of this globe, when it begins 
to move diredlly towards its centre, will be as the diftance of 
the pendulous body from that centre and the abfolute force 
of the globe conjundtly, that is, as CO X V. Therefore the 
lineolae HY, which is as this accelerated force CO x V, will’ 
be defcribed in a given time; and if there be ere&ed the 
perpendicular YZ meeting the circumference in Z, the nafcent 
arc HZ will denote that given time. But that nafcent arc 
HZ is in the fubduplicate ratio of the redlangle GHY, and 
therefore as ^GH X CO x V. Whence the time of ail entire 
ofcillation in the cycloid QRS (it being as the femi-periphery 
HKM, which denotes that entire ofcillation, ‘dire&ly; and 
as the arc HZ which in like manner denotes a given time in- 
versely) will be as GH diredlly and v'GH X CO x Y inverfe- 

SR 

ly; that is, becaufe GH and SR are equal, as — n > 

LU X V 


or (by cor. prop. 50) as »/ 


AR 

AC x V* 


Therefore the ofcil- 


lations in all globes and cycloids, performed with what abfo- 
lute forces foever, are in a ratio compounded of the fubdupK- 
cate ratio of the length of the firing diredtly, and the fub- 
duplicate ratio of the diftance between the point of fufpen- 
fion and the centre of tlie globe inverfely, and the fubdu- 


Digitized by LjOoq le 



Se£t. X. OF NATURAL PHILOSOPHY. 139 

plicate ratio of the abfolute force of the globe inversely alfo. 
Q.E.I. 


Cor. 1 . Hence alfo the times of ofcillating, falling, and 
revolving bodies may be compared among themfelves. For 
if the diameter of the wheel with which the cycloid is de- 
fcribed within the globe is fuppofed equal to the femi-diame- 
ter of the globe, the cycloid will become a right line palling 
through the centre of the globe, and the ofcillation will be 
changed into A defcent and fubfequent afcent in that right 
line. Whence there is given both the time of the defcent 
from, any place to the centre, and the time equal to it in 
which the body revolving uniformly about the centre of the 
globe at any diftance describes an arc of a quadrant. For 
this time (by cafe 2) is to the time of half the ofcillation in 


any cycloid QRS as 1 to */ 


AR 

AC* 


Cor. 2. Hence alfo follow what Sir Chrijiopher Wren and 
M. Huygens have difcovered concerning the vulgar cycloid* 
For if the diameter of the globe be infinitely increafed, its 
fphacrical fdperficies will be changed into a plane, and the 
centripetal force will a<ft uniformly in the diretftion of lines 
perpendicular to that plane, and this cycloid of our’s will be- 
come the fame with the common cycloid. But in that cafe 
the length of the arc of the cycloid between that plane and 
the defcribing point will become equal to four times the 
verfed fine of half the arc of the wheel between the fame 
plane and the defcribing point, as was discovered by Sir 
Chri/lopher Wren . And a. pendulum between two fuch cy- 
cloids will ofcillate in a fimilar and equal cycloid in equal times, 
as M. Huygens demonftrated. The defcent of heavy bodies 
alfo in the time of one ofcillation will be the fame as M. Huy- 
gens exhibited. 

The propofitipns here demonftrated are adapted to the true 
conftitution of the Earth, in fo far as wheels moving in any of 
its great circles will defcribe, by the motions of nails fixed in 
their perimeters, cycloids without the globe; and pendulums 
in mines and deep caverns of the Earth, muft ofcillate in cy- 
cloids within the globe, that thofe ofcillations may be per- 
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formed in equal times. For gravity (as will be (hewn in the 
third book) decreafes in its progrefs from the fuperficies of the 
Earth; upwards in a duplicate ratio of the dillances from the 
cebtre of the earth; downwards in a fim pie ratio of the fame 

PROPOSITION LIIL PROBLEM XXXV. 
Granting the quadratures of curvilinear figures* it is requir- 
ed to find the forces with which bodies moving in given 
curve lines may always perform their ofcillations in equal 
times . 

Let the body T (PL 20, Fig. 2) ofcillate in any carve line 
STRQ, whofe axis is AR palling through the centre of force 
C„ Draw TX touching that curve in any place of the body 
T, and in that tangent TX lake TY equal to the arc TR. 
The length of that arc is known from the common methods 
ufed for the quadratures of figures. From the point Y draw 
the right line YZ perpendicular to the tangent. Draw CT 
meeting that perpendicular in Z, and the centripetal force 
will be proportional to the right line TZ. Q.E.L 

For if the force with which the body is attracted from T 
- towards G be expreffed by the right line TZ taken propor- 
tional to it, that force will be reiblved into two fotces TY, YZ, 
of which YZ drawing the body in the dire&idn of the length 
of the thread PF, does not at all change its motion; whereas 
the other jrie TY dire6tly accelerates or retards its motion 
in the Cir^e* STRQ. Wherefote fince that force is as the 
fpace to be deldVibed TR, the accelerations or retardations 
of the body in describing two proportional parts (a greater 
and a lefs)of two ofcillations, will be always as thole parts, 
and therefore will caufe thofe parts to be described together. 
.But bodies which continually deferibe together parts propor- 
tional to the wholes, will deferibe the wholes together alfo. 
Q.E.D. 

Cor. 1 . Hence if the body T (Pl. 20, Fig. 3), banging by 
a re&ilinear thread AT from the centre A, deferibe the cir- 
cular arc STRQ, and in the mean time be a&ed on by any 
force tending downwards with parallel dire&km&y which is to 
the uniform force of gravity As the arc TR to its fine TNy the 
times of the feveral ofcillations will be equal. For becaufe 
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TZ, All are parallel, the triangles ATN, ZTY are fimihur; 
and therefore TZ will be to AT as TY to TN ; that is, if the 
uniform force of gravity be expreffed by the given length AT, 
the force TZ, by which the ofcillations become isochronous, 
will be to the force of gravity AT, as the arc TR equal to TY 
is to TN the fine of that arc. 

Cor. 2. And therefore in clocks, if forces were imprefied 
by feme machine upon the pendulum which preferves the 
motion, and fo compounded with the force of gravity that 
the whole force tending downwards (hould be always as a line 
produced by applying the re&angle under the arc TR andt 
the radius AR to the fine TN, all the ofcillations will become 
ifocbronous. 

PROPOSITION LIV. PROBLEM XXXVI, 
Granting the quadratures of curvilinear figures , it is required 
to find the times irtr which bodies by means of any centri * 
petal forcp will defeend or afeend in any curve lines dc - 
feribed in a plane pajfing through the centre of force. 

Let the body defeend from any place S (El. 20, Fig. 4), 
and move in any curve STtR given in a plane pafiing through 
the centre of force C. Join CS, and let it be divided into 
innumerable equal parts, and let Dd be one of thofe parts. 
From the centre C, with the intervals CD, Cd, let the circles 
DT, dt be described, meeting the curve line STtR in T and t. 
And becaufe the law of centripetal force is given, and alfo 
the altitude CS from which the body at firft fell, there will 
be given the velocity of the body in any other altitude CT (by 
prop. 39). But the time in which the body deferibes the 
lineolse Tt is as the length of that lineolas, that is, as the 
fecant of the angle tTC direftly, and the velocity inverfely. 
Let the ordinate DN, proportional to this time, he made per- 
pendicular to the right line CS at the point D, and becaufe 
Dd is given, the re&angle Dd x DN, that is, the area DNnd, 
will be proportional to the fame time. Therefore if PNn be 
a curve line in which the point N is perpetually found, and 
its afymptote be the right line SQ Handing upon the line 
CS at right angles, the area SQPND will be proportional to 
the time in which the body in its defeent-hath (Jefcribed the 


Digitized by LjOoq le 



142 MATHEMATICAL PRINCIPLES JBook I. 

line ST; and therefore that area being found, the time is alfo 
given. Q.E.I. 

PROPOSITION LV. THEOREM XIX. 

If a body move in any curve fuperjicits, whofe axis paffes 
through the centre of force 3 and from the body a perpendi- 
cular be let fall upon the axis; and a line parallel and 
equal thereto be drawn from any given point of the axis ; 
I fay , that this parallel line will defcribe an area propor- 
tional to the time . 

Let BKL (PI. 20, Fig. 5) be a curve fuperficies, T a body 
revolving in it, STR a traje&ory which the body defcribes in 
the fame, S the beginning of the trajectory, OMK the axis of 
the curve liiperficiqs, TN a right line let fall, perpendicularly 
from the body to the axis; OP a line parallel and equal 
thereto drawn from the given point O in the axis; AP 
the orthographic projection of the trajectory defcribed by the 
point P in the plane AOP in which the revolving line OP is 
found; A the beginning of that projection, anfwering to the 
point S; TC a right line drawn from the body to the centre; 
TG a part thereof proportional to the centripetal force with 
which the body tends towards the centre C; TM a right line 
perpendicular to the curve fuperficies; TI a part thereof pro-' 
portion al to the force of preffure with which the body urges 
the fuperficies, and therefore with which it is again repelled 
by the fuperficies towards M ; PTF a right line parallel to the 
axis and palling through the body, and GF, IH right lines let 
fall perpendicularly from the points G and I upon that parallel 
PHTF. I fay, now, that the area AOP, defcribed by the 
radius OP from the beginning of the motion, is proportional 
to the time. For the force TG (by cor. 2, of the laws of mo- 
tion) is refolved into the forces TF, FG; and the force TI into 
the forces TH, HI; but the forces TF, TH, afting in the 
direction of the line PF perpendicular to the plane AOP, in- 
troduce no change in the motion of the body but in a direc- 
tion perpendicular to that plane. Therefore its motion, fo far 
as it has the fame direction with the polition of the plane, that 
is, the motion of the point P, by which the projection AP of 
the trajeClory is defcribed in that plane, is the fame as if the 
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forces TF, TH were taken away, and the body Werfe adled on 
by the forces FG, HI alone ; that is, the fame as if the body 
were to defcribe in the plane AOP the curve AP by means of 
a centripetal force tending to the centre O, and equal to the 
fum of the forces FG and HI. But with fuch a force as that 
(by prop. 1) the area AOP will be defcribed proportional to 
the time. Q.E.D. 

Cor. By the fame reafoning, if a body, adled on by forces 
tending to two or more centres in any the fame right line CO, 
fhould defcribe in a free fpace any curve line ST, the area 
AOP would be always proportional to the time. 

PROPOSITION LVI. PROBLEM XXXVII. 
Granting the quadratures of curvilinear figures, and fappofing 
that there are given both the law of centripetal force lending 
' to a given centre , and the curve fuperficies whofe axis paffes 
through that centre ; it is required to find the trajectory which 
a body mil defcribe in that fuperficies , when going off from 
a given place with a given velocity , and in a given direction 
in that fuperficies . 

The laft conftrudtion remaining, let the body T go from 
the given place S (PI. 20, Fig. 6), in the diredtion of a line 
given by pofition, and turn into the trajedlory fought STR, 
whofe orthographic projection in the plane BLO is AP. And 
from the given velocity of the body in the altitude SC, its ve- 
locity in any other altitude TC will be alfo given. With that - 
velocity, in a given moment of time, let the body defcribe the 
particle Tt of its trajectory, and let Pp be the projection of 
that particle defcribed in the plane AOP. Join Op, and a 
little circle being defcribed upon the curve fuperficies about 
the centre T with the interval Tt, let the projection of that 
little circle in the plane AOP be the ellipfis pQ. And be- 
caufe the magnitude of that little circle Tt, and TN or PO 
its diftance from the axis CO is alfo given, the ellipfis pQ 
will be given both in kind and magnitude, as alfo its pofition 
to the right line PO. And fince the area POp is proportional 
to the time, and therefore given becaufe the time is given, the 
angle POp . will be given. And thence will be given p the . 
common interfedtion of the ellipfis aud the right line Op, to- 
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gether with the angle OPp, in which the projection APp of 
the trajectory cuts the line OP. But from thence (by con- 
ferring prop. 41, with its 2d cor.) the manner of determining 
the curve APp eafily appears. Then from the feveral points 
P of that projection ereCting to the plane AOP, the perpen- 
diculars PT meeting the curve fuperficies in T, there will be 
given the feveral points T of the trajectory. Q.E.I. 

SECTION XI. ' 

Of the motions of bodies tending to each other with centripetal 

forces . 

I have hitherto been treating of the attractions of bodies 
towards an immovable centre ; though very probably there 
is no fuch thing exiftent in nature. For attractions are made 
towards bodies, and the aCtions of the bodies attracted and 
attracting are always reciprocal and equal, by law 3 ; fo that 
if there are two bodies, neither the attracted nor the attracting 
body is truly at reft, but both (by Cor. 4, of the laws of mo- 
tion), being as it were mutually attracted, revolve about a 
common centre of gravity. And if there be more bodies, 
which are either attracted by one fingle one which is attracted 
by them again, or which, all of them, attraCt each other 
mutually; thefe bodies will be fo moved among themfelves, 
as that their common centre of gravity will either be at reft> 
or move uniformly forward in a right line. I fhall therefore 
at prefent go on to treat of the motion of bodies mutually at- 
tracting each other ; confidering the centripetal forces as afc- 
traCtoons; though perhaps in a phyftcal ftriCtnefs they may 
more truly be called impulfes. But thefe propofitions are to 
be confidered as purely mathematical ; and therefore, laying 
afide all phyfical confiderations, I make ufe of a familiar 
way of fpeaking, to make myfelf the more eafily underftood 
by a mathematical reader. 

PROPOSITION LVII. THEOREM XX. 

Two bodies attracting each other mutually dtfcribe fimilar 
figures about their common centre of gravity , and about each 
other mutually . 

Fqr the diftances of the bodies from their common centre 
of gravity are reciprocally as the bodies; and: therefore in a 
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given ratio to each other ; and thence, by compofition of ra- 
tios, in a given ratio to the whole diftance between the bodies. 
Now thefe diftances revolve about their common term with 
an equable angular motion, becaufe lying in the fame right 
line they never change their inclination to each other mu- 
tually. But right lines that are in a given ratio to each other, 
and revolve about their terms with an equal angular motion, 
defcribe upon planes, which either reft with thofe terms, or 
move with any motion not angular, figures entirely fimilar 
round thofe terms. Therefore the figures defcribed by the re- 
volution of thefe diftances are limilar. Q.E.D. 

PROPOSITION LV1II. THEOREM XXL 
If two bodies attraEi each other mutually with forces of any 
kind , and in the mean time revolve about the common centre 
of gravity ; I fay , that , by the fame forces , there may be de- 
fcribed round either body unmoved a figure fimilar and equal 
to the figures which the bodies fo moving defcribe round each 
other mutually . 

Let the bodies S and P (PI. 20, Fig. 7) revolve about their 
common centre of gravity C, proceeding from S to T, and 
from P to Q. From the given point s let there be continually 
drawn sp, sq,; equal and parallel to SP, TQ ^ and the curve 
pqv, which the point p defcribes in its revolution round the 
immovable point s, will be fimilar and equal to the curves 
which the bodies S and P defcribe about each other mutually ; 
and therefore, by theor. 20, fimilar to the curves ST and PQV 
which the fame bodies defcribe about their common centre^pf 
gravity C ; and that becaufe the proportions of the lines SC, 
CP, and SP or.sp, to each other, are given. 

Case 1. The common centre of gravity C (by cor. 4, of 
the laws of motion) is either at reft, or moves uniformly in 
a right line. Let us firft fuppofe it at reft, and in s and p let 
there be placed two bodies, one immovable in s, the other 
moveable in p, fimilar and equal to the bodies S and P. Then 
let the right lines PR and pr touch the curves PQ and pq in 
P and p, and produce CQ and sq to R and r. And becaufe 
the figures CPRQ, sprq are fimilar, RQ will be to rq as CP 
to sp, and therefore in a given ratio. Hence if the force with 
Vol. I. L 
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which the body P is attracted towards the bbdy S, and by 
confequence towards the intermediate point the centre C, 
were to the force with which the body p is altra&ed towards 
the centre s, in the fame given ratio, thefe forces would in 
equal times attract the bodies from the tangents PR, pr to the 
arcs PQ, pq, through the intervals proportional to them RQ, 
rq ; and therefore this laft force (tending to s) would make thfe 
hody p revolve in the curve pqv, which would become fimilar 
to the curve PQV, in which the firft force obliges the body P 
to revolve ; and their revolutions would be completed in the 
fame times. But becaufe thofe forces are not to each other ih 
the ratio of CP to sp, but (by reafon of the fimilarity and 
equality of the bodies S and s, P and p, knd the equality of 
the diftances SP, sp) mutually equal, the bodies in equal times 
will be equally drawn from the tangents ; and therefore that 
the body p may be attra6led through the greater interval rq, 
there is required a greater time, which will be in the fubdu- 
plicate ratio.of the intervals ; becaufe, by lemma 10, the fpaces 
defcribed at the very beginning of the motion are in a dupli- 
cate ratio of the times. Suppofe, then, the velocity of the body 
p to be to the velocity of the body P in a fubduplicate ratio of 
the diftance sp to the diftance CP, fo that the arcs pq, PQ, 
which are in a Ample proportion to each other, inay be de- 
fcribed in times that are in a fubduplicate ratio of the diftances; 
and the bodies P, p, always attra&ed by equal forces, will de- 
fcribe round the quiefcent centres C and s fimilar figures 
PQV, pqv, the latter of which pqv is fimilar and equal, to the 
figure which the body P defcribes round the moveable body 

5. Q.E.D. 

Case 2. Suppofe now that the common centre of gravity, 
together with the fpace in which the bodies are moved among 
themfelve3, proceeds uniformly in a right line; and (by cor. 

6, of the laws of motion) all the motions in this fpace will be 
performed in the fame manner as before ; and therefore the 
bodies will defcribe mutually about each other the fame fi- 
gures as before, which will be therefore fimilar and equal to 
the figure pqv. Q.E.D. 
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CoR. 1. Hence two bodies attracting each other with forces 
proportional to their diftance, defcribe (by prop. 10) both 
round their common centre of gravity, and round each other 
mutually, concentrical ellipfes ; and, vice verfa, iffuch figures 
are defcribed, the forces are proportional to the diftances. 

Cor. 2. And two bodies, whofe forces are reciprocally pro- 
portional to the fquare of their diilance, defcribe (by prop. 
11, 12, 13), both round their common centre of gravity, and 
round each other mutually, conic feCtions having their focus 
in the centre about which the figures are defcribed. And, 
vice verfa , if filch figures are defcribed, the centripetal forces 
are reciprocally proportional to the fquares of the diftance. 

Cor. S. Any two bodies revolving round their common 
centre of gravity defcribe areas proportional to the times, by 
jadii drawn both to that centre and to each other mutually. 

PROPOSITION L1X. THEOREM XXII. 

The periodic time of two bodies S and P revolving round their 
common centre of gravity C, is to the periodic time of one 
of the bodies P revolving round the other S remaining un- 
moved , and defcribing a figure Jimilor and equal to thofe 
which the bodies defcribe about each other mutually , in a 
fubduplicate ratio of the other body S to the fum of the bo - 
diesS + P. 

For, by the demonftration of the laft propofition, the times 
in which any finular arcs PQ and pq are defcribed are in a 
fubduplicate ratio of the distances C,P and SP, or sp, that is, 
in a fubduplicate ratio of the body S to the fum of the bodies 
S -f P. And by compofition of ratios, the films of the times 
in which all the ftmilar arcs PQ and pq are defcribed, that is, 
the whole times in which the whole fimilar figures are defcribed, 
are in itbe fame fubduplicate ratio. Q.E.D. 

PROPOSITION LX. THEOREM XXIII. 

If two bodies S and P, attracting each other with forces re- 
ciprocally proportional to the fquares of their difiance, re- 
voke about their common centre of gravity ; I fay, that the 
principal axis of theeUipfis which either of the bodies, as P, 
deferibes by this motion about the other S, will be to the prin- 
cipal axis of the ellipfis, which the fame body P may defcribe 
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in the fame periodical time about the other body S quiefcent , 
as the fum of the two bodies S -f P to the firft of two mean 
proportionals between that fum and the other body S. 

For if the ellipfes defcribed were equal to each other, their 
periodic times by the laft theorem would be in a fubduplicate 
ratio of the body S to the fum of the bodies S + P. Let the 
periodic time in the latter ellipfis be diminifhed in that ratio, 
and the periodic times will become equal ; but, by prop. 15, 
the principal axis of the ellipfis will be diminifhed in a ratio 
fefquiplicate to the former ratio ; that is, in a ratio to which 
the ratio of S to S -f: P is triplicate ; and therefore that axis 
will be to the principal axis of the other ellipfis as the firft 
of two mean proportionals between S + P and S to S + P. 
And inverfely the principal axis of the ellipfis defcribed about 
the moveable body will be to the principal axis of that de- 
fcribed round the immovable as S -f- P to the firft of two 
mean proportionals between S -f- P and S. Q.E.D. 

PROPOSITION LXI. THEOREM XXIV. 

If two bodies attracting each other with any kind of forces, 
and not otherwife agitated or obftruCted , are moved in any 
manner whatfoever , thofe motions zvill be the fame as if 
they did . not at all attraCt each other mutually , but were 
both attracted with the fame forces by a third body placed 
in their common centre of gravity ; and the law of the at- 
tracting forces will be the fame in refpeCt of the diftance of 
the bodies from the common centre , as in refpeCt of the 
difiance between the two bodies . 

For thofe forces with which the bodies attraft each other 
mutually, by tending to the bodies, tend alfo to the common 
centre of gravity lying dire&ly between them ; and therefore 
are the fame as if they proceeded from an intermediate 
body. Q.E.D. 

And becaufe there is given the ratio of the diftance of ei- 
ther body from that common centre to the diftance between 
the two bodies, there is given, of courfe, the ratio of any power 
of one diftance to the fame power of the other diftance ; and 
alfo the ratio of any quantity derived in any manner from 
one of the diftances compounded any how with given quan- 
tities, to another quantity derived in like manner from the 
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other diftance, and as many given quantities having that 
given ratio of the diftances to the firft. Therefore if the force 
with which one body is attracted by another be direftly or 
inverfely as the diftance of the bodies from each other, or as 
any power'of that diftance ; or, laftly, as any quantity derived 
after any manner from that diftance compounded with given 
quantities ; then will the fame force with which the fame 
body is attracted to the common centre of gravity be in like 
manner dire&ly or inverfely as the diftance of the attracted 
body from the common centre, or as any power of that 
diftance; or, laftly, as a quantity derived in like fort from that 
diftance compounded with analogous given quantities. That 
is, the law of attracting force will be the fame with refpeCt to 
both diftances. Q.E.D. 

PROPOSITION LXII. PROBLEM XXXVIII. 

Jb determine the motions of two bodies which attract each other . 
with forces reciprocally proportional to the fquares of th& 
diftance between them , and are let fall from given places . 

The bodies, by the laft theorem, will be moved in the fame 
manner as if they were attracted by a third placed in the 
common centre of their gravity ; and by the hypothefis that 
centre will be quiefeent at the beginning of their motion, and 
therefore (by cor. 4, of the laws of motion) will be always qui- 
efeent. The motions of the bodies are therefore to be deter- 
mined (by prob. 25) in the fame manner as if they were im- 
pelled by forces tending to that centre; and then we (hall 
have the motions of the bodies attracting each other mutu- 
ally. Q.E.I. 

PROPOSITION LXIII. PROBLEM XXXIX. 

To determine the motions of tico bodies attracting each other 
with forces reciprocally proportional to the fquares of their 
diftance , and going off from given places in given directions 
with given velocities . 

The motions of the bodies at the beginning being given, 
there is given alfo the uniform motion of the common centre 
of gravity, and the motion of the fpace which moves along 
with this centre uniformly in a right line, and alfo the very 
firft, or beginning motions of the bodies in refpeCt of this 
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fpace. Then (by cor. 5, of the taws, and the laft theorem) 
the fubfeqaent motions will be performed in the fame manner 
hi that fpace, as if that fpace together With the common cen- 
tre of gravity were at reft, and as if the bodies did not attradi 
each other, bat were attracted by a third body placed in that 
centre. The motion therefore hi this moveable fpace of each 
body going off from a given place, in a given direction, with 
a given Velocity, and adted upon by a centripetal force tend- 
ing to that centre, is to be determined by prob. 9 and 26, 
and at the fame time will be obtained the motion of the other 
round the fame centre. With this motion compound the uni- 
form progreffive motion of the entire fyftem of the fpace and 
the bodies revolving in it, and there will be obtained the ah* 
folute motion of the bodies in immovable fpace. Q.E.I. 

PROPOSITION LXIV. PROBLEM XL. 

^ uppofing forces with which bodies mutually attract each other 
to increafe in a fimple ratio of their difiances from the cen- 
tres ; it is required to find the motions of federal bodies among 
themfelves. 

Suppofe the two firft bodies T and L (PI. 21, Fig. 1) to 
have their common centre of gravity in D. Thefe,by cor. 1, 
theor. 21, will defcribe eliipfes having their centres in D, the 
magnitudes of which eliipfes are known by prob. 5. 

Let now a third body S attradl the two former T and L 
with the accelerative forces ST, SL, and let it be attra&ed 
again by them. The force ST (by cor. 2, of the laws of mo- 
tion) is refolved into the forces SD, DT ; and the force SL 
into the forces SD and DL. Npw the forces DT, DL, which 
are as their fum TL, and therefore as the accelerative forces 
with which the bodies T and L attraft each other mutually, 
added to the forces of the bodies T and L, the firft to the firft, 
and the laft to the laft, compofe forces proportional to the 
diftances DT and DL as before, but only greater than thofe 
former forces; and therefore (by cor 1, prop. 10, and cor. 1, 
and 8, prop. 4) they will caufe thofe bodies to defcribe el- 
iipfes as before, but with a fwifler motion. The remaining 
accelerative forces SD and DL, by the motive forces SD X T 
and SD x L, which are as the bodies attra&ing thofe bodies 
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ju^lly, and in the dire&ion of the lines TI, LK parallel to 
►S, do not at all change their fituations with refpeCt to one 
nothCT, but caufe them equally to approach to the line IK ; 
rhich mud be imagined drawn through the middle of thq 
ody S, and perpendicular to the line DS. But that approach 
o the line IK will be hindered by caufing the fyftem of the 
todies T and L on one fide, and the body S on the other, 
vith proper velocities, to revolve round the common centre of 
gravity C. With fuch a motion the body S, becaufe the fum 
of the motive forces SD x T apd SD x L is proportional to 
the diftance CS, tends to the centre C, will defcribe an el- 
lipsis round the fame centre C ; and the point D, becaufe the 
lines CS and CD are proportional, will defcribe a like ellipfis 
over againft it. But the bodies T and L, attracted by the 
motive forces SD X T and SD x L, the firft by the firft, and 
the laft by the la#, equally and in the direction of the paralleji 
lines TI and LK, as wasfaid before, will (by cor. 5 and 6, of 
the laws pf motion) continue to defcribe their ellipfes round 
the moveable centre D, as before. Q.E.I. 

Let there be added a fourth body V, and, by the like rea- 
soning, it will be demonftrated that this body and the point 
C will defcribe ellipfes about the common centre of gravity 
B ; the motions of the bodies T, L, and S round the centres 
D and C remaining the fame as before; but accelerated. 
And by the fame method one may add yet more bodies at 
pleafure. Q.E.I. 

This would be the cafe, though the bodies T and L attraCl 
each other mutually with accelerative forces either greater or 
Jefs than thofe with which they attraCt the other bodies in 
proportion to their diftance. Let all the mutual accelerative 
attractions be to each other as the diftances multiplied into 
the attracting bodies ; and from what has gone before it will 
eafily be concluded that all the bodies will defcribe different 
ellipfes with equal periodical times about their common centre 
of gravity B, in an immovable plane. Q.E.I. 

PROPOSITION LXV. THEOREM XXV. 

Bodies , whofe forces (iccreafe in a duplicate ratio of their 
diftances from their centres , may move among themjelves in 
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ellipfes ; and by radii drawn to the foci may defcribe areas 

proportional to the times very nearly. 

In the laft propofition we demonftrated that cafe in which 
the motions will be performed exa&ly in ellipfes. The more 
diftant the law of the forces is from the law in that cafe, the 
more will the bodies difturb each other’s motions ; neither is 
it poffible that bodies attra&ing each other mutually accord- 
ing to the law fuppofed in this propofition (hould move ex- 
actly in ellipfes, unlefs by , keeping a certain proportion of 
diflanees from each other. However, in the following cafes 
the orbits will not much differ from ellipfes. 

Case 1 . Imagine feveral leffer bodies to revolve about fome 
very great one at different diftances from it, and fuppofe ab- 
folute forces tending to every one of the bodies proportional 
to each. And becaufe (by cor. 4, of the laws) the common 
centre of gravity of them all is either at reft, or moves uni- 
formly forward in a right line, fuppofe the leffer bodies fo 
fmall that the great body may be never at a fenfible diftance 
from that centre ; and then the great body will, without any 
fenfible error, be either at reft, or more uniformly forward in a 
right line ; and the leffer will revolve about that great one in 
ellipfes, and by radii drawn thereto will defcribe areas pro- 
portional to the times ; if we except the errors that may be 
introduced by the receding of the great body from the com- 
mon centre of gravity, or by the mutual a6lions of the leffer 
bodies upon each other. But the leffer bodies may be fo far 
diminifhed, as that this recefs and the mutual a&ions of the bo- 
dies on each other may become lefs than any affignable; and 
therefore fo as that the orbits may become ellipfes, and the 
areas anfwer to the times, without any error that is not lefs 
than any affignable. Q.E.O. 

Case 2. Let us imagine a fyftem of leffer bodies revolving 
about a very great one in the manner juft defcribed, or any 
other fyftem of two bodies revolving about each other to be 
moving uniformly forward in a right line, and in the mean 
time to be impelled fideways by the force of another vaftly 
greater body fituate at a great diftance. And becaufe the 
equal accelerative forces with which the bodies are impelled 
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in parallel directions do not change the lituation of the bodies 
with refpeCt to each other, but only oblige the whole fyftem 
to change its place while the parts ftill retain their motions 
among themfelves, it is manifeft that no change in thofe 
motions of the attracted bodies can arife from their attractions 
towards the greater, unlefs by the inequality of the accele- 
rative attractions, or by the inclinations of the lines towards 
each other, in whofe directions the attractions are made. 
Suppofe, therefore, all the accelerative attractions made to- 
wards the great body to be among themfelves as the fquares 
6f the diftances reciprocally; and then, by increafing the 
diftance of the great body till the differences of the right lines 
drawn from that to the others in refpeCt of their length, and 
the inclinations of thofe lines to each other, be lefs than any 
given, the motions of the parts of the fyftem will continue 
without errors that are not lefs than any given. And becaufe, 
by the fmall diftance of thofe parts from each other, the 
whole fyftem is attracted as if it were but one body, it will 
therefore be moved by this attraction as if it were one body ; 
that is; its centre of gravity will deferibe about the great body 
one of the conic feCtions (that is, a parabola or hyperbola 
when the attraction is, but languid, and an ellipfis when it is 
more vigorous) ; and by radii drawn thereto, it will deferibe 
areas proportional to the times, without any errors but thofe 
which arife from the diftances of the parts, which are by 
the fuppofition exceedingly fmall, and may be diminifhed at 
pleafure. Q.E.O. 

By a like reafoning one may proceed to more compounded 
cafes in infinitum. 

Cor. 1 . In the fecond cafe, the nearer the very great body 
approaches to the fyftem of two or more revolving bodies, the 
greater will the perturbation be of the motions of the parts 
of the fyftem among themfelves ; becaufe the inclinations of 
the lines drawn from that great body to thofe parts become 
greater; and the inequality of the proportion is alfo greater. 

Cor. 2. But the perturbation will be greateft of all, if we 
fuppofe the accelerative attractions of the parts of the fyftem 
towards the greateft body of all are not to each other reci- 
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procaliy as the fquares of the diftances from that great body $ 
efpecially if the inequality of thi? proportion be greater th^ti 
the ipequality of the proportion of the distances from the grea$ 
body. For if the accelerative force, ailing in parallel direc- 
tions and equally, caufes no perturbation in the motions of thp 
parts pf the fyftem, it muft of courfe, when it ads unequally* 
caufe a perturbation fomewhere, which will be greater or lefaf 
as the inequality is greater or left. The e*cefs of the greater 
impulses acting upon fome bodies, and not a&ing upon other?, 
jnufl neceffarily change their fituation among themielve^. 
And this perturbation, added to the perturbation arifing froiq 
the inequality and inclination of the lines, makes the yvholg 
perturbation greater. 

Cor. 3. Hence if the parts of this fyftem move in ellipj(ef» 
or circles without any remarkable perturbation, it is ijnauifeft 
that, if they are at all impelled by accelerative force? tending 
to any other bodies, the impulfe is very weak, or elfe is ijn r 
preiTed very near equally and ip parallel <b r f e&ipn? upon ajl 
of them. 

PROPOSITION LXVI. THEOREM XXVI. 

Jf three bodies whoft forces decreafe in a duplicate ratio pf tfe 
difiances attract each other m\ityally ; and the qcfeferqhkf 
attractions of any two towards the third be between thfity- 
/elves reciprocally qs the fqyqres.of tfe difiqnces ; qnfi ifae 
two leafi revolve about the gwateft ; J fay, that the interior 
of the two revolving bodies willy by radii drawn to the ip- 
nermofi and greatefi, deferibe round that body areas morp 
proportional to the times , and a figure wore approaching to 
that of an ellipjis having its focus in the point pf foucoppjp 
of the radii, \f that great body be agitated by thofe at- 
(ra&ions, than it would, do if that great body W*re not at- 
traded at all by the lejfer, but remained at refi ; qr thqn it 
Would if that great body zeere very mpeh rnoxf or very much 
kfs attracted, or very much more or very pinch l/s agitated, 
by the attractions. 

This appears plainly enough from the demonstration of the 
fecpnd cprgljary of the fpregoing propofition ; but it may be 
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made out after this manna* by a way of reasoning more dift&dfc 
land more univerfally convincing. 

Case 1. Let the leffer bodies P and S (PL 21, Fig. 2) re- 
volve in the fame plane about the greateft body T, the body 
P defcribing the interior orbit PAB, and S the exterior orbit 
ESE. Let SK be the mean diftance of the bodies P and S ; 
and let the accelerative attra&ion of the body P towards 8, at 
that mean diftance, be expreffed by that line SK. Make 
SL to SK as the fquare of SK to the fquare of SP, and SL 
will be the accelerative attra&ion of the body P towards S at 
any diftance SP. Join PT, and draw LM parallel to it meet- 
ing ST in M ; and the attraction SL will be refolved (by cor. 
2, of the laws of motion) into the attra&ions 3M, LM. And 
fo the body P will be urged with a threefold accelerative 
force. One of thefe forces tends towards T, and arifes from, 
the mutual altra&ion of the bodies T and P. By this force 
alone the body P would defcribe round the body T, by the 
radius PT, areas proportional to the times, and an ellipfis 
whofe focus is in the centre of the body T ; and this it would 
do whether the body T remained unmoved, or whether it were 
agitated by that attra&ion. This appears from prop. H, and 
cor. 2 and 3 of theor. 21. The other force is that of the at- 
tr action LM, which, becaufe it tends from P to T, will be fu- 
peradded to and coincide with the dormer force.; and caufe 
the areas to be ftill proportional to the times, by cor. S, theor. 
21. But becaufe it is not reciprocally proportional to the 
fquare of the diftanee PT, it will eompofe; when added to the 
former> a force varying from that proportion ; which varia- 
tion will be the greater by how much the proportion of this 
force to the former is greater, cateris paribus. Therefore, 
fince by prop. 11, and by cor. 2, theor. 21, the force with 
which the ellipfis is described about the focus T ought to be 
dire&ed to that focus, and to he reciprocally proportional to 
the fquare of the diftance PT, that compounded force "vary- 
ing from that proportion will make the orbit PAB vary from 
the figure of an ellipfis that has its focus in the point T ; and 
fo much the more by how much the variation from that pro- 
portion is greater ; and by confequence by how mufch the 
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proportion of the fecond force LM to the firft force is greater, 
cat eris paribus. But now the third force SM, attracting the 
body P in a direction parallel to ST, coinpofes with the other 
forces a new force which is no longer directed from P to T; 
and which varies fo much more from this direction by how 
much the proportion of this third force to the other forces is 
greater, cateris paribus ; and therefore caufes the body P to 
defcribe, by the radius TP, areas n© longer proportional to 
the times ; and therefore makes the variation from that pro- 
portionality fo much greater by how much the proportion of 
this force to the others is greater. But this third force will in- 
> creafe the variation of the orbit PAB from the elliptical figure 
before-mentioned upon two accounts ; firft, becaufe that force 
is not directed from P to T ; and, fecondly, becaufe it is not 
reciprocally proportional to the fquare of the diftance PT. 
Thefe things being premifed, it is manifeft that the areas are 
then moft nearly proportional to the times, when that third 
force is theleaft poflible, the reft prel'erving their former quan- 
tity ; and that the orbit PAB does then approach neareft to 
the elliptical figure above-mentioned, when both the fecond 
^and third, but efpecially the third force, is the leaft poftible ; 
the firft force remaining in its former quantity. 

Let the accelerative attraction of the body T towards S be 
-expreffed by the line SN 5 then if the accelerative attractions 
SM and SN were equal, thefe, attracting the bodies T and P 
equally and in parallel directions, would pot at all change their 
fituation with refpect to each other. The motions of the bo- 
dies between themfelves would be the fame in that cafe as if 
thofe attractions did not act at all, by cor. 6, »of the laws of 
motion. And, by a like reafoning, if the attraction SN is lefs 
than the attraction SM, it will take away out of the attraction 
SM tfie part SN, fo that there will remain only the part (of 
the attraction) MN to difturb the proportionality of the areas 
and times, and the elliptical figure of the orbit. And in like 
manner if the attraction SN be greater than the attraction 
SM, the perturbation of the orbit and proportion will be pro r 
duced by the difference MN alone. After this manner the 
attraction SN reduces always the attractipn SM to the at- 
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traCtion MN, the firft and fecond attractions remaining per- 
fectly unchanged ; and therefore the areas and times come 
then neareft to proportionality, and the orbit PAB to the 
above-mentioned elliptical figure, when the attraction MN i9 
either none, or the leaft that is pofiible ; that is, when the ac- 
celerative attractions of the bodies P and T approach as neai; 
as pofiible to equality; that is, when the attraction SN is 
neither none at all, nor lefs than the leaft of all the attractions 
SM, but is, as it were, a mean between the greateft and leaft of 
all thole attractions SM, that is, not much greater nor much 
lei’s than the attraction SK. Q.E.D. 

Case 2. Let now the leffer bodies P, S, revolve about a 
greater T in different planes ; and the force LM, aCiing in the 
direction of the line PT fituate in the plane of the orbit PAB, 
will have the fame effeCt as before ; neither will it draw the 
body P from the plane of its orbit. But the other force NM 
aCting in the direction of a line parallel to ST (and which, there- 
fore, when the body S is without the line of the nodes is inclined 
to.the plane of the orbit PAB), befides the perturbation of the 
motion juft now fpoken of as to longitude, introduces another 
perturbation alfo as to latitude, attracting the body P out of 
the plane of its orbit. And this perturbation, in any given 
fituation of the bodies P and T to each other, will be as the 
generating force MN ; and therefore becomes leaft when the 
force MN is leaft, that is (as was juft now Ihewn), where the 
attraction SN is not much greater nor much lefe than the at- 
traction SK. Q.E.D. 

• Coe. 1 . Hence it maybe eafily collected, that if feveral 
lefs bodies P, S, R, &c. revolve about a very great body T, 
the motion of the innermoft revolving body P will be leaft 
• difturbed by the attractions of the others, when the great body 
-is as well attracted and agitated by the reft (according to the 
ratio of the accelerative forces) as the reft are by each othelr 
mutually. 

Cor. 2. In a fyftem of three bodies T, P, S, if the accele- 
rative attractions of any two of them towards a third be to 
each other reciprocally as the fquares of the diftances, the 
body P, by the .radius PT, will .defcribe its area fwifter near 
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the conjunction A and the oppofition B than it will near the 
quadratures C and D. For every force ufith which the body 
P is a&ed on and the body T is not, and which does not alt 
in the direction of the line PT, does either accelerate or retard 
the description of the area, according as it is dire&ed, whe- 
ther in confequentia or in axtecedentia . Such is the force 
NM. This force in the paffage of the body P from C to A is 
directed in confequentia to its motion, and therefore accele- 
rates it ; then as far as D in antecedents , and retards the 
motion; then in confequentia as far as B; and lafiJy in ante- 
cedentia as it moves from B to C. 

Cor. 3 . And from the fame ieafoning it appears that the 
body P, ceteris paribus, moves more fwiftly in the conjunc- 
tion and oppofition than in the quadratures. 

Cor. 4. The orbit of the body P, ceteris paribus , is more 
curve at the quadratures than at the conjunction and oppo- 
sition. For the fwifter bodies move, the lefs they defied 
Grom a re&ilinear path. And befides the force KL, or NM, 
st the conjunction and oppofition, is contrary to the force 
with which the body T attracts the body P, and therefore 
diminifhes that force ; but the body P will deflect the lefe 
from a rectilinear path the lefs it is impelled towards the 
body T. 

Cor. 5. Hence the body P, ceteris paribus , goes farther 
from the body T at the quadratures than at the conjunction 
and oppofition. This is faid, however, foppofing no regard 
had to the motion of eccentricity. For if the orbit of the 
body P he eccentrical, its eccentricity (as will be (hewn pre- 
sently by cor. 9) will be greateft when the apfides are in the 
fyzygies ; .and thence it may fometimes come to >pafs that the 
body P, in its near approach to the farther apfis, may go 
farther from the body T at the fyzygies than at the qua- 
dratures. 

Cor. 6. Becaufe the centripetal force of the central body 
T, by which the body P is retained in its orbit, is iocreafed 
at thequad natures by the addition caufed by the force LM, 
and dimhiifhed at the fyzygies by the fubdu&ion caufed by 
the jbtee KL; and by leaihn the foree KL j# .greater than 
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•LMis morediininifhed thhn increafed; and, moreover, fittce 
that centripetal Force (by cor. 2, prop. 4) is in a ratio com- 
pounded of the fimple ratio of the radius TP dire&ly, and the 
duplicate ratio of the periodical time itiverfely; it is plain 
that this compounded ratio is diminiftied by the a&ion of 
the force KL; and therefore that the periodical time, ftippoft 
ing the radius of the orbit PT to remain the fame, will be in*- 
creafed, and that in the fubduplicate of that ratio i h Which 
the centripetal force is dmriniflied; and therefore, fuppofifcg 
this 'radios increSed or diminifhed, the periodical time wflU 
be irtdreafed more or dimihiihed lefs than in the fefofttipKcalte 
ratio of this radius, by cor. 6, prop. 4. If that force of the 
t&ntrkl body Should gradually decay, the body P being left 
and lefs attra&ed would g6 farther and farther from the cen*- 
tre T; aWd, on the contrary, ff it were increafed, it would draw 
hearer ’tort. Therefore If 'the aftion of the diftant body S, by 
which that force is dimtinrfhed, were to rticreafe and decreafe 
by turns, the raditfs TP will be alfo increafed and dittriftHhed 
by turns; and the periodical time will be increafed and di* 
Itiitilfhedin a ratio compounded of the fefquiplicate ratio of 
the tallius, and of the fubduplicate of that ratio in which the 
centripetal force of the central body T is diminilhed or increas- 
ed, by the increafe or decreafe of the action of the dhlant 
body S. 

Cor. 7. It alfo follows, frbm what was before laid down, 
*thit the axis of the ellipfis ddfcribed by the body P, Or thfe 
line’ of the aplides, does as to its angular motion go forwards 
and backwards by turns, but more forwards than backwards, 
ahdby'the excefs of its direft mbtion is in the whole carried for- 
Vlatfls. For the force with which the body P is urged to the 
hddy T at the quadratures, where the force MN vaniflies, h 
compounded of the force LM and 5 the centripetal forthwith 
which the body T attracts J the body P. The firft foree LM, 
if the diftance PT be increafed, is increafed in nearly the 
fame proportion with that diftance, and the other force de- 
creafes in the duplicate ratio of the diftance; and therefore 
the fum of thefe two forces decreafes in a left than the dupli~ 
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cate ratio of the diftance PT ; and therefore, by cor. I, prop. 
45, will make the line of the apfides, or, which is the fame 
thing, the upper apfis, to go backward* But at the conjunc- 
tion and oppofition the force with which the body P is urged 
towards the body T is the difference of the force KL, and 
of the force with which the body T attracts the body P ; and 
that difference, becaufe the force KL is very nearly increafed 
in the ratio of the diftance PT, decreafes in more than the 
duplicate ratio of the diftance PT; and therefore, by cor. 1, 
prop. 45, caufes the line of the apfides to g«tforwards. In the 
places between the fyzygies and the quadratures, the motion 
of the line of the apfides depends upon both thefe caufes con- 
jundtly, fo that it either goes forwards or backwards in pro- 
portion to the excefs of one of thefe caufes above the other* 
Therefore fince the force KL in the fyzygies is almoft twice 
as great as the force LM in the quadratures, the excefs will 
be on the fide of the force KL, and by confequence the line 
of the apfides will be carried forwards. The truth of this and 
the foregoing corollary will be more eafily underftood by con- 
ceiving the fyftem of the two bodies T and P to be furround- 
ed on every fide by feveral bodies S, S, S, &c. difpofed about 
the orbit ESE. For by the a&ions of thefe bodies the adiion 
of the body T will be diminifhed on every fide, and decreafe 
in more than a duplicate ratio of the diftance. 

Cor. 8. But fince the progrefs or regrefs of the apfides de- 
pends upon the decreafe of the centripetal force, that is, upon 
its being m a greater or lefs ratio than the duplicate ratio 
of the diftance TP, in the paffage of the body from the 
lower apfis to the upper; and upon a like increafe in its re- 
turn to the lower apfis again; and therefore becomes greateft 
where the proportion of the force at the upper apfis to the 
force at the lower apfis* recedes fartheft from the duplicate 
ratio of the diftances inverfely; it is plain, that, when the ap- 
fides are in the fyzygies, they will, by reafon of the fubdudt- 
ing force KL or NM — LM, go forward more fwiftly; and 
in the quadratures by the additional force LM go backward 
more flowly. Becaufe the velocity of the progrefs or flow- 
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nefs of the regrefs is continued for a long time; this inequali- 
ty becomes exceedingly great. 

Cor. 9. If a body is obliged, by a force reciprocally pro- 
portional to the fquare of its diftance from any centre, to re- 
volve in an ellipfis round that centre; and afterwards in its 
defcent from the upper apfis to the lower apfis, that foree by 
a perpetual acceffion of new force is increafed in more than 
a duplicate ratio of the diminifhed diftance; it is manifeft 
that the body, being impelled always towards the centre by 
the perpetual acceffion of this new force, will incline more 
towards that centre than if it were urged by that force alone 
which decreafes in a duplicate ratio of the diminiffied diftance, 
and therefore will defcribe an orbit interior to that elliptical 
orbit, and at the lower apfis approaching nearer to the centre 
than before. Therefore the orbit by the acceffion of this 
new force will become more eccentrical. If now, while the 
body is returning from the lower to the upper apfis, it Ihould 
decreafe by the lame degrees by which it increafes before the 
body would return to its firft diftance; and therefore if the 
force decreafes in a yet greater ratio, the body, being now 
lefs attradied than before, will afcend to a ftiU greater dif- 
tance, and fo the eccentricity of the orbit will be increafed 
ftill more. Therefore if the ratio of the increafe and de- 
creafe of the centripetal force be augmented each revolution, 
the eccentricity will be augmented alfo; and, on the contrary, 
jf that ratio decreafe, it will be diminiffied. 

Now, therefore, in the fyftem of the bodies T, P, S, when 
the apfides of the orbit PAB are in the quadratures, the ratio 
of that increafe and decreafe is leaft of all, and becomes 
greateft when the apfides are in the fyzygies. If the apfides 
are placed in the quadratures, the ratio near the apfides is lefs, 
and near the fyzygies greater, than the duplicate ratio of the 
diftances; and from that greater ratio arifes a dire A motion of 
the line of the apfides, as was juft now faid. But if we con- 
fider the ratio of the whole increafe or decreafe in the progrefs 
between the apfides, this is lefs than the duplicate ratio of the 
diftances. The force in the lower is to the force in theupper 
apfis in lefs than a duplicate ratio of the diftancp of 
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the upper apfis from the focus of the ellipiis to the dif- 
tance of the lower apfis from the fame focus; and, con- 
trariwife, when the apfides are placed in the fyzygies, the 
force ki th^4owef apfis is to the force in the upper apfis in a 
greater than a duplicate ratio of the diftances. For the 
forces LM in the quadratures added to the forces of the body 
T compofe forces in a lefs ratio ; and the forces KL in the 
fyzygies fubdu&ed from the forces of the body T, leave the 
forces in a greater ratio. Therefore the ratio of the whole 
increafe and decreafe in the pafiage between the apfides is 
leaft at the quadratures and greateft at the fyzygies; and 
therefore in the pafiage of the apfides from the quadratures to 
the fyzygies it is continually augmented, and increafes the 
eccentricity of the ellipiis; and in the pafiage from the fyzy- 
gies to the quadratures it is perpetually deoreafing, and dimi- 
nifties the eccentricity. 

Cor. 10. That we may give an account of the errors as to 
latitude, let us fuppofe the plane of the orbit EST to remain 
immovable; and from the caufe of the errors above explained, 
it is manifeft, that, of the two forces NM, ML, which are the 
only and entire caufe of them, the force ML a61ing always in 
the plane of the orbit PAB never difturbs the motions as to 
latitude; and that the force NM, when the nodes are in the 
fyzygies, a6tiog alib in the fame plane of the orbit, does not 
at that time affect thofe motions. But when the nodes are 
in the quadratures, it difturbs them very much, and, attr&&- 
ing the body P perpetually out of the plane of its orbit, it di- 
minifhes the inclination of the plane in the pafiage of the body 
from the quadratures to the fyzygies, and again increafes the 
fame in the pafiage from the fyzygies to the quadratures. 
Hence it comes to pals that when the body is in the fyzygies, 
the inclination is then leaft of all, and returns to the firfl magni- 
tude nearly, when the body arrives at the next node. But if 
the nodes are fituate at the o&ants after the quadratures, that 
is, between C and A, .D and B, it will appear, from what was 
juft now fhewn, that, in the pafiage of the body P from either 
node to the ninetieth degree from thence, the inclination of 
the plane is perpetually diminilhed; then, in the pafiage 
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through die next 45 degrees to the next quadrature, the in-" 
clination is increafed; and afterwards, again, in its paflage 
through another 45 degrees to the next node, it is diminilh- 
ed. Therefore the inclination is more diminifhed than in- 
creafed, and is therefore always lefs in the fubfequent node 
than in the preceding one. And, by a like reafoning, the 
inclination is more increafe4 than diminifhed when the 
nodes are in the other o&ants between A and D, B and 
C. The inclination, therefore, is the greateft of all when the 
nodes are in the fyzygies. In their paflage from the fyzygies 
to the quadratures the inclination is diminilhed at each ap- 
pulfe of the body to the nodes; and becomes leaft of all when 
the nodes are in the quadratures, and the body in the fyzy- 
gies; then it increases by the fame degrees by which it de- 
creafed before; and, when the nodes come to the next fyzy- 
gies, returns to its former magnitude. 

Cor. 11. Becaufe when the nodes are in the quadratures 
the body P is perpetually attracted from the plane of its or- 
bit; and becaufe this attraction is made towards S in its paf-* 
fage from the node C through the conjunction A to the node 
D; and to the contrary partin its paflage from the node D 
through the oppofition B to the node C; it is manifeft that, 
in its motion from the node C, the body recedes continually 
from the former plane CD of its orbit till it comes to the 
next node; and therefore at that node, being now at its 
greateft diftance from the firil plane CD, it will pafs through 
the plane of the orbit EST not in D, the other node of that 
plane, but in a point that lies nearer to the body S, which 
therefore becomes a new place of the node in antecedentia to 
its former place. And, by a like reafoning, the nodes will 
continue to recede in'their paflage from this node to the next. 
The nodes, therefore, when fituate in the quadratures, recede 
perpetually ; and at the fyzygies, where no perturbation can 
be produced in the motion as to latitude^ are quiefcent: in 
the intermediate places they partake of both conditions, and 
recede more flowly; and, therefore, being always either retro- 
grade or ftationary, they will be carried backwards, or in qn- 
UcedcntWy each revolution. 

M % 


Digitized by LjOoq le 



164 MATHEMATICAL PRINCIPLES Book I. 

Cor. 12. All the errors defcribed in thefe corollaries are a 
little greater at the conjun&ion of the bodies P, S, than at 
their oppofition ; becaufe the generating forces NM and ML 
are greater. 

Cor. 13. ‘And fince the caufes and proportions of the er- 
rors and variations mentioned in thefe corollaries do not de- 
pend upon the magnitude of the body S, it follows that all 
' things before demonftrated will happen, if the magnitude of 
the body S be imagined fo great as that the fyftem of the two 
bodies P and T may revolve about it. And from this increafe 
of the body S, ahd the confequent increafe of its centripetal 
force, from which the errors of the body P arife, it will follow 
that all thefe errors, at equal diftances, will be greater -in this 
cafe, than in the other where the body S revolves about the 
fyftem of the bodies P and T. 

Cor. 14. But fince the forces NM, ML, when the body S 
is exceedingly diftant, are very nearly as the force SK and the 
ratio of PT to ST conjun&ly; that is, if both the diftance PT, 
nnd the abfolute force of the body S be given, as ST 3 recipro- 
cally; and fince thofe forces NM, ML are the caufes of all 
the errors and effects treated of in the foregoing corollaries ; it 
is manifeft that all thofe effects, if the fyftem of bodies T and 
P continue as before, and only the diftance ST and the ab- 
folute force of the body S be changed, will be very nearly in 
a ratio compounded of the direct ratio of the abfolute force of 
the body S, and the triplicate inverfe ratio of the diftance ST. 
Hence if the fyftem of bodies T and P revolve about a diftant 
body S, thofe forces NM, ML, and their effects, will be (by 
cor. 2 and 6, prop. 4) reciprocally in a duplicate ratio of the 
periodical time. And thence, alfo, if the magnitude of the 
body S be proportional to its abfolute force, thofe forces NM, 
ML, and their effects, will be direcftly as the cube of the ap- 
parent diameter of the diftant body S viewed from T, and fo 
.. vice verfa . For thefe ratios are the fame as the compounded 
ratio above-mentioned. 

Cor. 13. And becaufe if the orbits ESE and PAB, retain- 
ing their figure, proportions, and inclination to each other, 
ftioidd alter their magnitude; and the forces of the bodies S 
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and T fliould either remain* or be changed in any given ratio ; 
thefe forces (that is, the force of the body T, which obliges the 
body P to deflect from a rectilinear courfe into the orbit 
PAB, and the force of the body S, which caufes the body P 
to deviate fVom that orbit) would act always in the fame 
manner, and in the fame proportion ; it follows, that all the 
effects will be fimilar and proportional, and the times of thofe 
effects proportional alfo; that is, that all the linear errors 
will be as the diameters of the orbits, the angplar errors the fame 
as before; and the times of fimilar linear errors, or equal an- 
gular errors, as the periodical times of the orbits. 

Cor. 16 . Therefore if the figure's of the orbits and their 
inclination to each other be given, and the magnitudes, forces* 
and diftances of the bodies be any how changed, we may, 
from the errors and times of thofe errors in one cafe, collect 
very nearly the errors and times of the errors in any other 
cafe. But this may be done more expeditioufly by the fol- 
lowing method. The forces ,NM> ML, other things remain-* 
ing unaltered, are as the radius TP; and their periodical ef- 
fects (by cor. 2, lem. 10) are as the forces and the fquare of 
the periodical time of the body P conjun&ly. Thefe are the 
linear errors of the body P; and hence the angular errors as 
they appear from the centre T (that is, the motion of the ap- 
fides and of the nodes, and all the apparent errors as to lon- 
gitude and latitude) are in each revolution of the body P as 
the fquare of the time of the revolution, very nearly. Let 
thefe ratios be compounded with the ratios in cor. 14, and in 
any fyitem of bodies T, P, S, where P revolves about T very 
near to it, and T revolves about S at a great diftance, the an- 
gular errors of the body P, obferved from the centre T, will 
be in each revolution of the body P as the fquare of the 
periodical time of the body P dire&ly, and the fquare of the 
periodical time of the body T inverfely. And therefore the 
mean motion of the line of the apfides will be in a given ra- 
tio to the mean motion of the nodes; and both thofe motions 
will be as the periodical time of the body P diredtly, and the 
fquare of the periodical time of the body T inverfely. The 
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increafe or diminution of the eccentricity and inclination of 
the orbit PAB makes no feiifible variation in the motions of 
the apfides and nodes, unlefs that increafe or diminution be 
very great indeed. 

Cor. 17. Since the line LM becomes fometimes greater 
and fometimes lefs than the radius PT, let the mean quan- 
tity of the force LM be expreffed by that radius PT; and 
then that mean force will be to the mean force SK or SN 
(which may be alfo expreffed by ST) as the length PT to the 
length ST. But the mean force SN or ST, by which the 
body T is retained in the orbit it defcribes about S, is to the 
force with which the body P js retained in its orbit about T 
in a ratio compounded of the ratio of the radius ST to the ra- 
dius PT, and the duplicate ratio of the periodical time of the 
body P about T to the periodical time of the body T about S. 
And, ex aquo, the mean force LM is to the force by which 
the body P is retained in its orbit about T (or by which the 
fame body »P*nright revolve at the diftance PT in the fame 
periodical time about any immovable point T) in the fame 
duplicate ratio of the periodical times. Hie periodical times 
therefore being given, together with the diftance PT, the 
mean force LM is alfo given ; and that force being given, 
there is given alfo the force MN, very nearly, by the analogy 
of the lines PS and MN. 

Cor. 18 . By the fame laws by which the body P revolves 
about the body T, let us fuppofe many fluid bodies to move 
round T at equal diftances from it ; and to be fo numerous, 
that they may all become contiguous to each other, fo a9 to 
form a fluid annulus, or ring, of a round figure, and conceit- 
trical to the body T; and the feveral parts of this annulus, per- 
forming their motions by the fame law as the body P, will 
draw nearer to the body T, and move fwifter in the conjunction 
and opposition of themfelves and the body S, than in the qua- 
dratures. And the nodes of this annulus, or its interfe&ions 
with the plane of the orbit of the body S or T, will reft at the 
fy z ygies; but out of the fyzygies they will be carried back- 
ward, or in antecedentia ; with the greeted fwiftnefs in the 
quadratures, and more {lowly in other places. The inclina- 
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tion of this annulus alfo will vary, and its axis will ofcillate 
each revolution, and when the revolution is completed will 
return to its former fituation, except only that if will be car- 
ried round a little by the prseceflion of the nodes. 

CoR. J9. Suppofe now the fphaerical body T, confiding of 
fome matter not fluid, to be enlarged, and to extend itfelf on 
every fide as far as that annulus, and that a channel were cut 
all round its circumference containing water; and that this 
fphere revolves uniformly about its own axis in the fame perio- 
dical time. This water being accelerated and retarded by 
turns (as in the laft corollary), will be* fwifter at the fyzygies, 
and flower at the quadratures, than the furface of the globe, 
and fo will ebb and flow in its channel after the manner of the 
fea. If the attra&ion of the body S were taken away, the 
water would acquire no motion of flux and reflux by revolving, 
round the quiefcent centre of the globe. The cafe is the 
fame of a globe moving uniformly forwards in a right line, and 
in the mean time revolving about its centre (by cor. 5 of the 
laws of motion), and of a globe uniformly attracted from its 
re&ilinear courfe (by cor. 6, of the fame laws). But let the 
body S come to a£t upon it, and by its unequable attraction the 
water will receive this new motion ; for there will be a 
ilronger attraction upon that part of the water that is neareft 
to the body, and a weaker upon that part which is more 
remote. And the force LM will attradf the water downwards 
at the quadratures, and deprfcfs it as far as the fyzygies; and 
the force KL will attract it upwards in the fyzygies, and with- 
hold its defcent, and make it rife as far as the quadratures; ex- 
cept only in fo far as the motion of flux and reflux may be 
directed by the channel of the wafer, and be a little retarded 
by friction. 

Cor. 90 . If, now, the annulus becomes hard, and the globe 
is diminifiied, the motion of flux and reflux will ceafe; but 
the ofcillating motion of the inclination and the preeceflion of 
the nodes will remain. Let the globe have the fame axis with 
the annulus, and perform its revolutions in the fame times, mid 
at its furface touch the annulus within, and adhere to it; then 
the globe partaking of the motion of the annulus, this whole 

M 4 


Digitized by LjOoq le 



i68 MATHEMATICAL tfclNClPLES Book L 

compages will ofcillate, and the nodes will go backward, for 
the globe, as we (hall (hew presently, is perfectly indifferent 
to the receiving of all impreflions. The greateft angle of the 
inclination of the annulus iingle is when the nodes are in the 
fy z ygies. Thence in the progrefs of the nodes to the quadra- 
tures, it endeavours to diminifb its inclination, and by that en- 
deavour impreffes a motion upon the whole globe. The globe 
retains this motion impreffed, till the annulus by a contrary 
endeavour deftroys that motion, and impreffes a new motion 
in a contrary direction. And by this means the greateft mo- 
tion of the decreafing inclination happens when the nodes are 
in the quadratures, and the leaft angle of inclination in the 
o&ants after the quadratures; and, again, the greateft motion 
of reclination happens when the nodes are in the fyzygies; 
and the greateft angle of reclination in the o&ants following. 
And the cafe is the fame of a globe without this annulus, if it 
be a little higher or a little denfer in the equatorial than in 
the polar regions; for the excefs of that matter in the re- 
gions near the equator fupplies the place of the annulus* 
And though we fhould fuppofe the centripetal force of this 
globe to be any how increafed, fo that all its parts were to 
tend downwards, as the parts of our earth gravitate to the 
centre, yet the phenomena of this and the preceding corol- 
lary would fcarce be altered; except that the places of the 
greateft and leaft height of the water will be different; for 
the water is now no longer fuftained and kept in its orbit by its 
centrifugal force, but by the channel in which it Hows. 
And, befides, the force LM attracts the water downwards mofl 
in the quadratures, and the force KL or NM — LM attracts 
it upwards moft in the fyzygies. And thefe forces conjoined 
ceafe to attract the water downwards, and begin to attraft it 
upwards in the o&ants before the fyzygies; and ceafe to at- 
tract the water upwards, and begin to attra& the water down- 
wards in the o&ants after the fyzygies. And thence the 
greateft height of the water may happen about the o&ants af- 
ter the fyzygies; and the leaft height about the o&ants after 
the quadratures; excepting only fo far as the motion of 
gafcent of defcent impreffed by thefe forces may by the vis 
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itijita of the water continue a little longer, or be ftopt a little 
fqoner by impediments in its channel. 

Cor. 21. For the fame reafon that redundant matter in the 
equatorial regions of a globe caufes the nodes to go back 
wards, and therefore by the increafe of that matter that :.re* 
trogradation is increaled, by the diminution is diminilhed 
and by the removal quite ceafes ; it follows, that, if more than 
that redundant matter be taken away, that is, if the globe be 
either more depreffed, or of a more rare confiflence near the 
equator than near the poles, there will arife a motion of the 
nodes in confcquentia. 

Cor. 22. And thence from the motion, of the nodes is 
known the conftitution of the .globe. That is, if the globe 
retains unalterably the fame poles, and the motion (of the • 
nodes) be in antecedentia , there is a redundance of the matter 
near the equator ; but if in confequentia , a deficiency. Sup- 
pole an uniform and exa&ly fphaerical globe to be firft at reft 
in a free fpace ; then by fome impulfe made obliquely upon 
its fuperficies to be driven from its place, and to receive a 
motion partly circular and partly right forward. Becaufe 
this globe is perfe6Uy indifferent to all the axes that pals 
through its centre, nor has a greater propenlity to one axis 
or to one fituation of the axis than to any other, it is manifeft 
that by its own force it will never change its axis, or the in- 
clination of it. Let now this globe be impelled obliquely by 
a new impulfe in the fame part of its fuperficies as before ; and 
fince the effe&of an impulfe is not at all changed by its com- 
ing fooner or later, it is manifeft that thefe two impulfes, fuc- 
cefiively impreffed, will produce the fame motion as if they 
were impreffed at the fame time ; that is, the fame motion as 
if the globe had been impelled by afimple force compounded 
of them both (by cor. 2, of the laws), that is, a limple motion 
about an axis 0f a given inclination. And the cafe is the 
fame if the fecond impulfe were made upon any other place of 
the equator of the firft motion ; and alfo if the firft impulfe 
were made upon any place in the equator of the motion which 
would be generated by the fecond impulfe alone ; and there- 
fore, alfo, when both impulfes are made in any places what- 
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foever ; for thefe impulfes will generate the fame circular mo- 
tion as if they were impreifed together, and at once, in the 
place of the interfe&ions of the equators of thofe motions, 
which would be generated by each of them feparately. There- 
fore, a homogeneous and perfeft globe will not retain feveral 
diftinlf motions, but will unite all thofe that are impreffed on 
it, and reduce them into one ; revolving, as far as in it lies, 
always with a fimple and uniform motion about one tingle 
given axis, with an inclination perpetually invariable. And 
the inclination of the axis, or the velocity of the rotation, will 
not be changed by centripetal force. For if the globe be fup- 
pofed to be divided into two hemifpheres, by any plane what- 
soever palling through its own centre, and the centre to which 
the force is directed, that force will always urge each hemi- 
fphere equally ; and therefore will not incline the globe any 
way as to its motion round its own axis. But let there be ad- 
ded any where between the pole and the equator a heap of 
new matter like a mountain, and this, by its perpetual endea- 
vour to recede from the centre of its motion, will difturb the 
motion of the globe, and caufe its poles to wander about its 
fuperficies, defcribing circles about themfelves and their op- 
pofite points. Neither can this enormous evagation of the 
poles be corre&ed, unlefe by placing that mountain either in 
one of the poles ; in which cafe, by cor. 21, the nodes of the 
equator will go forwards; or in the equatorial regions, in 
which cafe, by cor. 20, the nodes will go backwards ; or, lafily, 
by adding on the other fide of the axis a new quantity of mat- 
ter, by which the mountain may be balanced in its motion i 
and then the nodes will either go forwards or backwards, as 
the mountain and this newly added matter happen to be 
nearer to the pole or to the equator. 

PROPOSITION LXVII. THEOREM XXVII. 

The fame laws of attraction being fuppofed , if ay, that the ex- 
terior body S does , by radii drawn to the point O, the com- 
mon centre of gravity of the interior bodies P and T, defcribe 
round that centre areas more proportional to the times , and 
an orbit more approaching to the form of an dlipjis having 
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its focus in that centre , than it can defcribc round the inner - 
moft and greatejt body T by radii drawn to that body . 

For the attra&ions of the body S (PI. 21, Fig. 3) towards 
T and P compofe its abfolute attra&ion, which is more di- 
reded towards O, the common centre of gravity of the bodies 
T and P, than it is to the greateftbody T ; and which is more 
in a reciprocal proportion to the fquare of the diftance SO, 
than it is to the fquare of the diftance ST ; as will eafily ap- 
pear by a little confideration. 

PROPOSITION LXVIII. THEOREM XXVIII. 

The fame laws of attraction fuppofed, I fay, that the exterior 
body S will, by radii drawn to O, the common centre of gra- 
vity of the interior bodies P and T, defcribe round that cen- 
tre areas more proportional to the times, and an orbit mofe 
approaching to the form of an ellipfis having its focus in that 
centre, if the innermojt and greatejt body be agitated by 
thefe attractions as well as the reft, than it would do if that 
body were either at reft as not attracted, or were much more 
or much lefs attracted, or much more or much lefs agi- 
tated . 

This may be demonftrated after the fame manna: as prop. 
66, but by a more prolix reafoning, which I therefore pafs 
Over. It will be fufficient to confider it after this manner. 
From the demonftration of thelaft propofition it is plain, that 
the centre, towards which the body* S is urged by the two 
forces conjundly, is very near to the common centre of gra- 
vity of thofe two other bodies. If this centre were to coincide 
with that common centre, and moreover the common centre 
of gravity of all the three bodies were at reft, the body S on 
one fide, and the common centre of gravity of the other two 
bodies on the other fide, would defcribe true ellipfes about 
that quiefcent common centre. This appears from cor. 2, 
prop. 58, compared with what was demonftrated in prop. 64 
and 65. Now this accurate elliptical motion will be difturbed 
a little by the diftance of the centre of the two bodies from the 
centre towards which the third body S is attracted. Let there 
be added, moreover, a motion to the common centre of the 
three, and the perturbation will be increafed yet more. 
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Therefore the perturbation is leaft when the common centre 
of the three bodies is at reft ; that is, when the innermoft and 
greateft body T is attracted according to the fame law as the 
reft are ; and is always greateft when the common centre 
of the three, by the diminution of the motion of the body T, 
begins to be moved, and is more and more agitated. 

Cor. And hence if more leffer bodies revolve about the 
great one, it may eafily be inferred that the orbits defcribed 
will approach nearer to ellipfes ; and the descriptions of areas 
will be more nearly equable, if all the bodies mutually attraCt 
and agitate each other with accelerative forces that are as 
their abfolute forces direCtly, and the fquares of the diftances 
inverfely ; and if the focus of each' orbit be placed in the 
common centre of gravity of all the interior bodies (that is, 
if the focus of the firft and innermoft orbit be placed in the 
centre of gravity of the greateft and innermoft body ; the fo- 
cus of the fecond orbit in the common centre of gravity of the 
two innermoft bodies; the focus of the third orbit in the com- 
mon centre of gravity of the three innermoft; and fo on), than 
if the innermoft body were at reft, and was made the common 
focus of all the orbits. 

PROPOSITION LXIX. THEOREM XXIX. 

In a fyftem of feveral bodies A, B, C, D, fyc. if any one of thofe 
bodies , as A, attract all the reft, B, C, D, fyc. with accele- 
rative forces that are reciprocally as the fquares of the 
diftances from the att ratting body ; and another body , as B, 
attrads alfo the reft, A, C, D, with forces that are re* 

ciprocally as the fquares of the diftances from the at trading 
body ; the abfolute forces of the attrading bodies A and B 
will be to each other as thofe very bodies A and B to which 
thofe forces belong . 

For the accelerative attractions of all the bodies B, C> D, 
towards A, are by the fuppofition equal to each other at equal 
diftances; and in like manner the accelerative attractions of 
all the bodies towards B are alfo equal to each other at equal 
diftances. But the abfolute attractive force of the body A is 
to the abfolute attractive force of the body B as the accele- 
rative attraction of all the bodies towards A to the accelerative 
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attraction of all the bodies towards B at equal diftances ; and 
fo is alfo the accelerative attraction of the body B towards A 
to the accelerative attraction of the body A towards B. But 
the accelerative attraction of the body B towards A is to the 
accelerative attraction of the body A towards B as the mafs 
of the body A to the mafs of the body B ; becaufe the mo- 
tive forces which (by the 2d, 7th, and 8th definition) are aa 
the accelerative forces and the bodies attracted conjunCtly 
are here equal to one another by the third law. Therefore the 
abfolute attractive force of the body A is to the abfolute at- 
tractive force of the body B as the mafs of the body A to the 
mafs of the body B. Q.E.D. 

Cor. 1 . Therefore if each of the bodies of the fyftem A, B, 
G, D, &c. does fingly attraCl all the reft with accelerative 
forces that are reciprocally as the fquares of the diftances from 
the attracting body, the abfolute forces of all thofe bodies will 
be to each other as the bodies themfelves. 

Cor. 2. By a like reafoning, if each of the bodies of the 
fyftem A, B, C, D, &c. do fingly attraCt all the reft with ac- 
celerative forces, which are either reciprocally or diredly in 
the ratio of any power whatever of the diftances from the at- 
tracting body ; or which are defined by the diftances from 
each of the attracting bodies according to any common law ; 
it is plain that the abfolute forces of thofe bodies are as the 
bodies themfelves. 

Cor. 3. In a fyftem of bodies whofe forces decreafe in the 
duplicate ratio of the diftances, if the leffer revolve about one 
yery great one in ellipfes, having their common focus in the 
centre of that great body, and of a figure exceedingly accu- 
rate ; and moreover by radii drawn to that great body defcribe 
areas proportional to the times exaCtiy ; the abfolute forces of 
thofe bodies to each other will be either accurately or very 
nearly in the ratio of the bodies. And fo on the contrary, 
This appears from cor. of prop. 68, compared with the firft 
corollary of this prop. 

SCHOLIUM. 

Thefe propofitions naturally lead us to the analogy ther£ is 
between centripetal forces, and the central bodies to which 
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thofe forces ufed to be directed ; for it is reafonabLe to fuppofe 
that forces which are directed to bodies fhould depend upon 
the nature and quantity of thofe bodies, as we fee they do in 
magnetical experiments. And when fuch cafes occur, we are 
to compute the attractions of the bodies by affigning to each 
ef their particles its proper force, and then collecting the fum 
of them all. I here ufe the word attraction in general for any 
endeavour, of what kind foever, made by bodies to approach 
to each other ; whether that endeavour arife from the aCtion 
of the bodies themfelves, as tending mutually to or agitating 
each other by fpirits emitted ; or whether it arifes from the 
aCtion of the aether or of the air, or of any medium whatso- 
ever, whether corporeal or incorporeal, any how impelling 
bodies placed therein towards each other. In the fame ge- 
neral fenfe I ufe the word impulfe, not defining in this trea- 
tife the fpecies or phyfical qualities of forces, but invefiigating 
the quantities and mathematical proportions of them ; as I 
obferved before in the definitions. In mathematics we are to 
inveftigate the quantities of forces with their proportions con- 
fequent upon any conditions fuppofed ; then, when we enter 
upon phyfics, we compare thofe proportions with the phae- 
nomena of Nature, that we may know what conditions of 
thofe forces anfwer to the feveral kinds of attractive bodies. 
And this preparation being made, we argue more fafely con- 
cerning the phyfical fpecies, caufes, and proportions of the 
forces. Let us fee, then, with what forces fphaerical bodies 
confifting of particles endued with attractive powers in the 
manner above fpoken of muft aCt mutually upon one another; 
find what kind of motions will follow from theqce. 

SECTION XII. 

Of the attractive forces of fpharieal bodies. 

PROPOSITION LXX. THEOREM XXX. 

If to every point of a fpharieal fur face there tend equal cen- 
tripetal forces decreasing in the duplicate ratio of the 
dijtances from thofe points ; I fay , tha ^ a corpvfcle placed 
within that fuperfeies mil not be attracted by thofe forces 
any way. 
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Let HIKL (PI. 21, Fig. 4), be that fphserical foperficies, 
and P a corpufcle placed within. Through P let there be 
drawn to this fuperficies the two lines HK, IL, intercepting 
very fmall arcs HI, KL ; and becaufe (by cor. 3, lem. 7) the 
triangles HPI, LPK are alike, thole arcs will be proportional 
to the diftances HP, LP ; and any particles at HI and KL 
of the fphaerical fuperficies, terminated by right lines palling 
through P, will be in the duplicate ratio of thofe diftances. 
Therefore the forces of thefe particles exerted upon the body 
P are equal between themfelves. For the forces are as the 
particles dire&ly, and the fquares of the diftances inverfely. 
And thefe two ratios compofe the ratio of equality. The at- 
tractions, therefore, being made equally towards contrary parts, 
deftroy each other. And by a like reafoning all the attrac- 
tions through the whole fphaerical fuperficies are deftroy ed by 
contrary attractions. Therefore the body P will not be any 
way impelled by thofe attractions. Q.E.D. 

PROPOSITION LXXI. THEOREM XXXI. 

The fame things fuppofed as above , I fay, that a corpufcle placed 
without the fphaerical fuperficies is attracted towards the cen- 
tre of the fphere with a force reciprocally proportional to 
the Jquare of its diftance from that centre . 

Let AHKB, ahkb (PI. 21, Fig. 5), be two equal fphaerical 
fuperficies defcribed about the centres S, s; their diameters 
AB, ab ; and let P and p be two corpufcles fituate without 
the fpheres in thofe diameters produced. Let there be drawn 
from the corpufcles the lines PHK, PIL, phk, pil, cutting off 
from the great circles AHB, ahb, the equal arcs HK, hk„ 
IL, il ; and to thofe lines let fall the perpendiculars SD, sd, 
SE, se, IR, ir; of which let SD, sd, cut PL, pi, in F and f. 
Let fall alfoto the diameters the perpendiculars IQ, iq. Let 
now the angles DPE, dpe vanifti ; and becaufe DS and ds, 
£S and es are equal, the lines PE, PF, and pe, pf, and the 
lineolae DF, df may be taken for equal ; becaufe their laft ra- 
tio, when the angles DPE, dpe vanifti together, is the ratio 
of equality. Thefe things then fuppofed, it will be, as PI to 
P,F fo is RI to DF, and as pf to pi fo is df or DF to ri ; andjj 
fx aequo, as PI x pf to PF x pi fo is RI to ri 4 that is (by 
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cor. 3,lem. 7)> fo is the arc IH to the arc ih. Again, PI is to 
PS as IQ to SE, and ps to pi as se or SE to iq ; and, ex aequo, 
PI X ps to PS x pi as IQ to iq. And compounding the ra- 
tios PI 4 X pf X ps is to pi 1 x PF x PS, as IH x IQ to 
ih X iq ; that is, as the circular fuperficies which is defcribed 
by the arc IH, as the femi-circle AKB revolves about the dia- 
meter AB, is to the circular fuperficies defcribed by the arc 
ih as the femi-circle akb revolves about the diameter ab. And 
the forces with which thefe fuperficies attra6l the corpufcles 
P and p in the dire&ion of lines tending to tbofe fuperficies 
are by the hypothefis as the fuperficies themfelves dire&ly, 
and the fquares of the diftances of the fuperficies from thole 
corpufcles inverfely ; that is, as pf x ps to PF X PS. And 
thefe forces again are to the oblique parts of them which (by 
the refolution of forces as in cor. 2, of the laws) tend to the 
centres in the dire&ions of the lines P£, ps, as PI to PQ, and 
pi to pq ; that is (becaufe of the like triangles PIQ and PSF, 
piq and psf ), as PS to PF and ps to pf. Thence, ex aequo, the 
&ttra&ion of the corpufcle P towards S is to tbeattra&ion of the 

r A „ PF x pf X ps . 4 pf X PF x PS 
porpufele p towards s as 1 — is to 1 , 


that is, as ps* to PS 4 . And, by a like reafaning, the forces 
with which the fuperficies defcribed by the revolution of the 
arcs KL, kl attraft thofe corpufcles, will be as ps 4 to PS 4 . 
And in the fame ratio will be the forces of all the circular fu- 
perficies into which each of the fphaerical fuperficies may be 
divided by taking sd always,equal to SD, and se equal to SE. 
And therefore, by compofitiQii, the forces of the entire fphae- 
rical fuperficies exerted upon thofe corpufcles will be in the 
fame ratio. Q.E.D. 

PROPOSITION LXXII. THEOREM XXXII. - 


Jfto the feveral points of a Jphere there tend equal centripetal 
forces deer eafing in a duplicate ratio of the diftances from 
thofe points ; and there be given both the denfity of the Jphere 
and the ratio of the diameter of the Jphere to thediftance of 
the corpufcle from its centre ; I fay, that the force with which 
the corpufcle is attracted is proportional to the ferni-diameter 
pf the Jphere f 
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For conceive two corpufcles to be feverally attra&ed by two 
fpheres, one by one, the other by the other, and their 
diftances from the centres of the fpheres to be proportional 
to the diameters of the fpheres refpe&ively ; and the fpheres 
to be refolved into like particles, difpofed in a like fituation to 
the corpufcles. Then the attra&ions of one corpufcle to- 
wards the feveral particles of one fphere will be to the at- 
tra&ions of the other towards as many analogous particles of 
the other fphere in a ratio compounded of the ratio of the 
particles diredtly, and the duplicate ratio of the difiances in- 
verfely. But the particles areas the fpheres, that is, in a tri- 
plicate ratio of the diameters, and the diftances are as the 
diameters : and the firfi ratio diredUy with the lafi ratio taken 
f twice in verfelyi becomes the ratio of diameter to diameter. 
Q.E.D. 

Cor. 1. Hence if corpufcles revolve in circles about fpheres 
' compofed of matter equally attra&ing, and the diftances 
* from the centres of the fpheres be proportional to their dia- 
meters, the periodic times will be equal. 

Cor. 2. And,. tfice verfa, if the periodic times are equal, the 
difiances will be proportional to the diameters. Thefe two 
corollaries appear fripm cor. 3, prop. 4. 

Cor. 3. If to the feveral points of any two folids whatever, 
of like figure and equal denfity, there tend equal centripetal 
forces decreafing in a duplicate ratio of the diftances from 
thole points, the forces with which corpufcles placed in a 
like fituation to thofe two folids will be attra&ed by them 
will be to each other as the diameters of the folids. 

v PROPOSITION LXXIII. THEOREM XXXIII. 

If to the feqeral points of a given fphere there tend equal cen- 
tripetpl forces decreafing in a duplicate ratio of the difiances 
from the points; I fay , that a corpufcle placed within the . 
fphere is at traded by a force proportional to its difiance 
from the centre . 

In the fphere ABCD (PI. 21, Fig. 6), described about the 
centre S, let there be placed the corpufcle P ; and about the 
fame centre S, with the interval SP, conceive defcribed an 
interior fphere PEQF. It is plain (by prop. 70) that the 
Vol. I. N 
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concentric fphaerical fuperficies, of which the difference AEBF 
of the Inheres is compofed, have no effeCt at all upon the 
body P, their attractions being deftroyed by contraiy at- 
tractions. There remains, therefore, only the attraction of the 
interior fphere PEQF. And (by prop. 72) this is as the diftance 
PS. Q.E.D. 

SCHOLIUM. 

By the fuperficies of which I here imagine the folids coin- 
pofed, I do not mean fuperficies purely mathematical, but 
orbs fp extremely thin, that their thicknefs is as nothing; that 
is, the evanefcent orbs of which the fphere will at laft con- 
fift, when the number of the orbs is increafed, and their 
thicknefs diminiflied without end. In like manner, by the 
points of which lines, furfaces, and folids are faid to be com- 
pofed, are to be underftood equal particles, whofe magnitude 
is perfeCtiy inconfiderable. 

PROPOSITION LXXIV. THEOREM XXXIV. 

The fame things fuppofed, I fay , that a corpufcle fituatc without 
the fphere is attracted with a force reciprocally proportional 
to the fquare of its dijlancefrom the centre . 

For fuppofe the fphere to be divided into innumerable con- 
centric fphaerical fuperficies, and the attractions of the cor- 
pufcle arifing from the feveral fuperficies will be reciprocally 
proportional to the fquare of the diftance of the corpufcle 
from the centre of the fphere (by prop. 71). And, by com- 
petition, the fum of thofe attractions, that is, the attraction 
of the corpufcle towards the entire fphere, will be in the fame 
ratio. Q.E.D. 

Cor. 1 . Hence the attractions of homogeneous fpheres at 
equal diftances from the centres will be as the fpheres theni- 
felves. For (by prop. 72) if the diftances be proportional 
to the diameters of the fpheres, the forces will be as the dia- 
meters. Let the greater diftance be dimjnilhed in that ratio ; 
and the diftances now being equal, the attraction will be in- 
creafed in the duplicate of that ratio; and therefore will be to 
the other attraction in the triplicate of that ratio ; that is, in 
the ratio of the fpheres. 
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Cor. 2. At any diftances whatever the attractions are as 
the fpheres applied to the fquares of the diftances. 

Cor. 3. If a corpufcle placed without an homogeneous 
fphere is attracted by a force reciprocally proportional to the 
iquare of its diftance from the centre, and the fphere confifts 
of attractive particles, the force of every particle will decreafe 
in a duplicate ratio of the diftance from each particle. 

PROPOSITION LXXV. THEOREM XXXV. 

If to the J'everal points of a given fphere there tend equal cen- 
tripetal forces decreafxng in a duplicate ratio of the diftances 
from the points; I fay , that another jimilar fphere will be at - 
traded by it with a force reciprocally proportional to the 
fquare of the diftance of the centres . 

For the attraction of every particle is reciprocally as the 
fquare of its diftance from the centre of the attracting fphere 
(by prop-. 74), and is therefore the fame as if that whole at- 
tracting force iffued from one Angle corpufcle placed in the 
centre of this fphere. But this attlaCtion is as great as on 
the other hand the attraction of the fame corpufcle would be, 
if that were itfelf attracted by the feveral particles of the at- 
tracted fphere with the fame force with which they are at- 
tracted by it. But that attraction of the cotpufcle would be 
(by prop. 74) reciprocally proportional to the fquare of its dif- 
tance from the centre of the fphere; therefore the attraction 
of the fphere, equal thereto, is alfo in the fame ratio. Q.E.D. 

Cor. I . The attractions of fpheres towards other homoge- 
neous fpheres are as the attracting fpheres applied to the 
fquares of the diftances of their centres from the centres of 
thofe which they attraCt. 

Cor. 2. The cafe is the fame when the attracted fphere 
does alfo attraCl. For the feveral points of the one attraCt 
the feveral points of the other with the fame force with which 
they themfelves are attracted by the others again; and there- 
fore fince in all attractions (by law 3) the attracted and at- 
tracting point are both equally aCted on, the force will be 
doubled by their mutual attractions, the proportions remaining. 

Cor. 3. Thofe feveral truths demonftrated above con- 
cerning the motion of bodies about the focus of the conic fee- 
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tions will take place when an attracting fphere is placed in the 
focus, and the bodies move without the fphere. 

Cor. 4. Thofe things which were demonftrated before of 
the motion of bodies about the centre of the conic fe&ions 
take place when the motions are performed within the fphere. 

PROPOSITION LXXVL THEOREM XXXVI. 

If fpheres be however diffimilar (as to denfity of matter and 
attractive force) in the fame ratio onward from the centre 
to the circumference; but every where fimilar, at every given 
diftance from the centre, on all Jides round about; and the 
attractive force of every point decreafes in the duplicate ra- 
tio of the diftance of the body attracted; I fay, that the 
whole force with which one of thefe fpheres attracts the other 
Will be reciprocally proportional to the fquare of the dif- 
tance of the centres . 

Imagine feveral concentric fimilar fpheres, AB, CD, EF, 
&c. (PI. 22, Fig. 1), the innermoft of which added to the 
outermoft may compofe & matter more denfe towards the cen- 
tre, or fubdulted from them may leave the fame more lax 
and rare. Then, by prop. 75, thefe fpheres will attraft other 
fimilar concentric fpheres GH, IK, LM, &c. each the other, 
with forces reciprocally proportional to the fquare of the dif- 
tance SP. And, by compofition or divifion, the fum of all 
thofe forces, or the excefs of any of them above the others; 
that is, the entire force with which the whole fphere AB 
(compofed of any concentric fpheres or of their differences) 
will attrad the whole fphere GH (compofed of any concent 
trie fpheres or their differences) in the fame ratio. Let the 
number of the concentric fpheres be increaiied iu infinitum, fo 
that the denfity of the matter together with the attractive 
force may, in the progrefs from the circumference to the cen* 
tre, increafe or decreafe according to any given law ; and by „ 
the addition of matter not attractive, let the deficient denfity 
be fupplied, that fo the fpheres may acquire any form de- 
fired ; and the force with which one of thefe attrads the 
other will be ftill, by the former reafoning, in the fame ra- 
tio of the fquare of the diftance inversely. QJE.D. 
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Cor. 1 . Hence if many fpheres of this kind, fimilar in all 
refpects, attract each other mutually, the accelerative at- 
tractions of each to each, at any equal diftances of the cen- 
tres, will be as the attracting fpheres. 

Cor. 2. And at any unequal diftances, as the attracting 
fpheres applied to the fquares of the diftances between the 
centres. 

Cor. 3. The motive attractions, or the weights of the 
fpheres towards one another, will be at equal diftances of the 
centres as the attracting and attracted fpheres conjunctly ; that 
is, as the products ariftng from multiplying the fpheres into 
each other. 

Cor. 4. And at unequal diftances, as thofe products di- 
rectly, and the fquares of the diftances between the centres 
inverfely. 

Cor. 5. Thefe proportions take place alfo when the at- 
traction arifes from the attractive virtue of both fpheres mu- 
tually exerted upon each other. For the attraction is only 
doubled by the conjunction of the forces, the proportions re- 
maining as before. 

Cor. 6. If fpheres of this kind revolve about others at reft, 
each about each ; and the diftances between the centres of 
the quiefcent and revolving bodies are proportional to the 
diameters of the quiefcent bodies; the periodic times will bp 
equal. 

Cor. 7. And, again, if the periodic times are equal, the 
diftances will be proportional to the diameters. 

Cor. 8 . All thofe truths above demonftrated, relating to 
the motions of bodies about the foci of conic fecftions, will take 
place when an attracting fphere, of any form and condition 
like that above defcribed, is placed in the focus. 

Cor. 9* And alfo when the revolving bodies are alfo at* 
tracking fpheres of any condition like that above defcribed. 

PROPOSITION LXXVII. THEOREM XXXVII. 

If to the feveral points of Jpheres there tend centripetal forces 

proportional to the diftances of the points from the attraBed 

fjodies ,• I fay , that (he compounded force with which two 

NS 
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fpheres attract each other mutually is as the dijlance between 

the centres of the fpheres . 

Case 1 . Let AEBF (PI. 22, Fig. 2) be a fphere; S its 
centre ; P a corpufcle attracted ; PASB the axis of the fphere 
puffing through the centre pf the corpufcle ; EF, ef two planes 
cutting the fphere, and perpendicular to the axis, and equi- 
diftant, one on one fide, the other on the other, from the 
centre of the fphere ; G and g the interfe&ions of the planes 
and the axis ; and H any point in the plane EF. The cen- 
tripetal force of the point H upon the corpufcle P, exerted in 
the direction of the line PH, is as the diflance PH ; and (by 
cor. 2, of the laws) the fame exerted in the dire&ion of the line 
PG, or towards the centre S, is as thelength PG. Therefore the 
force of all the points in the plane EF (that is, of that whole 
plane) by which the corpufcle P is attracted towards the centre 
S is as the diftance PG multiplied by the number of thofe points, 
that is, as the folid contained under that plane EF and the 
difiance PG. And in like manner the force of the plane ef, 
by which the corpufcle P is attracted towards the centre S, is 
as that plane drawn into its diftance Pg, or as the equal plane 
EF drawn into that diftance Pg ; and the fum of the forces 
of both planes as the plane EF drawn into the fum of the 
diftances PG 4- Pg, that is, as that plane drawn into twice 
the diftance PS of the centre and the corpufcle ; that is, as 
twice the plane EF drawn into the diftance PS^ or as the fum 
of the equal planes EF + ef drawn into the fame diftance. 
And, by a like reafoning, the forces of all the planes in the 
whole fphere, equi-diftanton each fide from the centre of the 
fphere, are as the fum of thofe planes drawn into the diftance 
PS, that is, as the whole fphere and the diftance PS con- 
jun&ly. Q.E.D. 

Case 2. Let now the corpufcle P attraft the fphere 
AEBF. And, by the fame reafoning, it will appear that 
the force with which the fphere is attra<fted is as the diftance 
PS. Q.E.D. 

Case 3. Imagine another fphere compofed of innumerable 
corpufcles P ; and beqaufe the force with which every cor- 
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pufcle is attracted is as the diftance of the corpufcle from the 
centre of the firft fphere, and as the fame fphere conjunctly, 
and is therefore the fame as if it all proceeded from a fingle 
corpufcle fituate in the centre of the fphere, the entire force 
with which, all the corpufcles in the fecond fphere are attract- 
ed, that is, with which that whole fphere is attracted, will be 
the fame as if that fphere were attracted by a force iffuing 
from a fingle corpufcle in the centre of the firft fphere ; and is 
therefore proportional to the diftance between the centres of 
the fpheres. Q.E.D. 

Case 4. Let the fpheres attract eafch other mutually, and 
the force will be doubled, but the proportion will remain. 
Q.E.D. 

Case 5. Let the corpufcle p be placed within the fphere 
AEBF (Fig. 3); and becaufe the force of the plane ef upon 
the corpufcle is as the folid contained under that plane and the 
diftance pg ; and the contrary fotce of the plane EF as the 
folid contained under that plane and the diftance pG ; the 
force compounded of both will be as the difference of the fo- 
lids, that is, as the fum of the equal planes drawn into half 
the difference of the diftances ; that is, as that fum drawn into 
pS, the diftance of the corpufcle from the centre of the fphere. 
And, by a like reafoning, the attraction of all the planes EF, 
ef, throughout the whole fphere, that is, the attraction of 
the whole fphere, is conjunctly as the fum of all the planes, 
or as the whole fphere, and as pS, the diftance of the corpufcle 
from the centre of the fphere. Q.E.D. 

Case 6. And if there he Compofed a new fphere out of in- 
numerable corpufcles fucli as p, fituate within the firft fphere 
AEBF, it may be proved, as before, that the attraction, whe- 
ther fingle of one fphere towards the other, or mutual of 
both towards each other, will be as the diftance pS of the 
centres. Q.E.D. 

PROPOSITION LXXVII1. THEOREM XXXVIII. 

If J'pherts in the progrefs from the centre to the circumference 
be however dijjimilar and unequable , but Jimilar on every 
fide rqund about at all given diJlance$frQty the centre ; and 
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the attractive force of every point be as the difiance of the 
attra&ed body ; I fay , that the entire force with which two 
fpheres of this kind attract each other mutually is propor- 
tional to the difiance between the centres of the fpheres . 

This is demonftrated from the foregoing propofition, in the 
fame manner as the 76 th propofition was demonftrated from 
the 75th. 

Cor. Thofe things that were above demonftrated in prop. 
10 and 64, of the motion of bodies round the centres of co- 
nic fe&ions, take place when all the attra&ions are made by 
the force of fphaerical bodies of the condition above de- 
fcribed, and the attracted bodies are fpheres of the fame 
Irind. 

SCHOLIUM. 

I have now explained the two principal cafes of attra&ions; 
to wit, when the centripetal forces decreafe in a duplicate ra- 
tio of the diftances, or increafe in a fimple ratio of the dif- 
tances, caufing the bodies in both cafes to revolve in conic 
fe&ions, and compofing fphaerical bodies whole centripetal 
forces obferve the fame law of increafe or decreafe in the re- 
cefs from the centre as the forces of the particles themfelves 
do ; which is very remarkable. It would be tedious to run 
over the other cafes, whofe conclufions are lefs elegant and 
important, fo particularly as I have done thefe. I chufe ra- 
ther to comprehend and determine them all by one general 
method as follows. 

LEMMA XXIX. 

If about the % centre S (PI. 22, Fig. 4) there be described any 
circle as AEB, and about the centre P there be alfo de- 
ferred two circles EF, ef, cutting the firfi in E and e, and 
the line PS in F and f ; and there be let fall to PS the per- 
pendiculars ED, ed ; I fay , that , if the difiance of the arcs 
EF, ef be fuppofed to be infinitely diminijhed , the laft ratio 
of the evanefeent line Dd to the evanefeent line Ff is the fame 
as that of the line PE to the line PS. 

For if the line Pe cut the arc EF in q ; and the right line 
Ee, which coincides with the evanefeent arc Ee, be produced. 
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and meet tbe right line PS in T; and there be let fall from 
S to PE the perpendicular SG ; then, becaufe of the like 
triangles DTE, dTe, DES, it will be as Dd to Ee fo DT to 
TE, or DE to ES; and becaufe the triangles Eeq, ESG (by 
lem. 8, and cor. 3, lem. 7) are fimilar, it will be as Ee to eq 
Or Ff fo ES to SG ; and, ex aquo, as Dd to Ff fo DE to SG^ 
that is (becaufe of the fimilar triangles PDE, PGS), fo is PE 
to PS. Q.E.D. 

PROPOSITION LXXIX. THEOREM XXXIX. 
Suppoje a fuperficies as EFfe (PI. 22. Fig. 5) to have its 
breadth infinitely diminijhed, and to be jnjl vanijhing; and 
that the fame fupeificies by its revolution round the axis 
PS defcribes a fptuerical concavo-convex folid, to the fevetal 
equal particles of which tkere tend equal centripetal forces; 
I fay, that the force with which that folid attracts a corpuf- 
cle Jituate in P is in a ratio compounded of the ratio of the 
folid DE* X Ff and the ratio of the force with which the 
given particle in the place Ff would attract the fame 
corpufcle . 

For if we confider, fir ft, the force of the fphaerical ftrperficies 
FE which is generated by the revolution of the arc FE, and 
is cut any where, as in r, by the line de, the annular part of 
the fuperficies generated by the revolution of the arc rE will 
will be as the lineolae Dd, the radius of the fphere PE remain- 
ing the fame; as Archimedes has deUionftrated in his book 
of the fphere and cylinder. And the force of this fuperficies 
exerted in the direction of the lines PE or Pr fituate all round 
in the conical fuperficies, will be as this annular fuperficies 
itfelf; that is, as the lineolae Dd, or, which is the fame, as the 
redangle under the given radius PE of the fphere and the line- 
olae Dd; but that force, exerted in the diredion of the line PS 
tending to the centre S, will be lefs in the ratio of PD to PE, 
and therefore will be as PD x Dd. Suppofe now the line 
DF to be divided into innumerable little equal particles, each 
of which call Dd, and then the fuperficies FE will be divided 
into fo many equal annuli, whofe forces will be as the font 
of all the redangles PD X Dd, that is, as |PF* — < fPD z , 
and therefore as DE*. Let now the fuperficies FE be drawn 
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into the altitude Ff; and the force of the folid EFfe exerted 
upon the corpufcle P will be as DE X X Ff ; that is* if the 
force be given which any given particle, as Ff exerts upon 
the corpufcle P at the diliance PF. But if that force be not 
given, the force of the folid EFfe will be as the folid DE 4 x 
Ff and that force not given, conjun&Iy. Q.E.D. . 

PROPOSITION LXXX. THEOREM XL. 

Jfto the fevcral equal parts of a fphere ABE (PI. 22, Fig. 6) 
defcribed about the. centre S there tend equal centripetal 
forces; and from the fevcral pohits D in the axis of the 
fphere AB in which a corpufcle , as P, is placed , there be 
ereded the perpendiculars DE meeting the fphere in E r and 
if in thofe perpendiculars the lengths DN be taken as the 
DE X x PS 

quantity — , and as the force which a particle of 

the fphere fituate in the axis exerts at the dijlance PE upon 
the corpufcle P conjundly\ I fay y that the whole force with 
which the corpufcle P is attraded towards the fphere is as, 
the area ANB, comprehended under the axis of the fphere 
AB, and the curve line ANB, the locus of the point N. 

For fuppofing the conftru&ion in the lalt lemma and theo- 
rem to ftand, conceive the axis of the fphere AB to be divided 
into innumerable equal particles Dd, and the whole fphere 
to be divided into fomany fphaerical concavo-convex laminae 
EFfe; and ereift the perpendicular dn. By the laft theorem, 
the force with which the laminae EFfe attra&s the corpufcle 
P is as DE 1 X Ff and the force of one particle exerted at 
the diftance PE or PF, conjun&ly. But (by the laft lemma) 
Dd is to Ff as PE to PS, and therefore Ff is equal to 

PS x Dd , nr DE X x PS , 

• ; and DE X X Ff is equal to Dd x — ;and 


PE 

therefore the force of the laminae EFfe is as Dd X 


PE 
DE X x PS 
PE 


and the force of a particle exerted at the diftance PF con- 
jun6ily; that is, by the fuppofition, as DN X Dd, or as the 
evanefcent area DNnd. Therefore the forces of all the 
laminae exerted upon the corpufcle P are as all the areas 
DNnd, that is, the whole force of the fphere will be as the 
whole area ANB. Q.E.D. 
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Cor. 1. Hence if the centripetal force tending to the 
feveral particles remain always the fame at all diftances, and 
DE l x PS 

DN be made as ^ , the whole force with which the 

rb 


corpufcle is attracted by the fphere is as the area ANB. 

Cor. 2. If the centripetal force of the particles be recipro- 
cally as the diftance of the corpufcle attra&ed by it, and DN 


be made as 


DE 1 x PS 
PE 1 


, the force with which the corpufcle P is 


attracted by the whole fphere will be as the area ANB. 

Cor. 3. If the centripetal force of the particles be reci- 
procally as the cube of the diftance of the corpufcle attra&ed 


by it, and DN be made as 


DE X x PS 
PE 4 ' 


the force with which 


the corpufcle is attracted by the whole fphere will be as the 


area ANB. 

Cob. 4. And universally if the centripetal force tending 
to the feveral particles of the fphere be fuppofed to be reci- 


procally as the quantity V ; and DN be made as 


DE 1 x PS 
PE x V ; 


the force with which a corpufcle is attracted by the whole 
fphere will be as the area ANB. 

PROPOSITION LXXXI. PROBLEM XLI. 

The things remaining as above , it is required to meafure the 
area ANB. (PL 23, Fig. 1.) 

From the point P let there be drawn the right line PH 
touching the fphere in H; and to the axis PAB, letting fall 
the perpendicular HI, bife<ft PI in L; and (by prop. 12, 
book 2, elem.) PE X is equal to PS 1 + SE X + 2PSD. But 
becaufe the triangles SPH, SHI are alike, SE X or SH* is 
equal to the rectangle PSI. Therefore PE X is equal to the 
rectangle contained under PS and PS + SI 4- 2SD; that 
is, under PS and 2LS + 2SD ; that is, under PS and 2LD. 
Moreover DE* is equal to SE X — SD X , or SE* — LS* + 2SLD 

— LD% that is, 2SLD — LD 1 — ALB. For LS X — SE X or 
LS X — SA X (by prop. 6, book 2, elem.) is equal to the re<ft- 
a^gle ALB. Therefore if inftead of DE* we write 2SLD 

T)P* y PC 

— LD* — ALB, the quantity p£ ~ x y > which (by cor. 4 


of the foregoing prop.) is as the length of the ordinate DN, 
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will now refolve itfelf into three parts 


sSLDxPS LD* xPS 
PE x V Pi x V 


— where if inftead of V we write the inverfe 
PE X V 

ratio of the centripetal force, and inftead of PE the mean 
proportional between PS and 2LD, thofe three parts will 
become ordinates to fo many curve lines, whofe areas are dif- 
covered by the common methods. Q.E.D. 

Example 1 . If the centripetal force tending to the feve- 
ral particles of the lphere he reciprocally as the diftance; in- 
ftead of V write PE the diftance, then 2PS X LD for PE 1 ; 


and DN will become as SL — f LD 


ALB 

2LD 


, Suppofe DN 


equal to its double 2SL — LD 


ALB 

LD 


; and 2SL the given 


part of the ordinate drawn into the length AB will defcribe 
the re&angular area 2SL X AB; and the indefinite part LD, 
drawn perpendicularly into the fame length with a continued 
motion, in fuch fort as in its motion one way or another it 
toay either by increafing or decreafing remain always equal 

to thelengthLD, will defcribe the area — , that is, the 

" 2 


area SL X AB; which, taken from the former area SSL 
X AB, leaves the area SL x AB. But the third part 


ALB 

LD 


drawn after the fame manner with 


a continued motion 


perpendicularly into the fame length, will defcribe the area of 
an hyperbola, which fubdu&ed from the area SL X AB will 
leave ANB the area fought. Whence arifes this conflruftion 
of the problem. At the points L, A, B (Fig. 2), ere& the 
perpendiculars LI, Aa, Bb ; making Aa equal to LB, and Bb 
equal to LA. Making U and LB afymptotes, defcribe 
through the points a, b, the hyperbolic curve ab. And the 
(Chord ba being drawn, will inclofe the area aba equal to the 
area fought ANB. 

Example 2. If the centripetal force tending to the feveral 
particles of the fphere be reciprocally as the cube of the 
diftance, or (which is the lame thing) as that cube applied to 

♦ ' PJ73 

any given plane; write — T for V, and 2PS x LD for PE 1 ; 
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and DN will become as 


SL x AS* 
PS x LD 


AS* 

2PS 


ied 

ALB x AS* 
2PS x LD* 


that is (becaufe PS, AS, Sl are continually proportional), as 
— £SI — ^ we ^ raw then thefe three parts 


into the length AB, the firft 


LSI 

LD 


will generate the area of an 


hyperbola ; the fecond |SI the area |AB x SI ; the third 
ALB x SI , ALB x SI ALB x SI . 

aLg ~ tbearea 2LA 2LB — u “‘ “• 

aAB x SI. From the firft fubdu& the fum of the fecond 
and third, and there will remain ANB, the area fought. 
Whence arifes this conftru&ion of the problem. 'At the points 
L, A, S, B (Fig. 5), ere& the perpendiculars LI, Aa, Ss, Bb, 
of which fuppofe Ss equal to SI ; and through the point s, to 
the afymptotes LI, LB, defcribe the hyperbola asb meeting 
the perpendiculars Aa, Bb, in a and b; and the rectangle 
2ASI, fubdufted from the hyperbolic area AasbB, will leave 
ANB the area fought. 

Example 3. If the centripetal force tending to the feveral 
particles of the fpheres decreafe in a quadruplicate ratio of 

PE 4 

the diftance from the particles ; write — for V, theiji 


—————— ST 4 yc SL 

*/ 2PS + LD for PE, and DN will become as — T’Zcf " 

v 2oi 

1 SI* 1 SI* x ALB l 


TITT 


* v'LD 3 2v/2SI VLD 2A/2SI 
Thefe three parts drawn into the length AB, produce fomany 

& - 


V 2SI 

■ T g— " T . • , SI* x ALB . 

V LB — ✓ LA » and 3 ^ ogI ■ into 


l i__ 

✓ LA 3 ✓LB 3 * 


°SI* x SL 

And thefe after due redu&ion come forth j SI*, 


and SI* 


, 2SI 3 

+ m' 


And thefe, by fubdudling the laft front 


4SP 

the firft, become — q # 
which the corpufcle P is 


Therefore the entire force with 
attracted towards the centre of the 
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fphere is as pjj that is, reciprocally as PS 3 X PI. Q.E.I. 

By the fame method one may determine the attraction of a 
corpufcle fituate within the fphere, but more expeditioufly by 
the following theorem. 

PROPOSITION LXXXII. THEOREM XLI. 

In a fphere defcribcd about the centre S (PI. 23, Fig. 4) with 
the interval SA, if there be taken SI, SA, SP continually 
proportional ; I fay, that the attraction of a corpufcle within 
the fphere in any place 1 ix to its attraction without the 
fphere in the place P in a ratio compounded of the fubdu - 
plicate ratio of IS, PS, the dijiancts from the centre , and 
the fubduplicate ratio of the centripetal forces tending to the 
centre in thofe places P and I. 

As if the centripetal forces of the particles of the fphere be 
reciprocally as the diftances of the corpufcle attracted by 
them ; the force with which the corpufcle fituate in I is at- 
tracted by the entire fphere will be to the force with which 
it is attracted in P in a ratio compounded of the fubduplicate 
ratio of the diftancc SI to the diftance SP, and the fubdupli- 
cate ratio of the centripetal force in the place I arifing from 
any particle in the centre to the centripetal force in the place 
P arifing from the fame particle in the centre; that is, in the 
fubduplicate ratio of the diftances SI, SP to each other reci* 
procally. Thefe two fubduplicate ratios compofe the ratio 
of equality, and therefore the attractions in I and P produced 
by the whole fphere are equal. By the like calculation, if the 
forces of the particles of the fphere are reciprocally in a du*^ 
plicate ratio of the diftance, it will be found that the attraction 
in I is to the attraction in P as the diftance SP to the femi- 
diameter SA of the fphere. If thofe forces are reciprocally in 
a triplicate ratio of the diftances, the attractions in I and P 
will be to each other as SP A to SA 1 ; if in a quadruplicate ra- 
tio, as SP 3 to SA 3 . Therefore fince the attraction in P was 
found in this laft cafe to be reciprocally as PS 3 X PI, the 
attraction in I will be reciprocally as SA 3 X PI, that is, be- 
caufe SA 3 is given, reciprocally as PI. And the progreffion 
is the fame in infinitum . The demonftralion of this theorem, 
is as follows : 
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The things remaining as above conftrudled, aud a cor- 
pufcle being in any place P, the ordinate DN was found to be 
DE* x PS 

Therefore if IE be drawn, that ordinate for 


as 


PE x V 

any other place of the corpufcle, as I, will become (mutatis 
DE l x IS 

mutandis ) as -yg Suppofe the centripetal forces flow- 


ing from any point of the fphere, as E, to be to each other at 
the diftances IE and PE as PE n to IE n (where the number n 
denotes the index of the powers of PE and IE), and thofe or- 

DE X x PS J DE X x IS , , 
duiates will become as pg ~ pg r and ife x IE n wll0le ra “ 

tio tp each other is as PS x IE X IE n to IS x PE x PE°. 
BecaufeSI, SE, SP are in continued proportion, the triangles 
SPE, SEI are alike - r and thence IE is to PE as IS to SE 
or SA. For the ratio of IE to PE write the ratio of IS to SA ; 
and the ratio of the ordinates becomes that of PS x IE ft to 
SA x PE n . But the ratio of PS to SA is fabduplicate of that 
of the diftances PS, SI ; and the ratio of IE" to PE D (becaufe 
IE is to PE as IS to SA) is fubduplicate of that of the forces 
at the diftances PS, IS. Therefore the ordinates, and conse- 
quently the areas which the ordinates defcribe, and the at- 
tra&ions proportional to them, are in a ratio compounded of 
thofe fubduplicate patios. Q.E.D. 

PROPOSITION LXXXIII. PROBLEM XLII. 

To find the force with which a corpufcle placed in the centre of 
a fphere is attracted towards any figment of that fphere 
whatfoever. 

Let P (PI. 23, Fig. 5) be a body in the centre of that 
fphere, and RBSD a Segment thereof contained under the 
plane RDS, and the fphaerical Superficies RBS. Let DB be 
cut in F by a fphaerical Superficies EFG defcribed from the 
centre P, and let the Segment be divided into the parti 
BREFGS, FEDG. Let us fuppofe that Segment to be not a 
purely mathematical but a phyfical fuperficies, having fome, 
but a perfectly inconfiderable, thicknefs. Let that thicknefs 
be called O, and (by what Archimedes has demonftrated) that 
Superficies will be as PF x DF x O. Let us fuppofe befide* 
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the attractive forces of the particles of the fphere to be reci- 
procally as that power of the dilfances, of which n is index ; 
and the force with which the fuperficies EF6 attracts the 

DE a x O 

body P will be (by prop. 79) as — — * that is, as 


«DF x O 

TF 


DF* x 

‘IF 


o 


Let the perpendicular FN drawn 


into O be proportional to this quantity ; and the curvilinear 
area BDI, which the ordinate FN, drawn through the length 
DB with a continued motion will describe, will be as the 
whole force with which the whole fegment RBSD attracts the 
body P. Q.E.I. 


PROPOSITION LXXXIV. PROBLEM XLIII. 

To find the force with which a corpufcle , placed without the 
centre of a fphere in, the axis of any fegment , is attracted 
by that fegment. 

Let the body P placed in the axis ADB of the fegment 
EBK (PI. 23, Fig. 6) be attracted by that fegment. About 
the centre P, with the interval PE, let the fphaerical fuper- 
ficies EFK be deferibed ; and let it divide the fegment into 
two parts EBKFE and EFKDE. Find the force of the firft 
of thfcfe parts by prop. 81, and the force of the latter part by 
prop. 83, and the fum of the forces will be the force of the 
whole fegment EBKDE. 

SCHOLIUM. 


The attractions of fphaerical bodies being now explained, it 
comes next in order to treat of the laws of attraction in other 
bodies confifting in like manner of attractive particles ; but to 
treat of them particularly is not neceffary to my defign. It 
will be fufficient to fubjoin fome general propofitions relating 
to the forces of fuch bodies, and the motions thence arifiog, 
becaufe the knowledge of thefe will be of fome little ufe in 
philpfophical enquiries. 

SECTION XIII. 

Of the attractive forces of bodies which are not of a fpherical 

figure. 

PROPOSITION LXXXV. THEOREM XLIL 
If a body be attracted by another , and its attraction be vafily 
Jlronger when it is contiguous to the attracting body than 
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when they are feparated from one another by a very Jinall 
interval; the forces of the particles of the attracting body 
decreafe, in the recefs of the body attra&ed , in more than a 
duplicate ratio of the diftance of the particles . 

For if the forces decreafe in a duplicate ratio of the dis- 
tances from the particles, the attraction towards a fphaerical 
body being (by prop. 74) reciprocally as the fquare of the 
diftance of the attracted body from the centre of the fphere, 
will not be fenfibly increafed by the contact, and it will be 
ftill lefs increaled by it, if the attraction, in the recefs of the 
body attracted, decreafes in a ftill lefs proportion. The pro- 
portion, therefore, is evident concerning attractive fpheres. 
And the cafe is the fame of concave fphaerical orbs attracting 
external bodies. And much more does k appear in orbs that 
attract bodies placed within them, becaufe there the attrac- 
tions diffufed through the cavities of thofe orbs are (by prop. 
70) deftroyed 4?y contrary attractions, and therefore have no 
effect even in the place of contact. Now if from thefe fpheres 
and fphaerical orb$ we take away any parts remote from the 
place of contact, and add new parts any where at pleafure,* 
we may change the figures of the attractive bodies at plea- 
fare ; but the parts added or taken away, being remote from 
the place of oonta&, will caufe no remarkable excefs of the 
attraction arifing from the contact of the two bodies. There- 
fore the propofition holds good in bodies of aU figures. 
Q,E.D. 

PROPOSITION LXXXV1. THEOREM XLIII. 

If the forces of the particles of which an attractive body is com- 
- pofed decreafe, in the recefs of the attracted body] in a tri- 
plicate or more than a triplicate ratio of the diftance front 
the particles, the attraction will be vaftly Jtronger in the 
point (f cOntaCt than when the attracting and attracted bo- 
dies are feparated from each other , though by never fofmatt 
an interval . 

For that the attraction is infinitely increafed when the at- 
tracted cprpufcle comes to touch an attracting fphere of this 
kind, appears, by the folution of problem 41, exhibited in the 
ledoad and third examples. The fame will alfo appear (by 
Vol. I. O 
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Comparing tbofe examples and theorem 4ri together) of at- 
traditions of bodies made towards concavo-convex orbs, whe- 
ther the attracted bodies be placed without the orbs, or in the 
cavities within them. And by adding to or taking from thofe 
fpheres and orbs any attractive matter any where without the 
place of contact, fo that the attractive bodies may receive 
any affigned figure, the propofition will hold good of all bo- 
dies universally. Q.E.D. 

PROPOSITION LXXXVII. THEOREM XLIV. 

If two bodies fimilar to each other , and confijting of matter 
equally attractive, attraCt feparately two corpufcles propor- 
tional to thofe bodies, and in a like fit uation to them, the 
accelerative attractions of the corpufcles towards the entire 
bodies will be as the accelerative attractions of the corpufcles 
towards particles of the bodies proportional to the wholes, 
and alike fituated in them . 

For if the bodies are divided into particles proportional to 
the wholes, and alike fituated in them, it will be, as the at- 
tradlion towards any particle of one of the bodies to the at- 
traction towards the correspondent particle in the other body, 
fo are the attractions towards the Several particles of the firft 
body to the attradlions towards the Several correspondent par- 
ticles of the other body ; and, by compofition, fo is the at- 
traction towards the firft whole body to the attraction towards 
the Second whole body. . Q.E.D. 

Cor. 1 . Therefore if, as the difiances of the corpufcles. at- 
tracted increafe, the attractive forces of the particles decreafe 
in the ratio of any power of the diftances, the accelerative,' at- 
tractions towards the whole bodies will be as the bodies di- 
rectly, and thofe powers of the diftances inverfely. As if the 
forces of the particles decreafe in a duplicate ratio of the 
diftances from the corpufcles attracted, and the bodies are as 
A 3 and B 3 , and therefore both the cubic fides of- the bodies, 
and the diftance of the attracted corpufcles from the bodies, 
are as A and B ; the accelerative attraction towards the bodies 
A 3 B 3 

will be as and that is, as A and B the cubic fides of 
thofe bodies. If the forces of the particles decreafe in a tri- 
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plicate ratio of the diftances from the attracted corpufcles, 
the accelerative attractions towards the whole bodies will be as 
A 3 B 3 

— and -^5 that is, equal. If the forces decreafe in a qua- 
druplicate ratio, the attractions towards the bodies will be as 
A 3 B 3 

and ^ that is, reciprocally as the cubic fide9 A and B. 
And fo in other cafes. 

Cor. 2. Hence, on the other hand, from the forces with 
which like bodies attraCt corpufcles fimilarly fituated, may b$ 
collected the ratio of the decreafe of the attractive forces of 
the particles as the attracted corpufcle recedes from them ; 
if fo be that decreafe is direCtly or inverfely in any ratio of the 
diftances. . 

PROPOSITION LXXXVIH. THEOREM XLV. 

If the attractive forces of the equal particles of any body be as 
the diftance of the places from the particles, the force of the 
whole body will tend to its centre of gravity ; and will be the 
fame with the force of a globe , confjling of Jimilar and 
equal matter , and having its centre in the centre of gra- 
vity . 

Let the particles A, B (PI. 23, Fig. 7), of the body RSTV 
attraCt any corpufcle Z with forces which, fuppofmg the par- 
ticles to be equal between themfelves, are as the diftances 
AZ, BZ ; but, if they are fuppofed unequal, are as thofe par- 
ticles and their diftances AZ, BZ conjunCtly, or (if I may fo 
fpeak) as thofe particles drawn into their diftances AZ, BZ 
refpedively. And let thofe forces be expreffed by the con- 
tents under A X AZ, and B x BZ. Join AB, and let it be 
cut in G, fo that AG may be to BG as the particle B to the 
particle A; and G will be the common centre of gravity of 
the particles A and B. The force A x AZ will (by cor. 2, of 
the laws) be refolved into the forces A x ; GZ and A X AG ; 
and the force B x BZ into the forces B x GZ and B X BG. 
Now the forces A x AG and B x BG, becaufe A is propor- 
tional to B, and BG to AG, are equal, and therefore having 
contrary directions deftroy one another. There remain then the 
forces A x GZ and B x GZ. Thefe tend from Z toward# 
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the centre G, and cbmpofe the force A + B K that is, 
the feme force as IF the bttradive particles A trad B were 
placed in thpjf^ftn^o^pentre ©f gravity G, compoflng there 
a little globe. 

By the famereifcining, if there be added a third particle C, 
and the force of it Jbe compounded with the force A + B 
X GZ tending to the centre G, the force thence ariiing wlH 
tend to the common centre of gravity of that globe in G arid 
bf the particle C; that is, to the common centre of gravity 
of the three particles A, B, C; and will be the fame as if that 
globe and the partible C were placed in that common centre 
compofing a greater globe there ; and fo we may go on in 
infinitum . Therefore the whole force of all the particles of 
any body whatever RSTV, is the fame as if that body, with- 
out removing its centre of gravity, were to put bn the form of 
a globe. Q.E.D. 

Cor. Hence the motion of the attraded body Z will be 
the fame as if the attrading body RSl'V were l^hmrical; 
and therefore if that attfading body be either at reft, or pro- 
ceed uniformly in a right line, the body attraded will move 
in an ellipfis having its centre in the centre of gravity of the 
attrading body. 

PROPOSITION LXXXIX. THEOREM XLVI. 

If there be feveral bodies confijtinjr of equal particles tvhofe 
forces aft as the di/lances of the places from each , the force 
compounded of all the forces by which any corpufcle is at- 
traded will tend to the common tentre of gravity 6 f the at - 
: trading bodies; and Will be the fame as if thofe attrading 
bodies, preferring their common centre of gravity, Jhottid 
ithtte there, nndhe formed into a globe . 

This is demonftraJted after the ferii^ manner as the foregoing 
propofition. 

* CoR. therefore ) the motion of the attraded body Will be 
-the fame as if the attrading bodies, ^refervmg their cbttimon 
■centre of gravity, fliould unite there, and be formed into a 
&Tobe. And, 'therefore, if the common centre of gravity bf 
the attrading bddies be either at felt, or proceeds fthlfomily 
m right line, ^he attraded body will move ln*an - bHipfis 
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having Hs centre in the common ceptre of gravity of the a£ r 
trailing bodies. 


PROPOSITION XC. PROBLEM XL1V. 

If to the fev^ral points of any circle there tend equal centripe- 
tal forces , increafuig or decreafing in my ratio of the dis- 
tances i it is required to find the force with which a corpnfj 
cle is attracted, that is , fituate any zohere in a right line 
which jtands at right angles to the plane of the circle at it$ 
centre. 

Suppofe a circle to be deferibed about the centre A (PI. 24, 
fig. J) with any interval AD in a plane to which the right 
line AP is perpendicular; apd let it be required to find the 
force with which a corpufcle P is attraded towards the fame. 
From any point E of the circle, to the attraded corpufcle P, 
let there be drawn the right line PE. In the right line PA 
take PF equal to PE, and make a perpendicular FK, ereded 
at F, to be as the force with which the poiht E attrads the 
corpufcle P. And let the curve line IKL be the locus of the 
point K. LeJ; that curve meet the plane of the circle in L. In 
PA take PH equal to PD, and ered the perpendicular HI 
meeting that curve ini; and the attradion of the corpufcle 
P towards the circle will be as the area AfHL drawn into the 
altitude AP. Q.E.I. 

For let there be taken jn AE a very ftnall line Ee. Join 
Pe, and in RE, PA take PC, Pf equal to Pe. And be- 
caufe the force with which any point E of the annulus de- 
feribed about the centre A with the interval Ap in the afore- 
faid plane attrads to itfelf the body P, is fuppofed to be as 
FK; and, therefore, the force with which that point attrads 


the body P towards A is as and the force with 

which the whole anpulus attrads the body P towards A is as 
AP x FK 

the annulus and - — gg conjunftly; and that annulus 

alfo is as the redangle under the radius AE and the breac|th 
Ee, and this redangle (becaufe PE and AE, Ee and CE are 
propprtional) is equal jtp the redangle PE X CE or PE x pf; 
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the force with which that annulus attracts the body P towards 

AP x FK 

A will be as PE X Ff and pp — conjun&ly ; that is, as 

the content under Ff X FK x AP, or as the area FKkf 
drawn into AP. And therefore the fum of the forces with 
which all the annuli, in the circle defcribed about the centre 
A with the interval AD, attract the body P towards A, is as 
the whole area AHIKL drawn into AP. Q.E.D. 

Cor. 1 . Hence if the forces of the points decreafe in the 

duplicate ratio of the diftances, that is, if FK be as p-Li and 


therefore the area AHIKL as -p~- — pj| J the attraction of 

PA • 

the corpufcle P towards the circle will be as ] — ■ J 

PJtl 

. . AH 

that is, as pg* 

Cor. 2. And univerfally if the forces of the points at the 
diftances D be reciprocally as any power D n of the diftances; 

that is, if FK be as and therefore the area AHIKL 
D" 



1 


the attraction of the corpufcle 


towards the circle will be as 



PA 

PH n — 1# 


P 


Cor. 3. And if the diameter of the circle be increased in 
infinitum , and the number n be greater than unity; the attrac- 
tion of the corpufcle P towards the whole infinite plane will be 

PA 

reciprocally as PA n — % becaufe the other term pjprir* 
vanifhes. 


PROPOSITION XCI. PROBLEM XLV. 

To find the attraction of a corpufcle fituate in the axis of a 
round folid, to whofe feveral points there tend equal centri- 
petal forces decreajing in any ratio of the diftances whatfo - 
ever. 

Let the corpufcle P (PI. 24, Fig. 2) fituate in the axis AB of 
the folid DECG, be attra&ed towards that folid. Let the 


Digitized by CjOOQ le 



&<9. XIII. OF NATURAL PHILOSOPHY . 199 

folid be cut by any circle as RFS, perpendicular to the axis; 
and in its femi-diameter FS, in any plane PALKB palling 
through the axis, let there be taken (by prop. 90 ) the length 
FK proportional to the force with which the corpufcle P is 
attracted towards that circle. Let the locus of the point K 
be the curve line LKI, meeting the planes of the outermoll 
circles AL and BI in L and I; and the attraction of the cor- 
pufcle P towards the folid will be as the area LABI. Q.E.L 

Coe. 1. Hence if the folid be a cylinder defcribed by the 
parallelogram ADEB (PI. 24, Fig. 3) revolved about the axis 
AB, and the centripetal forces tending to the feveral points 
be reciprocally as the {quares of the diftances from the points; 
the attraction of the corpufcle P towards this cylinder will be 
as AB — PE + PD. For the ordinate FK (by cor. 1, prop, 
PF 

90 ) will be as 1 — The part 1 of this quantity, 

drawn into the length AB, defcribes the area 1 X AB; and 
PF 

the other part drawn into the length PB, defcribes the 

area 1 into PE — AD (as may be ealily fhewn from the quadra- 
ture of the curve LKI); and, in like manner, th e fame par t 
drawn into the length PA defcribes the area 1 into PD — AD, 
and drawn into AB, the difference of PB and PA, defcribes 1 
into PE — 'PD, the difference of the areas. Fro m the firft 
content 1 x AB take away the laft content 1 into P'E — PD, 
and there will remain the area LABI equal to 1 into 
AB — PE + PD. Therefore the force being proportional to 
this area, is as AB — PE + PD. 

Cor. 2. Hence alfo is known the force by which a fphe- 
roid AGBC (PI. 24, Fig. 4) attraCis any body P fituate exter- 
nally in its axis AB. Let NKRM be a conic feCiion wh'ofe 
ordinate ER perpendicular to PE may be always equal to 
the length of the line PD, continually drawn to the point 
D in which that ordinate cuts the fpheroid. From the vertices 
A, B, of the fpheroid, let there be ereCied to its axis AB the per- 
pendiculars AK, BM, refpeCiively equal to AP, BP, and there- 
fore meeting the conic fe&ion in K and M ; and join KM cutting 
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off from it the fegment KMRK. Let S be the centre of the 
fpheroid, and SC its greateft femi-diameter; and the force 
with which the fpheroid attra&s the body P will be to the 
force with which a fphere defcribed with the diameter AB 

A ^ t , AS x CS‘ — PS x KMRK . 
attracts the lame body, as PS* " i gs* " Ay is ta 

AS 3 

gpg; * And by a calculation founded on the fame principles 

may be found the forces of the fegments of the fpheroid. 

Cor. 3 . If the corpufcle be placed within the fpheroid and 
in its axis, the attraction will be as its difiance from the cen- 
tre. This may be eafily collected from the following reafon- 
ing, whether the particle be in the axis or in any other given 
diameter. Let AGOF (PI. 24, Fig. 5) be an attracting 
fpheroid, S its centre, and P the body attracted. Through 
the body P let there be drawn the femi-diameter SPA, and 
two right lines DE, FG meeting the fpheroid in D and E, F 
and G; and let PCM, HLN be the fuperficies of two interior 
fpheroids fimilar and concentrical to the exterior, the firft of 
which paffes through the body P, and cuts the right lines DE, 
FG in B and C; and the latter cuts the fame right lines in 
H and I, K and L. Let the fpheroids have all one common 
axis, and the parts of the right lines intercepted on both fides 
DP and BE, FP and CG, DH and IE, FK and LG, will be 
mutually equal; becaufe the right lines DE, PB,and HI, are 
bifeCled in the fame point, as are alfo the right lines FG, PC, 
and KL. Conceive now DPF, EPG to reprefent oppofite 
cones defcribed with the infinitely fmall vertical angles DPF, 
EPG, and the linesDH, El to be infinitely fmall alfo. Then 
the particles of the cones DHKF, GLIE, cut off by the fpbe- 
roidical fuperficies, by reafon of the equality of the lines DH 
and El, will be to one another as the fquares of the defiances 
from the bodyP,and willthereforeattrac&thatcorpufcleequally. 
And by a like reafoning if the fpoces DPF, EGCB be divided 
into particles by the fuperficies of innumerable fimilar fphe- 
•roids concentric to the former and having one common axis, 
all thefe particles will equally attraCt on both fides the body 
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P towards contrary parts. Therefore the forces of the cone 
DPF, and of the conic fegment EGCB, are equal, and by their 
contrariety deftroy each other. And the cafe is the fame of 
the forces of all the matter that lies without the interior fphe- 
roid PCBM. Therefore the body P is attra&ed^by the inte- 
rior fpheroid PCBM alone, and therefore (by cor. 3, prop. 
72) its attra&km is to the force with which the body A is at- 
tra6fced by the whole fpheroid AGOD as the diftance PS to 
the diftance AS. Q.E.D. 

PROPOSITION XCII. PROBLEM XLVI. 

An attracting body being given , it is required to find the ratio 
of the decreafe of the centripetal forces tending to its ftvtral 
points . 

The body given mull be formed into afphere, a cylinder, or 
fome regular figure, whofe law of attra&ion anfwering to any 
ratio of decreafe may be found by prop. 80, 81, and $J. 
Then, by experiments, the force of the attra&ions muft be 
found at feveral diftances, and the law of attraction towards 
the whole, made known by that means, will give the ratio 
of the decreafe of the forces of the feveral parts ; which was 
to be found. 

PROPOSITION XCI1I. THEOREM Xltfll. . 

If a folid be plane on one fide, and infinitely extended on aU 
other fides, and confifi of equal particles equally attra&rve , 
whofe forces decreafe, in the recefs from the folid, in the ra- 
tio of any power greater than the fquare of the diftances $ 
and a corpufcle placed towards either part of the plane is at- 
tracted by the force of the tichole folid ; I fay, that the at- 
tractive force of the whole folid, in the recefs from its plane 
ftperficks, will decreafe in the ratio of a power whofe fide ft 
the diftance of the corpufcle from the plane, and its index 
lefs by 3 than the index of the power of the diftances . 

Casb 'I. Let LG1 (PI. 24, Fig. 6) be the piane by which 
the folid is terminated. Let the folid Me on that hand of the 
plane that is towards I, and let it be refolved into innumerable 
planes mHM, nIN, oKO, &c. parallel to GL. And firftfet 
the attracted body C be placed without the fMid. Left there 
be drawmCJGHI perpendicular to thole innumerable planes. 
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and let the attractive forces of the points of the folid deereafe 
in the ratio of a power of the diftances whofe index is the 
number n not lefs than 3. Therefore (by cor. 3, prop. 90) the 
force with which any plane mHM attraCis the point C is re- 
ciprocally as CH" — \ In the plane mHM take the length 
HM reciprocally proportional to CH n — *, and that force will 
be as HM. In like manner in the feveral planes 1GL, nlN, 
oKO, &c. take the lengths GL, IN, KO, &c. reciprocally 
proportional to CG n — *, CI n — *, CK ft — *, 8cc. and the forces 
of thofe planes will be as the lengths fo taken, and therefore 
the fum of the forces as the fum of the lengths, that is, the 
force of the whole folid as the area GLOK produced infinitely 
towards OK. But that area (by the known methods of qua- 
dratures) is reciprocally as CG n — 3 , and therefore the force of 
the whole folid is reciprocally as CG n — 3 . Q.E.D. 

Case 2. Let the corpufcle C (Fig. 7) be now placed on 
that hand of the plane 1GL that is within the folid, and take 
the diftance CK equal to the diftance CG. And the part of 
the folid LGloKO terminated by the parallel planes 1GL, 
oKO, will attraCt the corpufcle, fituate in the middle, nei- 
ther one way nor another, the contrary aCtions of the oppo- 
fite points deftroying one another by reafon of their equality. 
Therefore the corpufcle C is attracted by the force only of the 
folid fituate beyond the plane OK. But this force (by cafe ]) 
is reciprocally as CK n — 3 , that is (becaufe CG, CK are 
equal), reciprocally as CG" — 3 . Q.E.D. 

Cor. 1. Hence if the folid LGIN be terminated on each 
fide by two infinite parallel planes LG, IN, its attractive 
force is known, fubduCling from the attractive force of the 
whole infinite folid LGKO the attractive force of the more 
diftant part NIKO infinitely produced towards KO. 

Cor. 2. If the more diftant part of this folid be rejected, 
becaufe its attraction compared with the attraction of the 
nearer part is inconfiderable, the attraction of that newer part 
will, as the diftance increafes, deereafe nearly in the ratio of 
the power CG n — 3 . 

Cor. 8 . And hence if any finite body, plane on one fide, 
,attraCt a corpufcle fituate pvejf-ag&ipft the middfc of that 
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plane, and the diftance between the corpufcle and the plane 
compared with the dimenfiQns of the attracting body be ex- 
tremely fmall ; and the attracting body confift of homogeneous 
particles, whofe attractive forces decreafe in the ratio of any 
power of the diftances greater than the quadruplicate ; the at- 
tractive force of the whole body will decreafe very nearly in 
the ratio of a power whofe fide is that very fmall diftance, 
and the index lefs by 3 than the index of the former power. 
This affertion does not hold good, however, of a body confift- 
ing of particles whofe attractive forces decreafe in the ratio of 
the triplicate power of the diftances ; becaufe, in that cafe, 
the attraction of the remoter part of the infinite body in the 
fecond corollary is always infinitely greater than the attraction 
of the nearer part. 

SCHOLIUM. 

If a body is attracted perpendicularly towards a given plane, 
and from the law of attraction given the motion of the body 
be required ; the problem will be folved by feeking (by prop. 
39) the motion of the body defcending in a right line towards 
that plane, and (by cor. 2, of the laws) compounding that 
motion with an uniform motion performed in the direction 
of lines parallel to that plane. And, on the contrary* if there 
be required the law of the attraction tending towards the plane 
in perpendicular directions, by which the body may be caufed 
to move in any given curve line, the problem will be folved 
by working after the manner of the third problem. ; 

But the operations may be contracted by refolving the 
ordinates into converging feries. As if to a bafe A the length 
B be ordlnately applied in any given angle, and that length 

m 

be as any power of the bafe A7 ; and there be fought the force 
with which a body, either attracted towards the bafe or dri- 
ven from it in the direction of that ordinate, may be caufed 
to mo^i# the curve line which that ordinate always defcribes 
with its Superior extremity; I fuppofe the bafe to be increaf- 
ed by- a very fmall part O, and I refolve the ordinate 

jm m m — n t mm— mn 

A + O \n into an infinite feries A n + ~ OA “ + <j> jn n 
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OOA t Sic. and I fuppofe the force proportional to the 
term of this feries in which O is of two dimenfions, that is, 

to the term OOA • Therefore the force 

2nn n 

, . mm — mn * g — 2n . . . . 

fought is as A n "* or, which is the lam* 

° nn 

m m — mn u m — 2 n 

thing, as a • As if the ordinate defcribe a 

° nn 


parabola, m being = 2, and n sr 1, the force will be as the 
given quantity 2B°, and therefore is given. Therefore with a 
given force the body will move in a parabola, as Galileo has 
demon ftra ted. If the ordinate defcribe an hyperbola, m being 
= 0 — 1 , and n = 1, the force will be as 2 A"“ 3 or 2 B 3 ; and there r 
fore a force which is as the cube of the ordinate will caufe 
the body to move in an hyperbola. But leaving this kind 
of proportions, I fhall go on to fome others relating to motion 
which I have not yet touched upon. 

SECTION XIV. 

Of the motion of very fmall bodies when agitated by centripe- 
tal forces tending to the feveral parts of any very great body. 

PROPOSITION XCIV. THEOREM XLVIIL 
Jf two fimilar medium be feparated from eqch othpr by a fpace 
, terminated on both fides by parallel planes ? and a body in 
it? P a Jfa$ e through that fpace be attracted or impelled per * 
pendicularly towards either of thofe mediums , and not agi- 
. : fated or hindered by any other force ; and the attraction be 
every rah ere the fame at equal diftances from either plane, 
taken towards the fame hand of the plane; I fay^tbyt the finf 
of incidence upon either plane will be to the fine of emer- 
gence from the other plane in a given ratio . * 

Case 1 . Let AaandBb(Pl. 25, Fig. !)be two parallel 
planes, and )et the body light upon the firft plane Aa In the 
direction of the line GH, and in its whole paffage through the 
intermediate fpace let it be attracted or impelled towards the 
medium of incidence, and by that action let it be made to de*- 
feribe a curve line HI, and let it emerge in the dire&ion of 
the line IK. Let there beerefted IM perpendicular to Bb the 
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plane of emergence, and meeting tbe line of incidence , GH; 
prolonged in M, and the plane of incidence AaJin R ; and let 
ffoe line of emergence KI be produced and meet HM in li. 
About the centre L, with the interval LI, let a circle berde-; 
fcribed ccfttij^g both HM in P and Q, and, MI produced in 
N; and, firft; if the attra&ion or impulfe be fuppofed uniform, 
die curve HI (by what Galileo has demonffcrated) be a para- 
bola, whofe property is that of a redangle under its given laius 
reCium and the line IM is eqtial to the fquate of HM; and 
moreover the line HM will be bifeCted in L. Whence if to Ml 
there be let fell the perpendicular LO, MO, OR Will be equal $ 
and adding the equal lines ON> OI, the wholes MN, 1R will 
be equal alfo. Therefore fince IR is. given, MN is alfo given, 
and the re&artgle NMI is to the rediangle under the lath* 
redtum and IM, that is, to HM% in a given ratio. But the 
rediangle NMI is equal to the rediangle PMQ, that is, to the 
difference of the fquares ML*, and PL* or LI*; and HM* hath 
a given ratio to its fourth part ML* ; therefore the ratio Of 
ML* — LI* to ML* is given, and by conyerfkm the ratio 
of LI* to ME*, and its fubdupKcate, the ratio JoFLI to ML. 
But hr every triangle, as LMI, the fines of the angles are pro- 
poitio&al to the oppofite fldes. Therefore the. ratio of tbe 
fine of the ahgle of incidence LMR to the frneof the angle 
of emergence LIR is given. Q.E.D. 

Case 2. Let no\t the body pafs fucceffively through .feve** 
ral fpaces terminated with parallel planes AabB, BbcC, &c. 
{pi. 25, Fig. 2), and let it be adied on by a force which, is 
uniform m each of them Separately, but different hi the dif- 
ferent fpaces; and by what was juft deifeonftrated, the line 
of the angle of incidence on the Aril plane Aa is to tbe fine 
of emergence from the fecond plane Bb in a given ratio; and 
this fine of incidence upon tbe fecond plane Bb will be to 
the fine of Emergence from the third plane Cc in a given 
ratio; atid-thisfine to the fine *of emergence from the fourth 
plane Dd ih a given ratio; and'foon in infinitum ; and, by 
equality, the 'fine of incidence on the firft plate to the fine, 
of emergence from the lafLpbme T iiL a^ven ratio. Let mow 
the intervals of the planes be diminilhed, and their number 
be infinitely increafed, fo that the adtion pf attraction or 
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itapulfe, exerted according to any affigned law, may become 
Continual and the ratio of the fine of incidence on the 
firft plane to the fine of emergence from the lad plane being all 
along given, wiH be giVeh then alfo. Q.E.D. 

PROPOSITION XCV. THEOREM XLIX. 

The fame things being fuppofed, I fay, that the velocity of the 
body before its incidence is to its velocity after emergence as 
the fine of emergence to the fine of incidence . 

Make AH and Id equal (PL 25, Fig. 3), and ereCl the per- 
pendiculars AG, dK meeting the lines of incidence and emer- 
gence GH, IK, in G and K. In GH take TH equal to IK, 
and to the plane Aa let fall a perpendicular Tv. And (by cor. 
2, of the laws of motion) let the motion of the body be refolv-* 
ed into two, one perpendicular to the planes Aa, Bb, Cc, &c. 
and another parallel to them. The force of attraction or im- 
pulfe, aCting in directions perpendicular to thofe planes, does 
not at all alter the motion in parallel directions; and therefore 
the body proceeding with this motion will in equal times go 
through thofe equal parallel intervals that lie between the 
line AG and the point H, and between the point I and the 
line dK; that is, they will defcribe the lines GH, IK in equal 
times. Therefore the velocity before incidence is to the 
velocity after emergence as GH to IK or TH, that is, as AH 
or Id to vH, that is (fuppofing TH or IK radius), as the fine 
of emergence to the fine of incidence. Q.E.D. 

PROPOSITION XCVI. THEOREM L. 

The fame things being fuppofed, and that the motion before 
incidence is fwifter than afterwards; I fay, that if the line 
of incidence be inclined continually , the body will be at lajt 
£ reflected, and the angle of reflexion will be equal to the an~ 
; gle of incidence . 

s For conceive the body palling between the parallel planes 
Aa, Bb, Cc, & c. (PL 25, Fig. 4) to defcribe parabolic arcs as 
above; and let thofe arcs be HP, PQ, QR, &c. And let the. 
obliquity of th^Jine of incidence GH to the firft plane Aa be 
fiich that the fine of incidence may be to the radius of the cir- 
cle whofe fine it is, in the fame ratio which the fame fine of in*. 
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cidence hath to the line of emergence from the plane Dd into 
the fpAce DdeE; and becaufc the fine of emergence is now be- 
come equal to radius, the angle of emergence will be a right 
one, and therefore the line of emergence will coincide with the 
plane Dd. Let the body come to this plane in the point R; 
and becaufe the line of emergence coincides with that plane, 
it is manifeft that the body can proceed no farther towards 
the plane Ee. But neither can it proceed in the line of emer- 
gence Rd ; becaufe it is perpetually attra&ed or impelled to- 
wards the medium of incidence. It will return, therefore, be- 
tween the planes Cc, Dd, defcribing an arc of a parabola 
QRq, whole principal vertex (by what Galileo has demon- 
ftrated) is in R, cutting the plane Cc in the lame angle at q, 
that it did before at Q ; then going on in the parabolic arcs 
qp, pb, &c. fimilar and equal to the former arcs QP, PH, 
8cc. it will cut the reft of the planes in the fame angles at p, 
h, &c. as it did before in P, H, See. and wiH emerge at laft 
with the lame obliquity at h with which it firft impinged on 
that plane at H. Conceive now the intervals of the planes 
Aa, Bb, Cc, Dd, Ee, 8tc. to be infinitely diminiftied, and this 
number infinitely increafed, fo that the aCtion of attraction or 
impulfe, exerted according to any afligned law, may become 
continual ; and, the angle of emergence remaining all along 
equal to the angle of incidence, will be equal to the fame alfo 
at laft. Q.E.D. 

SCHOLIUM. 

. Tbefe attractions bear a great refemhlance to die reflexions 
and refraCtions of light made in a given ratio of the fecants, 
as was difeovered by Snellius ; and confequently in a given 
ratio of the fines, as was exhibited by Des Cartes . For it is 
now certain from the phenomena of Jupiter's fatelKtea, con- 
firmed by the obfervations of different aflronomers, that light 
is propagated in fuccefiion, and requires about feven or eight 
minutes to travel from the fun to the earth. Moreover, the 
rays of light that are in our air (as lately was difeovered by 
Grimaldus y by the admilfion of light into a dark room through 
a fmali hole, which 1 have alfo tried) in their pafTage near the 
angles of bodies, whether tranfparent or opaque (fuch as the 
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circular and re&atigular edges of gold, filver and hrafs coins, 
or of knives, or broken pieces of ftone or gtafs), are bent or in-* 
flexed round thofe bodies as if they were attra&ed to them ; 
and thofe rays which in their paffage come nearefi, to the bo- 
dies are the moft inflected, as if they were moll attracted; 
which thing I myfelf have alio carefully obferved. And 
thofe which pafs at greater diftauces are lefs indebted ; and 
thofe at Hill greater diftauces are a little inflected the contrary 
way, and form three fringes of colours. In PI. 25, Fig. 6, sre-. 
prefects the edge of a knife, or any kind of wedge AsB; and 
gowog, fnunf, emtme, dlsld, are rays inflected towards the 
knife in the arcs owo, nun, mtm, lsl; which infie&ion is 
greater or lefs according to their diftance from the knife. Now 
fince this infle&ion of the rays is performed in the air without 
the knife, it follows that the rays which fall upon the knife 
are firft infle&ed in the air before they touch the knife. , And 
the cafe is the lame of the rays .falling upon glals. : The re* 
fradlion, therefore, is made not in the point of incidence, but 
gradually, by a continual inflexion of the rays; which is 
done partly in the air before they touch the glafs, partly (if 1 
miftake not) within the glafs, after they have entered it ; as is 
reprefen ted (PI. 25, Fig. 7) m the rays ckzc, biyb, abxa, fall* 
nig upon r, q, p, and infle&ed between k and z, i and y, h 
and x. Therefore becaule of the analogy there is between 
the propagation of the rays of light and the motioitof bodies, 
I thought it not amifs to add the following proportions for 
optical ufes; nbt at all confidering the nature of the rays of 
light, or enquiring whether they are bodies or not ; bat only 
determining the traje&eries of bodies which are extremely 
(ike the traje&ories of die rays. 

PROPOSITION xcvii. problem xlvii. 

Suppoftwg the fine of incidence upon any juperfides to he in a 
given ratio to the fine of emergence ; and that the inflection 
of the path* of thofe bodies near that fuperjicies is performed 
in a very foort fpaCe, which may be confidered as a point ; 
it is ' required to determine fuch a futperfiem at may cauje aU 
thecorpufcles iffidag from Any onegiidn place to converge to 
s another given place* » 
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’* Let A (PL 25, Fig. 8) be the place from whence the cor- 
pnfcles diverge ; B the place to which they fliould converge; 
CDE the curve line which by its revolution round the axis AB 
defcribes the fuperficies fought ; D, E, any 'two points of that 
curve; and EF, EG, perpendiculars let fall on the paths of 
the bodies AD, DB. Let the point D approach to and co- 
alefce with the point E ; and the ultimate ratio of the line DF 
by which AD is increafed, to the line DG by which DB is 
diminilhed, will be the fame as that of the fine of incidence 
to the fine of emergence. Therefore the ratio of the incre- 
ment of the line AD to the decrement of the line DB is 
given ; and therefore if in the axis AB there be taken any 
where the point C through which the curve CDE mult pafs, 
and CM the' increment of AC be taken in that given ratio to 
CN the decrement of BC, and from the centres A, B, with 
the intervals AM, BN, there be defcribed two circles cutting 
each other in D ; that point D will touch the curve fought 
CDE, and, by touching it any where at pleafure, will deter- 
mine that curve. Q.E.I. 

Cor. 1. By caufing the point A or B to go off fometimes 
in infinitum , and fometimes to move towards other parts of 
the point C, will be obtained all thofe figures which Cartefius 
has exhibited in his Optics and Geometry relating to refrac- 
tions. The invention of which Cartejius having thought fit to 
conceal, is here laid open in this propofition. 

’ Cor 2. If a body lighting on any fuperficies CD (PL 25, 
Fig. 9) in the direction of a right line AD, drawn according 
to any law, Ihould emerge in the direction of another right, 
line DK ; arid from the point C there be drawn curve lines 
CP, CQ, always perpendicular to AD, DK ; the increments 
of the lines PD, QD, and therefore the lines them felves PD, 
QD, generated by thofe increments, will be a9 the fines of in- 
cidence and emergence to each other, and e contra . 

PROPOSITION XCVIII. PROBLEM XLVIII. 

The fame things fuppofed ; if round the axis A B (PL 25, Fig. 
10) any attractive fuperficies he defcribed as CD, regular 
or irregular , through which the bodies iffuingfrom the given 
place A muji pafs ; it is required to find a fecond attractive 
Vol. I. P 
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Superficies EF, which may make thofe bodies converge tp a 
given place B. 

Let a line joining AB cut the firft fuperficies in ,C and the 
fecond in JE, the point D being tauten any how fit pleafure. 
And fuppofing the fine of incidence on the firft fuperficies tp 
the fine of emergence from the fame, and the fine of emer- 
gence from the fecond fuperficies to the fine of incidence on 
the fame, to be as any given quantity M to another given 
quantity N ; t^hen produce AB to G, fo that BG may be to 
CE as M-^NtoN; and AD to H, fo that AH may be 
equal to AG ; and DF to K, fo that DP may be to DH as N 
to M. Join KB, and about the centre D with the interval 
DH defcribe a circle meeting KB produced in L, and draw 
BF parallel to DL ; and the point F will touch the line EF, 
which, being turned round the axis AB, will defcribe the fuper- 
ficies fought. Q.E.F. 

For conceive the lines CP, CQ to be every where perpen- 
dicular to AD, DF, and the lines ER, ES to FB, FD re- 
fpediively, and therefore QS to be always equal to CE ; and 
(by cor. % prop. 97 ) PD will be to QD as M to N, and there- 
fore as DL to DK, or FB to FK; and by divifion as DL — FB 
or PH — PD — FB to FD or FQ — QD ; and by compo- 
fition as PH — FB to FQ, that is (becaufe PH and CG, 
QS and CE, are equal), as CE + BG — FR to CE' — FS. But 
(becaufe BG is to CE as M — N to N) it comes to pafs alfa 
that CE -f* BG is to CE as M to N ; and therefore, by divi- 
fion, FR is to FS as M to N ; and therefore (by cor. 2, prop* 
97) the fuperficies EF compels a body, falling upon it in the 
direction DF, to go on in the line FR to the place B. 
Q.E.D. 

SCHOLIUM. 

In the fame manner one may go on to three or more fuper- 
ficies. But of all figures the fphaerical is the moft proper for 
optical ufes. If the objeCl glaffes of telefcopes were made of 
two glaffes of a fphaerical figure, containing water between 
them, it is not unlikely that the errors of the refraCiions made 
in the extreme parts of the fuperficies of the glaffes may be 
accurately enough corrected by the refractions of the water* 

I 

♦ 
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Such object-glaffes are to be preferred before elliptic and hy- 
perbolic glades, not only becaufe they may be formed with 
more eafe and accuracy, but becaufe the pencils of rays fituate 
without the axis of the glafs would be more accurately re- 
fracted by them. But the different refrangibility of different 
rays is the real obftacle that hinders optics from being made 
- perfect by fphaerical or any other figures. Unlefs the errors 
thence arifing can be corrected, all the labour fpent in cor- 
recting the others is quite thrown away. 


END OF THE FIRST VOLUME. 
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